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Preface

In 1935 the Japanese physicist Hideki Yukawa predicted that there must be
a particle, now known as the pion, which would transmit the strong interac-
tion. The pion was duly discovered more than ten years later. However, we
now know that although pion exchange is an important component of the
static force, when the force acts between a pair of particles with high en-
ergy a very large number of particles collaborate in transmitting it. Regge
theory provides a simple quantitative description of the combined effect of
all these particle exchanges.

It was soon realised that the exchanges of the known particles, even though
several hundred are listed in the data tables, are not sufficient to describe a
striking feature of the strong force: that it retains its strength as the energy
increases and even becomes yet stronger. To explain this, it must be that
something else is exchanged. This new object was named after the Russian
physicist Isaac Pomeranchuk. It was originally called the pomeranchukon,
but this was later abbreviated to pomeron. Events in which a pomeron is
exchanged are often called diffractive events. The reason for this is that
pomeron exchange dominates in high-energy elastic scattering and, as we
describe in chapter 3, when plotted against scattering angle the differential
cross section has a striking dip, reminiscent of the intensity distribution in
optical diffraction. However, we explain that actually the mechanism for
dip generation in high-energy scattering is more complicated than in optical
diffraction.

During the 1960s it was found that, with the inclusion of the soft pomeron,
Regge theory provides a very successful description of a huge quantity of
experimental data. This was summarised by Collins in his classic book[1],
which was published in 1977. However, the phenomenology appeared to be
complicated. It was not until the 1980s that it became apparent that the

X
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reason for this was that the early data were at comparatively low energies.
When the rather-higher-energy data became available from the CERN ISR,
and later on from the CERN pp collider, the phenomenology became much
simpler[2], indeed considerably simpler than the known theory was able to
explain.

Meanwhile, quantum chromodynamics (QCD) had been discovered in the
early 1970s. It was natural to try to explain the pomeron in terms of QCD,
and first attempts to do so were made by Low|[3] and by Nussinov[4]. These
attempts were refined over the years within the framework of perturbative
QCD, notably by Cheng and Wu[5] and by Lipatov and his collaborators|6].
However, it is rather clear that the pomeron that controls the high-energy
behaviour of soft hadronic reactions cannot be described by perturbation
theory and work began[7] in the late 1980s on the very difficult task of
modelling it through nonperturbative QCD. Even now, we still cannot claim
that we have more than a rough description of the pomeron in terms of

QCD.

Towards the end of the 1960s experiments had begun at the Stanford Lin-
ear Accelerator. These scattered electrons on protons and studied the rare
events in which the electron momentum transfer was large. Although such
events were comparatively rare, they were sufficiently copious to show that
the proton contains a number of small scattering centres, which we know
now to be quarks. In a real sense, these experiments marked the begin-
ning of modern high energy physics. At the beginning of the 1990s similar
experiments, but at a very much higher energy, began at the electron-
proton collider HERA in Hamburg. These experiments made the quite
dramatic discovery that the probability of the occurrence of large-electron-
momentum-transfer events grows very rapidly with energy. At first, this
was believed to be a triumphant confirmation of the perturbative-QCD
calculations. That is, it suggested that actually there are two pomerons,
the “soft” nonperturbative one which is responsible for the fairly gentle rise
with energy of soft hadronic reactions, and a “hard” perturbative one re-
sponsible for the dramatic rise with energy of the large-electron-momentum-
transfer scattering probability. Unfortunately, it was then found that the
perturbative-QCD calculations receive very large nonleading-order correc-
tions, so that the agreement between theory and experiment was lost. At
present, there is no generally-accepted explanation of the dramatic HERA
behaviour.

The electron-scattering experiments explore the structure of the proton.
Ingelman and Schlein suggested[8] that a special class of electron-scattering
events might also study the structure of the pomeron (or pomerons), thereby
creating the topic of hard diffraction. This has been an active area of study
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at HERA; it actually began at the CERN pp collider and is continuing at
the Tevatron at Fermilab.

All these things are the subject of our book, which draws together a huge
amount of knowledge gathered at existing and past accelerators, as a prepa-
ration for the beginning of the operation of RHIC at Brookhaven and the
Large Hadron Collider at CERN.

We have set up a web page in connection with this book:
http://www.damtp.cam.ac.uk/user/pvl/QCD/

We will use this to record corrections to the book, and perhaps some up-
dates. It also makes available all the figures, which we are happy for others
to use with due acknowledgment.

We wish to pay tribute to the Durham database,
http://www-spires.dur.ac.uk/HEPDATA/,

which we have used extensively to create our figures, particularly those for
which the sources of the data have not been explicitly referenced.

We record with gratitude also that the research of AD and PVL has been
supported in part by the UK Particle Physics and Astronomy Research
Council, and the research of HGD and ON by the German Bundeminis-
terium fiir Bildung und Forschung, which also has largely funded our meet-
ings to prepare this book.

Sandy Donnachie
Ginter Dosch
Peter Landshoff
Otto Nachtmann
December 2001






1

Properties of the S-matrix

In this chapter we specify the kinematics, define the normalisation of ampli-
tudes and cross sections and establish the basic formalism used throughout.
All mathematical functions used, and their properties, can be found in [9].

1.1 Kinematics

We consider first the two-body scattering process 1 + 2 — 3 4+ 4 of figure
1.1, where the particles have masses m; and four-momenta P;, i = 1,...,4.
Our notation is that the four-momentum of a particle is P = (F, p), where
FE is its energy and p its three-momentum, and we write

Pl.P2 = E1E2 — P1-P2. (11)

The Lorentz-invariant variables s, ¢ and u, called Mandelstam variables, are
defined by

s = (Pl + P2)2
t = (P, — P3)*
u= (P, — P)* (1.2)
with the relation
4
s—I—t—l—u:Zm?. (1.3)
i=1

Equation (1.3) means that a two-body amplitude is a function of only two
independent variables. We shall normally take these to be s and t, with u
defined via (1.3), and write the amplitude as A(s,t). However, sometimes
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Figure 1.1. Two-body scattering process 1 +2 — 3 +4

it will be more appropriate to use s and wu, or ¢t and u, as the independent
variables, and then write the amplitude as A(s,u) or A(t, u).

Figure 1.1 not only describes the scattering process 1 + 2 — 3 + 4 in the
s-channel but, by reversing the signs of some of the four-momenta, it can
also represent the t-channel process 1+3 — 244 and the u-channel process
1+ 4 — 3+ 2, where the bar denotes the antiparticle.

In the s-channel centre-of-mass frame of the initial particles 1 and 2, the
four-momenta are given explicitly by

P = (E1,p1) Py = (E>, —p1)
P3 = (E3,p3) Py = (E4, —p3) (1.4)

where E; is the energy of particle ¢, p; is the three-momentum of particle 1
and pj3 the three-momentum of particle 3 in this frame. Then

s = (E1 + E2)2 = (Eg + E4)2 (15)
and
By = L (s+mi—m3) Ey= L((‘34””2_7”2)
NG 1 2 2/s 2 1
1 1
E3:—2\/§(s+m§—mi) Ey = 2—\/§(s+mi—m§) (1.6)
and
1
pi = -5 = (m1+ma)’][s = (m1 = ma)’]
1
P = _[s = (m3 +ma)’] [s = (ms — ma)?]. (L.7)
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From (1.2) and (1.4),

t:m%+m§—2

=m]+m3 — 2

E1E3 — p1.p3)

E1Es5 — |p1]|p3| cosby)

E1Ey+ p1.p3)

E1E4 + |p1]|ps| cos 8s) (1.8)

u:m%—l—mi—2

—_— o~~~

:m%—i—mi—Q

where 6, is the angle between the three-momenta of particles 1 and 3 in
the s-channel centre-of-mass frame, that is it is the centre-of-mass-frame
scattering angle.

The physical region for the s-channel is given by
s> (mq + m2)2 and —1<cosf; <1. (1.9)

For arbitrary masses the boundary of the physical region as a function of
s and t is rather complicated. It is simpler for equal masses m; = m,
1=1,...,4, so that p; = p3 = p and

s = 4(p? + m”?)
t = —2p%(1 — cos )
u = —2p*(1 + cos b;). (1.10)

The physical region for s-channel scattering is then given by s > 4m?,
t < 0 and u < 0. In this channel, s is an energy squared and each of ¢
and u is a momentum transfer squared. Similarly the physical region for
t-channel scattering is t > 4m2, u < 0, s < 0; and for u-channel scattering
it is w > 4m?, s <0, t < 0. The symmetry between s, t and u is readily
demonstrated by plotting the physical regions in the s-t plane with the s
and t axes inclined at 60°, as shown in figure 1.2.

1.2 The cross section

For orthonormal states (f| and |é), that satisfy (f|f) = (i|i) and (f|f") =
8¢, the S-matrix element (f|S|i) is defined such that

Py = [(fISIi)[* = (il STI£)(fIS]i) (1.11)

is the probability of |f) being the final state, given |i) as the initial state.
If the set of orthonormal states |f) is complete,

Yo INUI=1. (1.12)
7
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u=0 t=0

s=0

us At

Figure 1.2. Physical regions for equal-mass scattering such as nm — 7w

Starting from the initial state |i), the probability of ending up in some final
state must be unity so

L= [(fIS10)1* = Y _(ilS ) {fIS1i) = (ilSTSli). (1.13)
/ /

Since (1.13) must be true for any choice of the complete set of basis states
i) it follows that STS = 1. Similarly the requirement that any final state
| f) has originated from some initial state |i) yields SST = 1. That is, S is
unitary.

We now go over to the case of continuum states and specialise to a two-body

initial state. The scattering matrix S is related to the transition matrix 7’
by

(f1S1i) = (P{P; ... P|S|PP2) = bpi + i(2m) 6" (PT — P') (f|Ti) (1.14)

where P’ is the sum of the initial four-momenta and P’ the sum of the final
four-momenta. The scattering amplitude is normalised such that the tran-
sition rate per unit time per unit volume from the initial state |i) = | P, Py)
to the final state | f) = |P| --- P,) is

Rgi = (2m)*6*(PT — P [(f|T1i)[. (1.15)
The total cross section for the reaction 12 — n particles is

— 4 4 13 -\ |2
T = o LEDSUP PO LITIE (116)

where the sum is over the momenta of the particles in the n-particle state
(fn|. That is, with 6T (p? — m?) = §(p® — m?) 6(pY),
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n

012—n = 4|p1f/<H B 2776+(P/2 2))

—_

3

x (2m)'8* (> Pl = P = P [(P{ -+ P|T|Pi y) 2
=1
4|P1\[/<

Here, p1 is the initial momentum in the s-channel centre-of-mass frame. It
is given by (1.7):

/

27r)3>(27T 464(2]3/ 1= B2)

X |(P] - -~Pn\T]P1P2>|2. (1.17)

H:j:ﬂ

Ip1%s = (P1.P)? —mim3 = 1[s — (m1 +m2)?][s — (m1 —m2)?]. (1.18)

We must use this in (1.17), which then gives the cross section in any frame:
it is Lorentz invariant, and the momentum integrations may be performed
in any frame.
We may calculate a differential cross section doia—.,/dw. Typically, w will
be a momentum transfer between an initial and a final particle, or the
corresponding scattering angle, or the energy of one of the final particles.
To calculate the differential cross section, we first express w as a function
w(P;, Pt) of the various momenta, and then include 6(w —w(F;, P)) in the
integrations in (1.17). For example, when the final state contains just two
particles and ¢ is the momentum transfer defined in (1.2),

B / d*P,
dt 4\p1]\[ (2m)4
(27r)464(P1 + P2 — Py — Py)|(PsPy|T| P P)|?6(t — (P — P3)?)

1
B 647r|p1|25’

do12—34 d*Ps

27T6+( —m3) 26T (P42 — m3)

(PsPy|T|PLP,)|? 6(t — (P — P3)?). (1.19)

In the equal-mass case this gives

do 1

— = |(BPT|P P 1.20
dt  16ms(s — 4m?) |(PsPAlT| P1P)] ( )
The formulae in this section apply when the particles involved have no spin
or, if they do have spin, when we average over initial spin states and sum
over final spin states.
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1.3 Unitarity and the optical theorem

Unitarity provides an important connection between the total cross section
and the forward (s = 0) elastic scattering amplitude; this connection is
known as the optical theorem. Because the operator S is unitary, so that
SSt =1, for any orthonormal states (j| and |i)

85 = (jlSST)8) = Y _(ilSIA) (f1ST)e) (1.21)
f

where we have used the completeness relation (1.12). With the definition
(1.14) of the T-matrix, this is

(GITI) = (GIT")E) 254 YITIASIT).  (1.22)

For the particular case j = 1,

2Im (i|T]i) = > (2m)*s*(P/ — P)|(f|Ti)|*. (1.23)
f

The right-hand side is (1.15) summed over f: it is the total transition rate.
This gives us the total cross section, which is (1.17) summed over n, the
number of final-state particles:

Tot 1 . -

Oig = STING Im (i|T'|). (1.24)
Here, |p1| is again the magnitude of the initial centre-of-mass frame three-
momentum, which is given by (1.18). (i|T']i) is the scattering amplitude
for the reaction 14+ 2 — 1 4 2 with the direction of motion of the particles
unchanged, that is it is the forward scattering amplitude, #; = 0. For
mg3 = mq and my = my the forward direction corresponds to ¢ = 0. Then

1
Tot
= ImA(s,t =0 1.25
012 2‘p1’\/§ ( ) ( )

where A(s,t) is the elastic scattering amplitude. Equation (1.24) or (1.25)
is the optical theorem.

1.4 Crossing and analyticity

The basic principle of crossing is that the same function A(s,t) analytically
continued to the three physical regions of figure 1.2 gives the corresponding
scattering amplitude there, with s, ¢, u related by (1.3). This is obviously
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Figure 1.3. Paths of analytic continuation that pass round different sides of a
branch point

true order by order for Feynman diagrams. For example Coulomb scattering
(ee” — e~ e ) and Bhabha scattering (eTe™ — ete™) are described by
the same Feynman diagrams.

It is necessary to make some assumption about the analytic structure of
the scattering amplitude A(s,t) in order to continue from one region to
another. The assumption usually made is that any singularity has a dy-
namical origin. Poles are associated with bound states and thresholds give
rise to cuts. For example in the s-plane a bound state of mass mp = \/sp
will give rise to a pole at s = sp and there will be cuts with branch points
corresponding to physical thresholds. These arise because of the unitarity
condition (1.23). In this condition, P/? = s is the squared invariant mass of
the state f, which shows that n-particle states contribute to the imaginary
part of the amplitude if /s is greater than the n-particle threshold energy.
The threshold for producing a state in which the particles have masses
My, Ms, Ms, ... is at s = (My + Mo + Mz + ---)2. In a model with only
one type of particle, of mass m, the thresholds are at s = 4m?2,9m?, .. ..
Each corresponds to a branch point of A(s,t). When a function f(z) of a
complex variable z has a branch point at some point z., we attach a cut
to the branch point, to remind us that continuing f(z) from z; to zo along
paths that pass to different sides of the branch point results in different
values for the function: see figure 1.3. We say that f(z) has a discontinuity
across the cut. Since we may choose the point z to lie in any direction
relative to z1, we must be prepared to draw the cut in any direction. It
need not be a straight line. The only constraint is that one end of it is
at z = z. and does not cross any other singularity. For A(s,t), therefore,
we need a cut attached to each branch point s = 4m?2,9m?,16m?,.... By
convention, we draw each cut along the real axis, so that the one attached
to s = 4m? passes through all the other branch points and effectively all
these branch points need only one cut, the right-hand one in figure 1.4.

A consequence of the assumption of analyticity is crossing symmetry. Con-
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U=Uy S=Sg
(] L] D

u=4n? s=4m?

Figure 1.4. Poles and cuts in the complex s-plane for equal mass scattering for a
given, fixed t. Recall that u = 4m? — s — t.

sider the scattering process
a+b—c+d (1.26)

and write its amplitude as Agip—cid(s,t,u), reinstating the variable w
for symmetry, but remembering that it is not independent being given in
terms of s and t by (1.3). The physical region for the process (1.26) is
s > max{(mq, + mp)?, (me +my)?}. In the equal-mass case, t,u < 0; in the
unequal-mass case the constraint on ¢ and v is more complicated, but most
of the physical region lies in t,u < 0. The amplitude may be continued
analytically to the region ¢t > max{(m, + mz)?, (mj +mg)?} and s,u < 0.
This gives the amplitude for the ¢-channel process

a+c—b+d (1.27)

where b and & mean respectively the antiparticles of b and ¢. That is, we
have

Aa+6~>5+d(ta S, u) = Aa+b—>c+d(57 t, u) (128)

Similarly for the u-channel process
a+d—b+d (1.29)

we have
Aa+cz~>l_)+c(u7 t, S) = Aa+b—>c+d(57 t, u) (130)

There are various mathematical results about the analytic properties of
scattering amplitudes. Although these results are not complete, what is
known is consistent with the assumption that the analytic structure in the
complex s-plane for equal mass scattering is that shown in figure 1.4. The
right-hand cut, from s = 4m? to oo, arises from the physical thresholds in
the s-channel. The pole at s = sp assumes that there is a bound state
in the s-channel with mass mp = /sp. The left hand cut and pole arise
respectively from the physical thresholds in the u-channel and an assumed
u-channel bound state at v = up.  The position of the singularities in
the s-plane arising from wu-channel effects is given by the relation (1.3).
Thus the presence of a threshold at u = ug for positive u means that the
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amplitude A(s,t) must have a cut along the negative real axis with a branch
point at s = 59 = 4m? —t — ug, so that 5) = —t when uy = 4m?. Equally, a
bound-state pole at u = up will give rise to a pole at s = 4m? —t —up. In
figure 1.4 we have drawn the u-channel bound-state pole and the u-channel
cut to the left of the corresponding s-channel singularities. However, they
move as t varies and for physical values of ¢, t < 0, the u-channel pole is
actually to the right of the s-channel pole, and when t is sufficiently large
negative the two cuts actually overlap.

In perturbation theory, masses are assigned a small negative imaginary part,
m? — m?—ie, which is made to go to zero at the end of any calculation. The
same i€ prescription is used outside the framework of perturbation theory;
for example it makes Minkowski-space path integrals converge for large
values of the fields. In figure 1.4, the ie prescription pushes the branch point
at s = 4m? downwards in the complex s-plane, and likewise the branch
points corresponding to the higher thresholds, s = 9m? s = 16m?,.... As
€ — 0, the branch points move back on to the real axis from below. That is,
the physical s-channel amplitude is reached by analytic continuation down
on to the real axis from the upper half of the complex s-plane. This is
equivalent to saying that the physical amplitude is

lin%A(s—i-ie,t). (1.31)

If we analytically continue it to real values of s between sp and 4m?, there is
no cut and the amplitude is real there[10]. The Schwarz reflection principle
tells us that an analytic function f(s) which is real for some range of real
values of s satisfies

f(s") =1f(s)]".

So if we make a further continuation via the lower half of the complex plane,
back to real values of s greater than 4m?, we obtain the complex conjugate
of the physical amplitude:

A(s —ie,t) = [A(s + i€, t)]". (1.32)
Therefore, for s > 4m? and —s < t,u <0,
2iIm A(s + ie,t) = A(s + i€, t) — A(s — i€, t) (1.33)

where it is understood in this equation that we have to take the limit e — 0.
(By convention the imaginary part of the amplitude is defined to be real,
as is evident from the factor 2i.) The right hand side of (1.33) is called the
s-channel discontinuity, denoted by Ds(s,t, u).

Similar arguments can be applied to the physical ¢t-channel and u-channel
processes 1+3 — 244 and 1+4 — 3+2. Thus there must be cuts along the
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Figure 1.5. Contour of integration in the complex s'-plane

real positive t and u axes, with branch points at the appropriate physical
thresholds in these channels, and possibly poles as well. Equivalently to
(1.33) we define the ¢-channel and u-channel discontinuities by

Dy(s,t,u) = A(s,t +i€) — A(s,t —ie) = 2 Im A(s,t + i€)
t>4m? and u,s <0
Dy(s,t,u) = A(s,u+ i€) — A(s,u — ie) = 2iIm A(s, u + i€)
w > 4m? and s,t <0 (1.34)

where again the limit € — 0 is understood.

Knowing the analytic structure of an amplitude allows us to derive a “dis-
persion relation”. We fix ¢t and use the contour of integration shown in
figure 1.5, which must be such that the point s = s’ is within it. Then
(s' — s)"tA(s',t) is analytic within the contour except for a pole at s’ = s,
so that Cauchy’s theorem tells us that the integral of this function is just
the residue at the pole, which is 2wiA(s,t). Hence

1 A(s',t
Afs,) = 5 fds' S,(_ S> (1.35)

with u (u’) given in terms of s (s') and ¢ by (1.3). Assume for the moment
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Figure 1.6. A contour of integration equivalent to that of figure 1.5

that A(s,t) goes to zero like some negative power of s as |s| — oo, so that
the contribution from the circle at infinity will vanish. So instead of the
contour of figure 1.5 we may use the two-piece contour of figure 1.6. For
the integration along each piece, we pick up the residue at the bound-state
pole within the new contour, together with integrals in opposite directions
along the upper and lower sides of the cut, which is just the integral of the
discontinuity across the cut:

2 2 1 00 D /t /
A(s,t) = 9s 4 Yu —/ dslis(s’ )
S—Sp UuU—up 21

s’ —s
1 w(s t )
d ’%. 1.
tom 271 u —u (1.36)

Here sg, ug are the thresholds of the lowest states accessible to that channel.
For example in nucleon-nucleon scattering sy = 4m?\, and ug = 4m?2.

We may write the dispersion relation (1.36) more compactly if we extend
the definition of the discontinuities D(s,t,u) to include any bound-state
contributions. So we define

Dy(s,t,u) = —2mig>6(s — sp) s < 4m? (1.37)
with similar definitions for Dy(s,t,u) and D, (s,t,u). Then (1.36) simplifies

to
1 > DS /7 9 ! 1 & DU /7 Y !
A(s,t) = 7/ d‘s/M + 7/ du'M. (1.38)
0 0

271 s’ —s 211 uw —u

The denominator of the first integral vanishes for s’ = s and for physical
values of s the s’ integration passes through this value. We recall from
(1.31) that we must give s a small positive imaginary part ie to obtain the
physical amplitude. This prevents the denominator from vanishing. We
may write the resulting first denominator as

1 1 .
— :Ps’—s +imd(s’ — s) (1.39)

where P denotes “principal value”. The denominator of the second integral
does not vanish and this term is real, so (1.38) is equivalent to

1 o) Du / /
Re A(s, 1) P/ Dyl t, ) +—./ du’M. (1.40)
0

s —s 211 u —u
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Equally we can write fixed-s or fixed-u dispersion relations. For example,
a fixed-s dispersion relation has the form

1 D 1 % Dy(s.t .o
Alt,u) = — d/M%_i. du’M. (1.41)

271 t—t 271 Jo u —u

If the amplitude does not go to zero sufficiently quickly as |s| — oo for the
contribution from the circle at infinity to vanish in the integral (1.35), then
choose some value s; of s and write (1.35) as

A(s,t) — A(s1,t) ——fdsA S )

s’ — s

A(st)
=5 (s —s1 fds &~ (1.42)

Then if s~ A(s,t) goes to zero like some negative power of s, the integral
over the infinite-circular part of the contour in figure 1.5 again vanishes, and
we can manipulate as before. The resulting dispersion relation is called a
once-subtracted dispersion relation. If one subtraction is not enough for us
to be able to discard the contribution from the circular part of the contour,
we may make another:

A(s,t) — A(s1,t) — (s — 31)888114(81,t) =

1 — s 2 Sl A(S/’t)
%(8 ) j{d (s' — 8)(s" — s1)2
(1.43)

and so on.

A particularly useful form of dispersion relation is for forward elastic scat-
tering, such as NN — NN at t = 0, as the optical theorem (1.25) allows us
to obtain the imaginary part of the amplitude from the total cross section.

1.5 Partial-wave amplitudes

According to (1.7) and (1.8), at fixed s the momentum transfer ¢ varies
linearly with

zs = cos O (1.44)

where 0, is the s-channel scattering angle in the centre-of-mass frame.
Hence, instead of s and t as the independent variables we can use s and zg,
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that is t = t(s, z5). Similarly v = u(s, z5). The amplitude A(s,t) can then
be written as A(s, (s, zs)), and expanded in the partial-wave series

A(s, t(s,zs)) = 167 i@l + 1) Ai(s)Pi(zs) (1.45)
=0

where Pj(z) is the Legendre polynomial of the first kind, of order I. We
shall discuss later the modifications required for the inclusion of spin. The
factor 167 is included so that in the nonrelativistic limit the partial-wave
amplitude A;(s) has the conventional normalisation. Just as in nonrela-
tivistic scattering, it can be written in terms of a real phase shift §; and an
inelasticity »;:

4 = M — 1 (1.46)

2ip(s)

where p(s) = 2|p1|/+/s with our choice of normalisation. Below the first
inelastic threshold 7, = 1 and (1.46) can be written as

el gin §;
p(s)

Otherwise unitarity requires that 0 < 1 < 1. We often choose to make §;
complex by adding to it an imaginary part such that 7, = e 2"™%; then
(1.46) becomes

A= (1.47)

2i6; _ 1
e
A= ————. 1.48
L= 500 (1.48)
The condition 0 < 1; < 1 corresponds to
Im &, > 0. (1.49)
Because of the orthogonality of the Legendre polynomials
" dz P(2)P, 2 0
=_ 1.
L 1(2)Pm(2) = 5 1 0m (1.50)
(1.45) can be inverted to give
1+
Ai(s) = — dzs Pi(zs)A(s,t(s,2s))- (1.51)
327 J_1

1.6 The Froissart-Gribov formula

The partial-wave series for A(s,t) cannot converge for all s and ¢, as P;(z) for
integer [ > 0 is an entire function of z5 so A(s, t), as defined by (1.45), would
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have no singularities in ¢ (or u). The series must diverge at the nearest ¢ (or
u) singularity. According to (1.6), (1.7) and (1.8), for fixed physical values
of s both ¢t and u depend linearly on zs; and the t-channel poles and thresh-
olds occur for values of z; greater than 1, while the u-channel poles and
thresholds occur for values less than —1. That is, in the complex zs-plane
the right-hand singularities correspond to the ¢-channel singularities and
the left-hand singularities correspond to the u-channel singularities. It may
be shown|[11] that the partial-wave series (1.45) converges for values of z
within the Lehmann ellipse, which is an ellipse in the complex zs;-plane with
foci at z; = £1 and passing through the nearest singularity.

We can derive an alternative expression for the partial-wave amplitudes
which incorporates some information about the analytic structure of A(s,t).
It is particularly useful for determining the behaviour of the partial-wave
amplitudes for large values of [. It also provides the basis for the continua-
tion of the partial-wave amplitudes to complex values of I needed for Regge
theory. This is explained in the next chapter and in appendix A. The al-
ternative form for A;(s) is known as the the Froissart-Gribov formula. It
makes use of the Legendre functions of the second kind, Q;(z). These have
branch points at z = 1 and for physical values of [, that is { =0,1,2,...,
one may choose to draw the associated cuts as a single cut along the real
axis joining these two points. The discontinuity of @;(z) across this cut is

Qi(z +ie) — Qi(z — ie) = —imP(2) (lz] <1). (1.52)

We use this to replace Pj(zs) in the integral (1.51) that defines A;(s). Then
the integral of the @Q;(z + i€) term corresponds to an integral over z; along
the upper side of the cut, and the integral of the Q;(z—1i€) term corresponds
to one along the lower side of the cut, in the opposite direction because of
the minus sign in (1.52). That is,

Ay(s) = 32;2?{@5 Qu(z:) A(s, (s, 7)) (1.53)

where the integral is round the contour shown in figure 1.7a. In this figure
we have drawn also on the right-hand real z;-axis the t-channel cut and
a t-channel bound-state pole (if there is one), with the u-channel cut and
pole on the left-hand real axis.

Apart from these singularities, and the two branch points of Q;(z), the
integrand of (1.53) is analytic, and so by Cauchy’s theorem the integral of
the same integrand round the closed contours in figure 1.7b vanishes. If
the integrand vanishes rapidly enough as z; — o0, the contributions to this
integral from the infinite semicircles vanishes. Up to an [-dependent factor,

for large z the behaviour of Q;(z) is z~!. Hence it is valid to discard the
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—— (b)

Figure 1.7. Contours of integration in the z,-plane

semicircular parts of the contour for large enough [, leaving the parts of
the contour along the real axis. The integral along the right-hand part is
just the integral of @;(zs) times the discontinuity D; of A(s,t) across the
t-channel singularities, defined in (1.34), while the integral along the left-
hand part similarly involves the integral of D,,. As in (1.37), we extend the
definitions of these discontinuities to the gaps between the branch points,
where the bound-state poles lie. So, for large enough I,

3272 Ay (s / d2. Dy(s,1(s,2)) Qu(2))

+/_1 dZ; Du(S,U(S,Z;)) QI(Z;) (1.54)

This is the Froissart-Gribov formula.
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1.7 The Froissart bound

In this section, we explain why the asymptotic (s — oo) behaviour of a
scattering amplitude is limited by s-channel unitarity and the finite range
of the forces.

To see this, start with the Froissart-Gribov formula (1.54) for s-channel
partial waves. When z > 1, the behaviour of Q;(z]) for large [ is given, up
to a constant factor, by[9]

Qu(z) ~ %6_(“%)1%(“ “0, (1.55)
12(22—-1)1

When z < —1, we may use the relation
Qi(=2) = (D' Qi) (1.56)

to deduce the large-I behaviour. Hence at fixed s, the large-l behaviour of
A(s) is controlled by the value zg of the singularity of A(s, zs(s,t)) nearest
to the origin in the zg-plane. Usually this singularity is a t-channel or
u-channel bound-state pole. In the neighbourhood of such a ¢-channel pole,

Dy(s,t,u) = —2miglé(t —tp) (1.57)

as in (1.37). We use (1.10), so that (1.57) is equivalent to
Dy(s,t(s, 2,)) ~ 4mig |p| 728 (2, — 20)- (1.58)
The expression for a u-channel bound state is exactly similar. So for large [
Ay(s) ~ |p| 212 (H2)C(0), (1.59)

The value of z; at the singularity is

290 ~1+tp/2p> or —1—up/2p> (1.60)
so that

((20) ~ 3VtB/|p| or i/ugp/|p| (1.61)
So for

1 >2[p|/Vtp or 2|p|/Vup (1.62)

A;(s) is exponentially small. This may be understood in physical terms: the
range R of the force is given by R? = tl}l or u]__gl, and particles whose trans-
verse separation or impact parameter b is greater than R are not scattered.
Roughly speaking | = b|p|.
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The upper limit (1.62) on [ applies at fixed s, but it may change if now
s is allowed to be large. Then p? ~ is, so that at the bound-state pole
Dy(s,t(s,2%)) ~ s71, according to (1.58). It is possible, and indeed it
is expected from the Regge theory described in the next chapter, that
Dy(s,t(s,2%)) is larger for values of 2/ such that t > 4m? or u < 4m?.
In fact we expect it to be bounded by some power « of s, where « varies
with ¢ or u. This has the effect that for large [ the dominant contribution
to the Froissart-Gribov integral (1.54) will come from values of ¢ and u such
that s is as large as possible while still 2/ is close enough to +1 for the
exponential in (1.55) not to provide too much damping. Hence instead of
(1.59),

Ay(s) ~ 12 exp (M(I+ 5)/v/5 + alog(s/50)) (1.63)

where sg is some fixed scale and the value of M depends on the relevant
range of values of ¢ or u. The physical reason for this change is that, as we
shall see in the next chapter, at high energy the force is not the result of
the exchange of a single particle, but rather the simultaneous exchange of
whole families of particles. Hence A;(s) will be exponentially small for

1> aM™'/s log(s/so) (1.64)

and the partial-wave series (1.45) may be truncated at this value. From
(1.46), together with the unitarity constraint 0 < <1,

2i6; _ 1 1

2ips ‘ = p(s) (1.65)

’Al(s)‘ = ’7716

and p(s) — 1 as s — oco. Also, |Pj(zs)| < 1. So, for large s

ZMAX

A(s, t(zs = 1) < 3 (20 +1)

1=0
Ivax = aM /s log(s/so). (1.66)

After the arithmetic progression is summed, this gives
|A(s,t(zs = 1))| < constant x slog?(s/sp). (1.67)
Applying the optical theorem (1.25) then gives, when s is large,
o ™(s) < constant x log?(s/so) (1.68)

which is the Froissart bound[12].

Although the result (1.68) reproduces that of Froissart’s original work[12]
our derivation lacks its formal rigour. He assumed only that the dispersion
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relations require a finite number of subtractions and that the amplitude
is polynomial bounded. From axiomatic field theory it proved possible to
determine[13,14] the constant in (1.68):

7r
ot (s) < Wlogg(s/so) (1.69)

s
although the scale sy remains unspecified. However if one chooses a rea-
sonable hadronic scale, so ~ 1 GeV? say, then the limit (1.69) is extremely

high: 10 to 25 barns at Tevatron or LHC energies, that is in the range
Vs =1 to 20 TeV.

A critical discussion of the formulation of asymptotic bounds in general and
of their domain of validity can be found in [15].

1.8 The Pomeranchuk theorem

The Pomeranchuk theorem[16] asserts that, under certain quite strong as-
sumptions, total cross sections for collisions of a particle and the corre-
sponding antiparticle on the same target become asymptotically equal at
high energy. For example, o™ (7 p) /o™ (77 p) — 1 or o™ (pp) /o™ (pp)
— 1 as s — o0.

As we are comparing particle and antiparticle interactions we are concerned
explicitly with s-channel < wu-channel crossing. From the optical theorem
(1.25), to calculate the total cross sections we need the amplitude at ¢ = 0.
It is convenient to use the variable v = P;.P», in terms of which, when
t=0,

s =m3 +m3 +2v
u=m3+m3— 2 (1.70)

where m1 and mo are the masses of the two particles. Thus the crossing
simply takes v — —v.

The forward scattering amplitude A(v,t = 0) is analytic in the complex
v-plane cut along (—oo, —mimsg) and (mjmsg, c0) with possible bound-state
poles lying in the region —mims < v < mims. For example in 7¥p scat-
tering there will be poles at v = :F%m,% corresponding to the nucleon poles
in the s- and u-channels.

For most physical scattering processes, amplitudes are neither symmetric
nor antisymmetric under crossing. In general the process in the crossed
channel is different from the one in the direct channel: the crossed channel
for 7T scattering is 7~ 7" scattering; the crossed channel for 77 p scat-
tering is m~p or w1 p scattering; and the crossed channel for pp scattering
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is pp scattering. But we may construct amplitudes which are symmetric
or antisymmetric under crossing. Take 777+ and 7~ 7T scattering as an
example and define

Ay(w,0) = A(rtrt w72t7T) A (v,0)=A(r 7t -7 7). (L.71)

Then the amplitudes which are symmetric and antisymmetric under cross-
ing are given by

(A-i-(V? O) + A—(V7 0))
(A4 (1,0) — A_(1,0)). (1.72)

N[ D=

We write fixed-t dispersion relations (1.38) for each of these. We introduce
an integration variable 1/, related linearly to s’ and u’ by equations similar
0 (1.70). For the symmetric amplitude the second integral in the dispersion
relation for AS(v) is obtained from the first by changing the sign of v; also,
according to (1.34) the discontinuity Dy (s’,t = 0,u') is just 2i Im AS (/' +ie).
For AA(I/) there are similar statements, except that we must in addition
change the sign of the first integral to get the second one.

Because of the Froissart bound (1.69) the dispersion relations for the am-
plitudes A4 or ASA require at most two subtractions. We introduce a
fixed value vy, as in (1.43), and then each dispersion relation contains two
subtraction constants, the values of the amplitudes at v = vy, together
with their derivatives at the same point. But if we choose v1 to be 0, the
antisymmetric amplitude A* vanishes there, as does the derivative of the
symmetric amplitude AS. Hence the dispersion relation for each of these
amplitudes has only one subtraction constant:

Im AS(V/ + ie)

Y / _
Re A>(v) — A>(0) = 7TP 2 d V20— ) + (v — —v)
% Jdm AS(V + ide)
= (1.73)
and
Re A (v) — dAA(O)—VQP/ dv ’—ImAA(” tio) (v — —v)
Y R S V2V —v) v v
28 ,ImAA( "+ ie)

As in (1.40), we have written just the real part of each dispersion relation.
We recall that the amplitudes are real at v = 0.
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At sufficiently high energy the optical theorem (1.25) gives
Im A4 (v,0) ~ 2001 (v). (1.75)

Now we know from the Froissart bound (1.69) that o1°" and o™ are both
bounded by a constant times (logv)? as v — co. Suppose that

o1 — g ~ O (logr)" 0<n<2 (1.76)
so that, from (1.75),
Im A*(v) ~ 2Cv (logv)™, 0<n <2 (1.77)
Then (1.74) gives, for large v,

4Cl/ )n+1

Re A*(v) ~ —m(logy

(1.78)

From (1.77), the real part of the antisymmetric amplitude A% () exceeds
the imaginary part by a factor logv. This implies that the amplitudes
become predominantly real at high energy. The original derivation of the
Pomeranchuk theorem assumed that Re A*(v) — 0 at high energy, so that
C =0 and

o1t — ot — 0 (1.79)
at high energy. More refined derivations with weaker assumptions have
obtained[17,18] the weaker condition

oy(s)fo_(s) — 1 (1.80)

as s — 00, but it is still necessary to assume that a limit exists. It has not
been possible to prove from field theory that this should be true[15].
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Regge poles

In this chapter we introduce the concept of complex angular momentum
and derive the basic Regge-pole formula as a description of high energy
scattering processes. We give only what is sufficient for the purposes of this
book. Further discussion can be found in appendix A and in [1].

2.1 Motivation

For the moment we restrict the discussion to the two-body process 1 +2 —
3 + 4. The final state need not be the same as the initial state. We shall
be interested in scattering at large s and small t. Most scattering processes
exhibit a strong forward peak, and a study of the presence or absence
of these peaks reveals a general rule. There is a correlation between the
existence of a forward peak (small ¢ < 0) in s-channel processes and the
exchange of particles or resonances in the t-channel. This is connected
directly to the quantum numbers of the exchange and reactions which do
not have resonances allowed in the ¢t-channel have appreciably smaller cross
sections than those of similar ones which do.

Two examples of the latter point are provided by a comparison of the cross
section o(K~p — 7~ X7) with o(K~p — 77X7), and o(pp — £~X7F) with
o(pp — XTX7). The data[19] for the K ~p reactions are shown in figure 2.1.
It is obvious that o(K " p — 7~ X%) > o(K p — 77X 7) and it seems that
the latter cross section decreases more rapidly with increasing energy. A
similar situation holds for the pp reactions with o(pp — X~3) > o(pp —
$T¥7)[20]. Both K~p — 7~ X" and pp — £~X7T have a strong forward
peak which contributes most of the cross section. In contrast the differential
cross sections for K~™p — 77X~ and pp — TX~ are isotropic within the

21
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Figure 2.1. Total cross sections for K™p — 7~ X1 (upper data) and K~ p —
77X~ (lower data)[19]

Figure 2.2. Exchanges of different quantum numbers

eIrors.

The differences lie in the exchanged quantum numbers, as indicated in
figure 2.2. Both the reactions K~ p — 77X~ and pp — LT3~ have double-
charge exchange and isospin % in the t-channel. No meson exists with these
quantum numbers. However, for each of the reactions K p — 7~ X" and
pp — L~ XT there is zero charge exchange and the isospin in the ¢-channel
can be £ or 3. This means that Kr resonances, for example the K*(890)

and the K*(1420), can be exchanged in the ¢-channel.

Particle and resonance exchange in the crossed channel thus appear as an
important part of high-energy scattering. However, it is straightforward to
show that the scattering amplitude cannot be dominated by the exchange of
just a few t-channel resonances. Analogously to the s-channel partial wave
series (1.45) we can write the t-channel partial-wave series for scattering of
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Figure 2.3. pp total cross section

spinless particles:

A(s,t) = 167r§:(2l + 1) A(t)Pi(z) (2.1)
=0

where
2s

2t = cos Ot +t—4m2

(2.2)
in the equal-mass case. Although this series is a correct representation of
scattering in the physical region of the t-channel, where ¢t > 4m?, s < 0 and
|z¢| < 1, it is not readily applicable in this form to t-channel exchange for
high-energy s-channel scattering. As s — 00, z; becomes proportional to s
and therefore large. For large z,

Py(z) ~ 2 (2.3)

so that Pj(z) ~ s' and the series diverges. In order to use it, we need to
start in the region where it converges and cast it into a form that can be
continued analytically to the region where we need it. In fact we shall write
it as an integral over .

However, for the moment let us suppose that only one resonance is ex-
changed so that the question of series convergence is avoided. As the reso-
nance has a given spin, o say, only one partial wave in (2.1) will contribute.
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Dropping the other terms in the sum, we have for large s

2
A(s,t) = 167 (20 + 1) Ay (t) Po(l + ﬁ)

~ f(t)s°. (2.4)

o—1

Using the optical theorem (1.25) we see that this then gives oT°% ~ 571 at
large s. Thus exchange of a spin-0 particle, for example the pion, would give
a cross section which decreases as s~'. The exchange of a spin-1 meson,
such as the p, would give a constant total cross section and the exchange
of a spin-2 meson like the fo would require the cross section to increase
linearly with s. None of this is observed in total cross sections. Above the
s-channel resonance region, say for centre-of-mass energies /s > 2.5 GeV,
total cross sections initially decrease with increasing energy, approximately
as ~ s~ 0% and then ultimately increase but only slowly, very much more
slowly than would be implied by the exchange of a single spin-2 particle in
the ¢t channel. The example of the pp total cross section is shown in figure
2.3. If we are to retain the picture of particle exchange then all the resonance
contributions in the ¢ channel must act collectively and combine in some
way to give the observed energy dependence. Thus any meson, the fo for
example, has to be considered as a member of a whole family of resonances
of increasing spin and mass, and we must consider the exchange of all this
family simultaneously and their contributions must be correlated with each
other. The mathematical framework for adding the resonances together is
based on a formalism initially developed by Regge[21-23] for nonrelativistic
potential scattering. His formalism involved making the orbital angular
momentum [, which is initially defined only for non-negative-integer values,
into a continuous complex variable. He showed that the radial Schrodinger
equation with a spherically-symmetric potential can be solved for complex I.
That is, the partial wave amplitudes A;(t) can be considered as functions
A(l,t) of complex [, such that

ALt = A(t)  1=0,1,2,.... (2.5)

Regge found that if the potential V' (r) is a superposition of Yukawa poten-
tials then the singularities of A(l,t) in the complex I-plane are poles whose
locations vary with ¢:

I =a(t). (2.6)

These poles are known as Regge poles, or reggeons, and as t is varied
they trace out paths defined by (2.6) in the complex [-plane. The functions
a(t) are called Regge trajectories. In relativistic scattering theory they are
associated with the exchanges of families of particles. Values of ¢ such that
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a(t) is a non-negative integer correspond to the squared mass of a bound
state or resonance having that spin. The theory allows us to sum the
whole family of exchanges corresponding to the particles associated with
the Regge trajectory a(t).

2.2 The Sommerfeld-Watson transform

In order to develop Regge theory we first cast the ¢-channel partial-wave
series (2.1) into an integral over [, called the Sommerfeld-Watson trans-
form. In order to do this, we need to regard the t-channel orbital angular
momentum [ as a complex variable and introduce an amplitude A(l,t) that
coincides with the partial-wave amplitude A;(¢) at physical values of [, as
in (2.5). Note that the interpolation from non-negative-integer to complex
[ is not unique, as we can add any function f(I,t) which is zero for physical
values of [. For example (2.5) would also be satisfied by

A(l,t) — A(l,t) + F(t) sin(xl). (2.7)

Making such a change affects the behaviour of A(l,¢) when [ — oo in
most directions in the complex [-plane. As we describe in this section, and
more fully in appendix A, we need to impose a requirement on the large-I
behaviour of A(l,t) which makes it unique.

In fact, in relativistic theory it is not possible to achieve this with a single
amplitude A(l,t). Instead, we need to introduce two amplitudes A* (I, ),
such that

s - {49 Lo o5

We write the ¢-channel partial-wave expansion (2.1) as

A(s,t) = AT (s,t) + A" (s,1) (2.9)

with -
A% (s,t) =8 > (2 + 1) Ay (t)(Pi(2t) £ Pi(—2)). (2.10)

1=0

Because Pj(—z) = (=1)!Pj(z), At(s,t) receives contributions only from
even [, and A~ (s,t) only from odd I. Therefore in A*(s,t) we can re-
place A4;(t) by Af(t) and in A~ (s,t) we can replace A;(t) by A; (t). The
amplitudes AT are known as even- and odd-signatured amplitudes.

We require to continue the partial-wave expansions (2.10) from the region
where the series converge, t > 4m?, s <0, to t < 0 and s large. To achieve



26 2 Regge poles

this, we use Cauchy’s theorem to rewrite the partial-wave expansions as
integrals. We assume that A*(l,t) are analytic functions of I throughout
the right-hand half of the [-plane with only isolated singularities. This is
a fundamental assumption. It is found to be the case in potential theory
and order-by-order in perturbation theory for relativistic quantum field
theory. Understanding this in the framework of QCD will require a proper
understanding of confinement. If the singularities are isolated we can easily
continue past them. We first rewrite the partial-wave series as

—Zt) + Pl (Zt)
sin(7l)

A*(s,1) = 8m’/cdl (21 + 1)a=(1, 1 2 (2.11)

where the contour C' surrounds the real axis from 0 to oo as in figure 2.4a.
We have used the fact that 1/sin(7l) has poles at [ =0,1,2,. ...

As we show in appendix A, the AT (I, t) are analytic for values of [ such that
Re 1 is sufficiently large. Therefore we may use Cauchy’s theorem to deform
the contour C into that of figure 2.4b. The difference between the integrals
along the contours in figures 2.4a and 2.4b is an integral around the two
closed contours shown in figure 2.5; within each of these two closed con-
tours the integrand of (2.11) has no singularities, and therefore the integral
around each of them vanishes. The dashed part of the integration contour
in figure 2.4b is an infinite semicircle. We suppose that the behaviour of
the amplitudes A*(l,t) along this infinite semicircle is such that it gives
zero contribution to the integral. As we explain in appendix A, we achieve
this by using the Froissart-Gribov formula (1.54) as a basis for defining the
A*(1,t), and a theorem known as Carlson’s theorem ensures that imposing
this requirement on the A% (I,t) defines them uniquely.

In figure 2.4 we have imagined that AT (l,t) or A~(I,t) has a pole in the
right-hand half of the complex [-plane, and also a branch point, with a
cut attached to it. (We recall that a cut is attached to a branch point in
order to remind us that, if we continue the amplitude around any closed
curve that surrounds the branch point, we arrive at a different value for
the amplitude. We may draw the cut along any line, provided only that
it ends at the branch point.) We now deform the contour again so as to
move it to the left past the pole of A¥(l,t). The result, shown in figure 2.6,
is that we must also integrate round the pole and so pick up its residue.
In figure 2.7 we have shown how one picks up a contribution from a cut;
however we shall postpone a discussion of cuts until section 2.4 and for the
moment consider the case where the contour can be moved to the left to
reach the line Rel = —% with no interruptions other than poles. As it
is moved across each pole, we pick up the residue at that pole. We then
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Figure 2.4. (a) An integration contour C' in the complex I-plane surrounding the
poles at integer values of I. A pole of A*(l,t) and a branch point with its attached
cut are shown. (b) A deformed version of the contour C. The dashed curve is an
infinite semicircle.

Figure 2.5. Two closed contours that represent the difference between the con-
tours of figures 2.4a and 2.4b

-.‘ _—
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1 1

Figure 2.6. Result of moving the contour of figure 2.4b past the pole of AT (l,t)
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Figure 2.7. Moving the contour past a branch point

obtain the result

o +
AR ) = —16r Z = sin( 7r—|(; 125) ‘ >(Pa?[(t)(_zt) + Paf(t)(zt))
+8m‘/_2+mo g 2L+ D)AR( ) (Pi(=20) £ Pi(2))

—1oico sin(ml)

(2.12)

where the o (t) are the positions of the poles in the I-plane and the 55 (t)
are their residues. The integral along Re | = —5 is called the “background
integral”, for reasons we shall explain.

So the sums (2.10) have been converted into integrals, called Sommerfeld-
Watson transforms[24-26]. They enable us to continue the partial-wave
expansion analytically from the physical t-channel, for which ¢ > 4m? and
s < 0, to high-energy s-channel scattering for which ¢ < 0. As we vary
t, the poles (and branch points) move around in the complex [-plane, and
some of them may cross the line Re | = —%, so we pick up their residues
just as in figure 2.6. So additional pole terms may appear in (2.12): all
those for which Re oi (t) > —2 1 should appear.

According to (2.2), when s is large positive with ¢ < 0, 2; is large negative.
The asymptotic behaviour of the Legendre polynomials in (2.12) is

Ma+})/Ta+1)(2:)"  Rea>

vrFa(z) ~ {F(—a “Dr(ca) @)t Rea<i. 1)
The I'-function satisfies
IT(l)=T(1+1) and T(+1I(=l)= —ﬁ. (2.14)

Therefore, apart from the contribution from the background integral, the
amplitudes have the leading behaviour

+ s ~ —T i -
A )~ =7 2 B O 5 1y s ()

= ﬂf(t)F(—ai (£)) (1 =707 () g7 () (2.15)

(1 + e—iﬂ'a?:(t)) Sa}(t)
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where we have redefined the 3;°(t) by absorbing factors:
327 (i () + ) BE(8) — BE(t) (2m2 — 1) ©) (2.16)

and have used Pj(z) = e " P/(—z) for large negative z. The choice of
e~ rather than et in (2.15) is due to the requirements of analytic
continuation, as explained in appendix A. It is inelegant to raise to a power
a quantity such as s that has dimensions of squared mass, so often we
introduce a fixed scale sy, with the dimensions of squared mass, and redefine
BE(t) further to make (2.15) become

AE(s, 1)~ Y FEOT(—aE () (1 77 0) (5/50)% 0. (217)

The form (2.15) or (2.17) is the Regge representation for A% (s,t): it gives
the behaviour of A*(s,t) for large s and small t. The background integrals
must be added. Their integrands vanish as 1/4/s for large s. We shall
describe in appendix A how Mandelstam manipulated the background in-
tegrals so that when he pushed them further to the left in the [-plane he
could make them arbitrarily small. Then all the poles, not just those for
which Re ozii(t) > —%, should appear in the Regge representation (2.15),
together with the contributions from branch points and their attached cuts.
We consider the cut contributions in section 2.4.

The factors ‘
X =1+e ™ (2.18)

are called signature factors. We argue in appendix A that for values of ¢
in the s-channel physical region, the amplitudes Ai(l, t) are real for real
[; and that for these physical values of ¢ both the positions ai(t) of the
poles of the amplitudes and their residues Bii(t) are real, so the phase of
the high-energy behaviour of a Regge-pole contribution to A% (s, t) is given

by the signature factor (1 + eima; ).

2.3 Connection with particles

The I(—a;(t)) in (2.15) have poles for values of ¢ such that an o (t) takes
a non-negative integer value. The signature factors &I vanish when « is an
odd integer, so that the even-signatured amplitude has poles at those values
of ¢ for which an o (t) is a non-negative even integer o*. Similarly, the
odd-signatured amplitude has poles at the ¢-values for which an «; (¢) is a
positive odd integer o~. We now identify these poles with the exchanges of
particles of spin ¢&, whose squared mass is the corresponding value of t.
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Figure 2.8. Four degenerate Regge trajectories: particle spins plotted against
their squared masses t. The particles in square brackets are listed in the data
tables[27], but there is some doubt about them. The straight line is a(t) = 0.5 +
0.9¢. See also figure 2.13.

Suppose that one of the signatured amplitudes, AT (,t) say, has a pole in
the complex [-plane, so that near the pole

G(t)

At(l,t) ~ o

(2.19)
By construction, At (I,t) coincides with the ¢-channel partial wave ampli-
tude A;(t) when [ is an even non-negative integer o. So for values of ¢ close
to tg, where t( is such that Re a(ty) = o,

G(to)
Ay(t)  ————. 2.2
0~ s (2.20)
Make a Taylor expansion of Re a(t) about ¢ = ty:
Rea(t)=o+a/(t —tg) + - (2.21)

Near to t = tg it is sufficient to terminate the series after the linear term,

so that

G(to)/d!
Ct—to+ilma(te) /o
This has the Breit-Wigner form for a resonance of mass mp such that
m%{ = tg, with width

A (t) ~ (2.22)

p_ ma(mp) (2.23)

a'mp
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Figure 2.9. N and A trajectories

This interpretation requires that Im a(m%) > 0. If Im a(m%) = 0 then
(2.22) has the form of a bound-state pole.

Similar considerations apply to the odd-signature amplitude. Thus we see
that the poles in A*(l,t) at fixed integral Iy can be identified with bound
states and resonances in the ¢-channel with masses mﬁ given by

Reaf (mi; ) =

Rea; (mp %) =

* (even non-negative integer)

~ (odd non-negative integer). (2.24)

Although the real parts of the Regge trajectories a(t) cannot be exactly lin-
ear, as above the physical threshold they have a non-zero imaginary part,
it turns out that the linear approximation is remarkably good even away
from integral values of «(t). The real part of the trajectories for some
well-established meson states are shown in figure 2.8. A plot such as this
is known as a Chew-Frautschi plot[28]. The plot shown has two remark-
able features. The first is the linearity which allows a simple extrapolation
from the ¢-channel physical region ¢ > 4m2 to the s-channel scattering
region t < 0. The second is the near degeneracy of the four trajectories
{f2(1270), f4(2050), ...}, {a2(1320), a4(2040), ...}, {w(780),ws(1670),...},
and {p(770), p3(1690),...}. The first pair are even signature, the second
pair odd. Each pair contains an isospin zero and an isospin one trajec-
tory, so effectively the “leading trajectory” contains four near-degenerate
trajectories.

Linearity in the Chew-Frautschi plot is also apparent in the baryon tra-
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Figure 2.10. Right-hand sides of the ¢-channel unitarity equations (2.26), (2.28)
and (2.29)

jectories, of which two almost-exchange-degenerate examples are shown in
figure 2.9. The slope is comparable to that for the meson trajectories. We
shall not consider the Regge phenomenology of baryon trajectories. An
excellent review of this topic can be found in [29].

It is familiar that the residue G(tg) of a particle pole in a partial-wave am-
plitude A, (t) factorises. That is, when it occurs in an s-channel scattering
amplitude a + b — c+d,

Gatb=etd () = gabged, (2.25)

We now outline how the ¢-channel version of the unitarity relations (1.22)
requires G(t) in (2.19) to factorise similarly, even when ¢ is not close to t.
Consequently, the 35(t) in (2.15) also have a similar factorisation.

Strictly speaking, unitarity gives us the discontinuity of an amplitude across
a whole collection of cuts, but it has been generalised[10] so as to give the
discontinuities across single cuts. In the [-plane, t-channel two-body discon-
tinuity formulae are rather simple and they impose significant constraints
on the nature of the singularities in the [-plane. Ignore the (small) compli-
cations associated with the spin of the proton. Let APP(l,t) be the elastic
pp scattering amplitude. Denote by the suffix 1 the physical-sheet ampli-
tudes, and by the suffix 2 their analytic continuations round the ¢-channel
pp threshold branch point and back to the same value of ¢. Then[10]

ATPP(L ) — ASPP(1,t) = ip(t) ATPP (1, £) A3 PP (1, t) (2.26)

t — 4m?2
p(t) = \/fp. (2.27)

The right-hand side of (2.26) is shown diagrammatically as the first term
in figure 2.10. Similarly, if we continue the mp and 77 elastic scattering

where
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amplitudes around the same pp threshold branch point, they change by
AL 1) — A3 1) = ip() AT (L ) AP (1) (2.28)

and
AT E) = AFTT(1L ) = ip( AT (L AT (LE). (2.29)

We solve (2.28) for A7™(1,t) and insert the result into (2.29):

ip(t)[ AT (1,1))?

A1) — AT™(1, ) = . 2.30
= AT =1 +ip(t) ATPP(1, 1) (2:30)
Suppose now that A7"P(1,t), say, has a pole as in (2.19):
GPP(t)
AfPP ~ ) 2.31
iy~ 2 231

Then (2.26) tells us that if we continue in ¢ round the pp threshold branch
point the position of the pole must change; that is, the Regge trajectory
a(t) must have the pp threshold branch point, so that the position of the
I-plane pole of A3PP(1,t) is different from that of APP(l,t). If this were
not so, the right-hand side of (2.26) would have a double pole at | = «(t),
while the left-hand side would only have a single pole, which would be
inconsistent.

In particular, for hadron-hadron scattering there need not be a fixed pole at
some point [ = Iy, independent of ¢. (This statement is a slight simplifica-
tion: see [10].) In section 2.8 we explain that unitarity does not impose such
a restriction on amplitudes some or all of whose external legs are currents
rather than hadrons.

Suppose now that AT™(1,t) and A" (1,t) also have the pole at [ = a(t),

with non-zero residues G™(t) and G™"(t), which will be the case if the

particles on the Regge trajectory couple to the pion as well as to the proton.

Again the pole will have a different position in Aé””r(l7 t), so that when we

match the residues of the poles at | = «(t) on either side of (2.30) we obtain
[G™(t))?

G™™(t) = OR (2.32)

This is an example of the factorisation property of Regge-pole residues.

We note that it is mathematically possible[30], though there is no exper-
imental evidence for it, that the t-channel bound states and resonances
manifest themselves not as simple poles (t —tg)~! or (¢t —tg)~!, but as
higher-order poles (t —tp)~ ™ or (t —tr)~". Likewise, there may be higher-
order poles in the I-plane, (1 — «(t))~™. Since such a behaviour of A*(l,t)
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Figure 2.11. Exchange of two reggeons R; and Ry

corresponds to differentiating (2.19) n — 1 times with respect to a(t), the
contribution to A*(s,t) is found by similarly differentiating (2.15). The
result is a combination of terms in which s*®) is multiplied by powers of
log s,

(log s), (log s)?, ..., (logs)" 1. (2.33)

2.4 Regge cuts

We saw in section 2.2 that if a branch point, with its attached cut, is
encountered during the deformation of the contour in the complex I-plane
then it also contributes to the asymptotic behaviour. As figure 2.7 suggests,
its contribution is an integral involving the discontinuity of A(l,t) across
the [-plane cut:

disc (A(1,t)) o
sin(7l) '

A%(s,t) = /%(t) dl (20 +1) (2.34)

Its leading behaviour for large s is of the form
A%(s, 1) ~ s (log(s)) 1) (2.35)
where 7(t) depends on the behaviour of disc (A(l,t)) near | = a.(t).

As we do not know the discontinuity, in general (2.34) is of little use as
a basis for a parametrisation. Also (2.34) gives us no insight into what a
Regge cut corresponds to physically. In spite of a great effort in the early
years of Regge theory, the theory of Regge cuts is still not well developed.
What understanding we have is based mainly on perturbation theory, begin-
ning with the important work of Mandelstam[31], but even in perturbation
theory the situation is far from simple[32].

The simplest case is when the cut corresponds to the exchange of two
reggeons R; and Ry, which is represented diagrammatically in figure 2.11.
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We do know[33] that the exchange of two reggeons, each having a linear
trajectory, yields a cut with a linear a.(t):

ac(t) = ac(0) + alt (2.36)
with

ac(0) = a1(0) + a(0) — 1
, Qjag

= —. 2.37
o= e (237)

This means that, unless one of the intercepts «;(0) or a(0) is greater than
or equal to one, the cuts have lower intercepts than the poles. Even then,
for sufficiently large |t| the cut contribution to the large-s behaviour of the
amplitude will dominate over those from the poles, because the slope «,
is smaller than either of o} and af. So cuts become important in large-t
elastic scattering, as we shall find in chapter 3. The cut contributions do
not factorise and the logarithmic factor in (2.35) is highly model-dependent.

If we want to calculate . (t) for trajectories that are not necessarily linear,
we introduce two-dimensional Euclidean vectors q and q'. Fix q such that
q®> = —t. Then as q' varies over all possible values we have

ae(t) = max{as (—q) + aa(~(a - q)?) — 1}, (2.38)

In addition to two-reggeon cuts, there are multi-reggeon cuts. If all the
reggeons have linear trajectories, the n-reggeon cut has intercept

ai2.n(0) = a1(0) + a2(0) +--- + an(0) —n +1 (2.39)
and its slope is calculated as in (2.37); for example

/ / / ! /
Qo3 Q1 Qplg

/
oy + 0o aholh + ahal + ofah

Although there is no well-formulated theory that allows one to calculate
cut contributions, there are models. The most popular model is the eikonal
model. This introduces the impact parameter b, such that

Als, —q?) = 4 / dbe P A (s, b2). (2.41)

This Fourier transform may be inverted:

_ 1 ,
A, b?) = = / P2q P A(s, —q?). (2.42)
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The angular integration is easy to perform:

~ 1
Als.b%) = o [ ada Jo(ba) Als, ~a?). (2.43)
For large [,
Py(cos ;) ~ Jo(105) (2.44)

and, for large s and small ¢, z; = cos s may be approximated by 1—2¢?/s.
So 05 =~ 2q/+/s and dzs = 4q dq/s. Hence, unless b is so small that by/s is not
large, the integral (2.43) for A(s,b?) is approximately s times the partial-
wave amplitude (1.51) with I the integer lo(s,b) closest to 3by/s. We use
the complex-phase-shift representation (1.48) and the fact that p(s) — 1
for large s:

Ay(s) ~ —Li(e¥®) 1), (2.45)
Hence ~
A(s,b?) = Lis(1 — e7X(&b)) (2.46)
where
ix(8,0) = 26,5 p)(s)- (2.47)

Then, according to (1.49),
Re x(s,b) > 0. (2.48)
So we obtain the eikonal form for A(s,):
A(s, —q2) = 2is/d2b e_iq'b(l — e_X(S’b)). (2.49)

If we now expand in powers of x,

A(s, —q2) = 2is/d2b e~iab (x _X + X e — (=) ) (2.50)
If we identify the first term with single reggeon exchange, that is, from
(2.15),

B(—a*)I(—a(—q?)(1 + emmal-a”)y (=) = is/de e Py (s,b) (2.51)

then the second term corresponds to the two-reggeon-exchange cut, the
third term to three-reggeon exchange, and so on. If on the left-hand side of
(2.51) we include contributions from two single-reggeon exchanges, Ry and
Rs, then the x? term in (2.50) will generate three two-reggeon-exchange
cuts, (R1Ry), (ReR2) and (R1R2) = (Ra2Ry).
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We may easily show that the eikonal model then reproduces the general
expressions for a.(t). It also allows us to calculate the cut contributions
explicitly in terms of the single-reggeon-exchange amplitude. However, we
must warn that (2.51) is an assumption which is a pure guess and has little
or no theoretical foundation.

The eikonal model does enable one to understand how the Froissart bound
may be achieved, even if there is a Regge pole for which «(0) > 1. Suppose
that «(t) is even-signature and that for small ¢ it may be approximated by

alt)=1+e +a't (2.52)

where we have written «(0) = 1 + €. The inverse of the two-dimensional
Fourier transform (2.51) then is

1 . ) /
X(5:0) = 55 [ dPqe P B(-ql(~a(-g?)(1 4 ¢ e,
i
(2.53)
Because of the last exponential factor, the dominant contribution to the
integral arises from values of q? of order 1/log s, that is q? close to 0. So
we have

21

1 . : /
X(5,0) ~ =—50B(0)T(—1 — €9)(1 + e~ (1Fe0)) / d?q elabema’a logs

b2

= Qe 7im(0) exp ( — + €glog s — log log s)

4o’ log s
(2.54)

where the constant C' = cos(3meo)B(0)['(—1 — €9)/c/. The optical theorem
(1.25) gives at high energy

O_Tot — SillmA(S,t — 0) — Re /d2b(1 o eiX(S’b))- (255)

Change the integration variable to b’ = b/logs. When s — oo, Re xy —
+oo unless b’ > v/4d'eg, in which case x — 0. Hence in the limit

o1t = (log 5)2/d2b’0(4o/eo —1'?) = 4w’ ep(log 5)°. (2.56)

Thus the Froissart bound (1.69) is satisfied provided that 4a/m2ey < 1.

2.5 Signature and parity of cuts

If Regge cuts make a significant contribution to a reaction it is clearly
important to know which amplitudes receive contributions from particular
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cuts, that is we need to know the quantum numbers associated with a two-
reggeon system. Obviously internal quantum numbers, such as isospin and
G-parity,will combine exactly as if the reggeons were elementary particles.
For example, the exchange of the fo Regge pole (I = 0,G = +1) and the as
Regge pole (I = 1,G = —1) will give a cut with I = 1, G = —1. However
one would expect a Regge cut to appear in amplitudes of both parities
because of the angular momentum associated with the two-reggeon system,
and there is also the important question of signature.

The most general discussion of the signature of Regge cuts is that of [34],
in which it was shown, for external particles both with spin and without
spin, that the signature of the cut is

T = T1To (2.57)

where 71 and 7o are the signatures of the two exchanged reggeons and
n = —1 if both reggeons are fermions and n = +1 otherwise.

A Regge trajectory is said to have natural parity, or naturality +1, if the
spin and parity of the mesons on it are given by J* = J (*1)‘7, for exam-
ple 07,17,2%,37,..., and to have unnatural parity, or naturality —1 if the
spin and parity of the mesons on it are given by J = J (*1)‘”1, for example
0-,17,27,3",.... The parity and naturality of Regge cuts are discussed
in [35]. It was shown that if the exchanged reggeons have naturalities ny
and ne then amplitudes of naturality —nins are suppressed relative to am-
plitudes of naturality nine and that this suppression grows with increasing
energy. As a consequence, for cuts where the two reggeons are any of p, w,
as or fo, all of which are natural parity, the natural-parity cut will domi-
nate over the unnatural parity. The only exception to this is in reactions
for which there is a constraint relation between amplitudes at ¢ = 0 which
makes the natural and unnatural parity amplitudes equal there. Then the
suppression of one is accompanied, at small ¢, by the suppression of the
other, although away from ¢ = 0 the +n1no contribution can recover from
this suppression. This is phenomenologically important for reactions involv-
ing pion exchange, since in these reactions all of the strong single-reggeon
exchanges are kinematically suppressed in the forward direction and the
cuts are visible. The specific example of charged-pion photoproduction is
considered in section 5.6.

2.6 Reggeon calculus

The bubbles in figure 2.11 are the amplitudes that couple reggeons to
particles. They are just one example of amplitudes that couple reggeons
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Figure 2.12. A diagram of the reggeon calculus

to particles or to each other. Another example is shown in figure 2.12,
which involves triple-reggeon couplings. A formalism was developed by
Gribov([36,37] for calculating such diagrams. It is known as the reggeon
calculus. In it, each reggeon line has a two-dimensional momentum asso-
ciated with it, and an “energy” (I — 1) fed in from the external lines. A
reggeon line corresponds to a propagator

1

A (2.58)
where k; is the two-dimensional momentum on the line and «; is the corre-
sponding trajectory. The triple-reggeon couplings 71,1, (K3, k3, k3) vanish
unless the product of the reggeon signatures at the vertex is +1. As in old-
fashioned time-ordered perturbation theory, the ordering of the vertices in
a diagram is significant, so that one should imagine each reggeon as being
either absorbed or emitted. For each pair of emitted reggeons of signatures
& and & there is a certain signature factor. One integrates over the trans-
verse momentum and the “energy” round each loop, and so obtains the
contribution to the Regge amplitudes AT (l,t).

Although the reggeon calculus is useful for analysing the analytic structure
of the Regge amplitudes, and the nature of their singularities, it has not as
yet produced useful quantitative output. In particular, it has not told us
how large the two-reggeon cut contributions are.

2.7 Daughter trajectories

A problem arises when we try to repeat the argument of section 2.2 for
unequal masses in the ¢t-channel initial or final states, for example for the
s-channel process 7~n+t — K~ K. It does not arise when we merely have
unequal masses in the s-channel, for example 7~ K+ — 7~ K.
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Here we shall only indicate the problem and its resolution, and refer to
[1] for full details. For the s-channel process 7~n" — K~ K the simple
expression (2.2) for z; is replaced with

14 S 14 st

2+ = —_—

' 2[p:? T(t)

2T (t) = 1* — 2t(m3 + m3) + (m? — m3)? (2.59)

where we have applied (1.6), (1.7) and (1.8) to the ¢-channel. Consider a
Regge trajectory ag(t). The origin of the problem is that we redefined (Gy(t)
in (2.16) in order to achieve the simple asymptotic Regge expression (2.15).
Now we must instead make the change

32T (ao(t) + 3) Bo(t) — Bo(t) (=T(t) /). (2.60)

This again gives the leading term (2.15). However, when we raise z;, given
by (2.59), to the power a(t), as the asymptotic form (2.13) for the Legendre
polynomial P, (2¢) requires, we also obtain a next-to-leading term;

5200 + ag (£)s°0 0L T(2) /1. (2:61)

The pole at ¢ = 0 in the nonleading term is absent in the equal-mass case.
It is unphysical and must be cancelled. This can be achieved by introducing
a second reggeon o (t) provided that the corresponding (31(t) has a simple
pole at ¢ = 0 and that a1 (t) = ap(t) — 1. However, we cannot stop there.
We also require a third trajectory as(t) = ao(t) — 2 with [2(¢) having a
double pole at ¢ = 0 so that its leading term cancels the third term of ()
and the second term of ai(t). This process must be continued indefinitely,
requiring an infinite set of trajectories with ever more singular (3;(¢). The
trajectory av(t) is known as the first daughter of ag(t); aa(t) is the second
daughter and so on.

The concept of daughter trajectories was developed at a time when little
was known about meson spectroscopy. There was no experimental evi-
dence for them and no theoretical proof of their existence. Alternative
viewpoints were developed including the possibility that the required can-
cellations could come from the background integral in (2.12) along the line
Rel = —%. However, we explain in appendix A that stopping the defor-
mation of the contour at Re [ = —% is not necessary: the contour can be
moved as far to the left as we wish. Further, meson spectroscopy is now
much more developed. Present data for non-strange mesons are summarised
in the Chew-Frautschi plots of figure 2.13. In each plot the successive lines

are parallel and one unit down in angular momentum from the one above.
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Figure 2.13. Four families of daughter Regge trajectories. Only confirmed
states[27] are shown.

The evidence for daughter trajectories looks very convincing. However, be-
cause they are low-lying, the contributions from daughter trajectories to
cross sections decrease much more rapidly than do the contributions from
the leading trajectories and so normally are unimportant except at very
low energies.

In figure 2.13, unlike in figure 2.8, we have included only particles which
are well-established, according to the data tables[27]. The plots show that
the degeneracy suggested by figure 2.8 is only approximate. We return to
this point in the next chapter.

2.8 Fixed poles

If we trace back through the mathematics earlier in this chapter, we can
show that we may apply Regge theory not only to purely-hadronic reac-
tions, but also to those involving real or virtual photons or weak vector
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bosons W. The photon couples to quarks through the hadronic part of
the electromagnetic current, which is a four-vector eJ*(x), where —e is the
electron charge. It is given in terms of the quark fields by

JH = 2uyru — Ldyrd + Feyte — $5yHs 4 - (2.62)

The W couples to the weak current, for which the corresponding expres-
sion may be found in [27]. From these currents we may construct Green’s
functions. For example, for Compton scattering yp — vp we need

TH (q1,p1; qa, p2) = i / d*z €' (po| T J*(2)J* (0)|p1)- (2.63)

Here p; and py are the momenta of the initial and final protons; we have
suppressed the dependence on their polarisations. The momenta ¢; and ¢
are those of the initial and final photons.

When we calculate the amplitude for Compton scattering to lowest order
in the electromagnetic fine-structure constant «, we do not include any
electromagnetic contributions in 7" (g1, p1; g2, p2). In particular, the am-
plitude satisfies a unitarity relation that receives contributions only from
purely-hadronic states. Because the vyp state does not appear, its unitar-
ity relations are linear. This is different from (2.26), where APP appears
quadratically on the right-hand side. Therefore fixed poles in the complex
[-plane are allowed for Compton scattering, or for any amplitude having
one or more external current legs. See section 7.6. Likewise, the derivation
of the Froissart bound in section 1.7 depends on the presence of a quadratic
term in the unitarity relation. Therefore, the Froissart bound holds only
for purely-hadronic processes. In particular, it imposes no constraint on
either real or virtual Compton scattering. We return to this in section 7.4,
where we draw attention to the lack of a Froissart-bound constraint on the
small-z behaviour of the proton structure function Fy(z, Q?).

During the late 1960s there was a great deal of research on the algebra
of currents, in particular of the weak current. By expressing it in terms
of quark fields, as (2.62) does the electromagnetic current, and using the
canonical equal-time anticommutation relations for these fields, one may
deduce equal-time commutation relations for the currents and various use-
ful consequences follow[38]. In particular, one finds that various ampli-
tudes involving currents must have fixed poles in the complex [-plane. An
example[39-41] is the amplitude for the scattering of the charged elec-
troweak vector current on a hadron, say a pion for simplicity. The am-
plitude 7", where the suffix + indicates the charge of the current being
scattered, has a fairly-complicated tensor structure, a part of which is of
the form

A:E(Sa t? Q%a q%) tMV(pl’p2)
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" (p1,p2) = L(p1 + p2)u (p1 + P2y (2.64)

This part of the amplitude contributes to the scattering of longitudinally-
polarised currents. This is most simply seen for the case p; = ps = p and
q1 = g2 = q, when t*¥ = pHtp”. Work in the rest frame of p, so that
p = (m,0,0,0) and ¢ = (v/m,0,0,/v?/m? 4+ Q?), where v = p.q and

Q? = —¢®. Then transverse and longitudinal polarisation vectors are

er = (0,1,0,0) or (0,0,1,0)

e, = Q1 (\/v?/m2 4+ Q2,0,0,v/m) (2.65)

and 6% tuy = 0 =ty €7, so that the amplitude A4 does not contribute to
the scattering of transversely-polarised currents. But

et el = v/ (mPQ%) + 1 (2.66)

so that A4 does contribute to longitudinal scattering.

The squared centre-of-mass energy is s = 2v 4+ m? — Q? so that s ~ 2v for
5> Q2% m?. Regge theory leads one to conclude that, as in (2.15), both
€Ly Ti”’ €ry and €r,, T"" €1, should behave for large s as a sum of powers
st Because (2.66) behaves as %32, A1(s,t,¢?,q3) behave as a sum of
powers s*®~2 rather than s*®), with coefficients that depend on ¢ and ¢2
as well as on . The pomeron contribution is independent of whether the
current is positively or negatively charged, and so cancels in the difference

A(Sat7Q%a qg) = AJr(Svta Q%QS) - A*(Svta Q%a q%) (267)

Thus the dominant behaviour of A(s,t,q?,¢3) apparently comes from as

exchange and so might be expected to be approximately s72 at t = 0.
However this is not correct; it turns out[42] that, as a consequence of an-
alyticity and the current commutation relations, the large-s behaviour of

the amplitude A is
2F(t
Afs 2, q3) ~ 20

(2.68)

where Fj(t) is the pion form factor. That is, A has a singularity fixed at
[ =1 in the complex angular-momentum plane. The singularity is a simple
pole and its residue depends only on ¢, not on ¢ and ¢3. In fact, A, and
A_ both have this fixed pole, with equal and opposite residues. It is in
addition to the moving poles that are present in hadron-hadron scattering
amplitudes.

In [40] it was shown that in a field-theoretical model fixed poles with the
form factor as residue do indeed occur. It is the class of diagrams shown
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Figure 2.14. Class of Feynman diagrams that give a fixed pole at [ =1

in figure 2.14 which gives rise to fixed singularities. The essential feature
of this figure is that there is a single line joining the two current vertices,
and the couplings of the currents at these vertices are pointlike. For targets
with spin the model even leads[43,44] to nonanalytic terms in the complex
angular-momentum plane, Kronecker deltas 6;;.

2.9 Spin

The formalism we have described so far applies to the scattering of spinless
particles. It also applies to reactions involving particles that carry spin,
when their spin states are not measured. However, even then there may be
additional features that arise because of the spins. Spin effects may impose
particular behaviour on the amplitudes, particularly in the forward direc-
tion. In later chapters, we consider data for which we must take spin effects
into account; here we describe some essential features of the formalism.

The most convenient way to handle spin is to use the helicity formalism[45].
Each particle is labelled by its helicity A, which is the spin projection along
its direction of motion. That is, A is an eigenvalue of

S-p
p|

where S is the spin operator of the particle. The helicity of a particle
depends on the Lorentz frame chosen to define it. To begin with, we choose
the s-channel centre-of-mass frame. We consider matrix elements taken
between helicity states, that is helicity amplitudes, and for the process
142 — 344 write

(2.69)

<P3a >\3; P47 )‘4‘T|P1a )‘1; P27 )‘2> = T>\3>\4;)\1>\2 (37 t) (270)

with
dorsranne _ |3
dQ 6472|p1|s

|T/\3)\4;>\1/\2‘2 . (2'71)
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If the spins of the particles are si, s2, s3, s4 then there appear to be
(2s14+1)(2s2 +1)(2s3 + 1)(2s4 + 1) amplitudes. However because of parity
and time-reversal invariance the number of independent amplitudes will be
less than this. For example for 7p scattering there are two, for YN — 7N
there are four, and for pp or pp elastic scattering there are five.

If no helicity measurements are made then the differential cross section is
obtained by averaging over the initial helicities and summing over the final
helicities:

do_ 1 dO’)\3)\4')\1)\2
do _ ZTAZAALA2 2.72
dQ (251 +1)(2s2+1) Alg/\:;m s o

Apart from the simplicity of this formula, with no cross terms, the usefulness
of the helicity formalism stems from the fact that the partial-wave series
is a straightforward generalisation of the series for the scattering of two
spin-zero particles. It is

o0

T>\3>\4;/\1>\2 (37 t) = 167 Z <2J + 1)T)\J3)\4;)\1/\2 (3) di)\’(QS) (2'73)
J>p

where J is the total angular momentum in the ¢ channel,
/\:)\1 —AQ /\/:)\3—)\4 M= ImaXx (‘)\‘,‘)\/D (2.74)

and df,,(0s) is an element of the rotation matrix[46]. Using d;(6s) =
Pj(cos ) we immediately recover the partial wave series for spinless par-
ticles, with J = 1.

The relevance of A and X becomes transparent if we recall that in the centre-
of-mass system particles 1 and 2, and also 3 and 4, are moving in opposite
directions. Thus A and )\ are, respectively, the projections of the total
angular momentum in the direction of motion before and after the collision,
since the orbital angular momentum has no component in this direction.
Hence for physical J we must have J > p as in (2.73). In the forward
direction 65 = 0, X\ and )\ are projections of the total angular momentum
in the same direction and the conservation of angular momentum demands
that the amplitude vanishes unless A = ). For 65 ~ 0, the behaviour of
dy\/(0s) makes Th,x a0, (5, ) vanish at least as fast as

TACAd;Aa)\b ~ (Sln %es)n (275)

where n = |\ — )| is known as the net helicity flip.

Finally we give the relationships between the partial-wave helicity ampli-
tudes imposed by parity and time-reversal invariance:

T sy apeanag (8) = (=) T8 752 T (8) (2.76)
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where 7 is the product of the intrinsic parities of the particles, and

T)L\]1)\2;)\3)\4 (S) = T>(\];>,)\4;)\1)\2 (S) (277)

Similar relations hold between the helicity amplitudes as functions of s
and t.

We must now carry out the Reggeisation procedure described in section 2.2
for each independent amplitude. Because helicity amplitudes have such a
simple partial wave expansion, they are the most convenient to use. Since
it is the t-channel partial-wave expansion that we use we need the ¢t-channel
helicity amplitudes T5 5, 5,5, (s,t). These are related to the s-channel he-
licity amplitudes we have used so far by a complicated matrix. Since Regge
poles have definite parity, it is appropriate to use t-channel amplitudes of
definite parity, so that only poles of that parity contribute to them. This
is done by taking sums and differences of partial-wave helicity amplitudes:

T):\JQ:E\MS\IS\B (t) = Tf\TQS\MS\lS\g (8) = muy(=1)~ SJTS‘\IQM;—S\L—S\E ) (278)
where the superscript (+) specifies the parity and 7 and 75 are intrinsic
parities of the particles concerned. Note that this is in addition to con-
structing amplitudes of definite signature. To take account of kinematic
constraints for s-channel scattering, for example (2.75), it is easiest to go
back to the s-channel helicity amplitudes, obtained from the t-channel he-
licity amplitudes using the appropriate helicity crossing matrix. It is found
that a Regge pole makes s-channel helicity amplitudes behave for large s
as s*)_ as in the case of spinless particles, though it might not contribute
to some of the amplitudes.

We have seen in (2.75) that the conservation of angular momentum makes
s-channel helicity amplitudes vanish at 6; = 0 at least as fast as a certain
power of sinf;. However, parity conservation may give a more stringent
requirement on the behaviour of the contribution from a given Regge pole.
A contribution from any t-channel reggeon has definite parity in the ¢-
channel. Therefore it satisfies

Dhsaanre = FTan-Me- (2.79)
The behaviour (2.75) is therefore not achievable and must be modified to
T)\S)\4;)\1/\2 ~ (Sin %es)n—l—n (280)

where

n+n':|)\1—)\3|+|)\2—)\4]
= max H)‘l — A3 — Ay + /\4’, ‘)\1 + Ao — A3 — )\4‘]. (2.81)
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Introduction to soft hadronic processes

In this chapter we apply the Regge-pole concepts of chapter 2 initially to to-
tal cross sections. This requires the introduction of a new Regge exchange,
the pomeron. It is not associated with the meson trajectories and has the
quantum numbers of the vacuum, that is isospin 0 and C' = 4+1. Other phe-
nomenological properties of the pomeron are derived from high energy pp
and pp total and differential-cross-section data. The discussion is extended
to diffraction dissociation and to central production at high energy.

We shall use the word reggeon to describe an exchange of a family of or-
dinary mesons, composed of a quark-antiquark pair. There is a belief that
the pomeron rather is associated with the exchange of a family of glueballs.
It is possible that there exists also an odderon, a C = —1 partner of the
pomeron, which too is associated with glueball exchange.

3.1 Total cross sections

The optical theorem (1.25) relates the total cross section 0% for the scat-
tering of a pair of hadrons a and b to the amplitude T(s,t) for elastic a b
scattering. When the centre-of-mass energy +/s is large, the theorem reads

0%®(s) ~ s 1Im T%(s,t = 0) (3.1)

and so according to (2.15) a Regge trajectory «(t) contributes a term to
0%(s) that behaves as

cs*0-1, (3.2)

If the particles whose exchange is described by the trajectory have even C-
parity, the contribution to the total cross section ¢, for which the initial

47
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Figure 3.1. Total cross sections

particle a is replaced with its antiparticle, is just the same. If they have
odd C-parity, it changes sign.

To a good approximation the two C' = —1 trajectories p,w and the two
C = +1 trajectories f2,as are all degenerate (see figure 2.8) with a(0) » 3,
so they all contribute terms that behave approximately like 1/4/s. It is
observed that all total cross sections rise with s at high energy, which is
why a soft-pomeron-exchange term is needed, in addition to p,w, fs, as. For
many years fits to data were strongly influenced by the Froissart-Lukaszuk-
Martin bound[47]:

o (s) < % log?(s/s0) (3.3)
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Figure 3.2. Total cross sections continued

for some fixed and unknown value of sy. This bound applies in the limit
s — 00, but it is often assumed that in practice currently-accessible energies
are high enough. However, at present-day energies the bound is more than
100 times greater than measured values, taking sg in the range 1 to 10
GeV?, so it is not really a significant constraint. Nevertheless, for many
years it was customary|[48] to parametrise the data with expressions of the
form

0% = A+ BP" + C(log P)? + Dlog P (3.4)

where P is the momentum of the particle a in the rest frame of particle b (so
that at high centre-of-mass energy /s it is proportional to s). We explained
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in section 2.3 that logarithmic terms arise from multiple poles in the com-
plex angular-momentum plane: see (2.33). While a parametrisation such
as (3.4) can nowadays be made both successfully and systematically[49],
it has long been realised[50] that one may fit the data at least as success-
fully, more simply, and even more systematically[51], with a simple pole at
a value of [ a little greater than 1. This can be seen from figures 3.1 and
3.2 in which all available hadronic total cross sections are compared with
expressions of the form

o = Xbse 4 Yiabgtt 4y abgn-

o — xabge 4 erzbsm _yabgn— (3.5)

In each case, the first term represents pomeron exchange, which is C' = +1.
The power 74 refers to the C' = +1 meson trajectories fo, as and the power
71— to the C' = —1 trajectories p,w. If one takes ny = n_, as degeneracy
would imply, one gets a good fit to the data with the choices[51]

e ~ 0.081 Ny =n- = —0.45. (3.6)

Relaxing the condition n4+ = n_ introduces additional parameters into the
fits and therefore improves them; the preferred values then are[49]

€ ~ 0.096 ns = —0.35 n- = —0.56. (3.7)

As is evident in figure 3.1, there is a conflict[52,53] between the measure-
ments of the pp total cross section at /s = 1800 GeV. The value € ~ 0.096
is derived from a fit that passes between the two 1800 GeV data points; if
the upper point should turn out to be correct, then[53] the preferred value
is € = 0.112. The 7p and Kp data perhaps favour a higher value than 0.08,
though it would be useful to have higher-energy data because the param-
eter values do not reach stability if data at too-low energies are included
in the fits[49]. There are higher-energy data[54] for pion scattering on a
nuclear target that seem to confirm the need for a larger value of €, but
the extraction of nucleon-target cross sections from nuclear-target data is
subject to considerable uncertainty.

For the pp elastic amplitude, where the two initial particles are the same,
the factorisation property (2.25) implies that 3(¢) > 0. Since I'(«(0)) < 0
when «(0) is near to 3, the signature factor (2.18) makes the contributions
from the positive-signature fo and ae positive for PP, and negative from
the negative-signature w and p. For oPP both the positive and the negative-
signature contributions are positive. So we understand why PP > oPP.
According to the data in figures 3.1 and 3.2, 0P ~ oPP and oP" ~ oFP.
This implies that the contributions from the I = 1 exchanges p and ao are
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very much less than those from the I = 0 exchanges fo and w. Within very
large errors, the couplings to the proton at ¢t = 0 satisfy

P2 g gY m g (3.8)

(Remember that the squares of these couplings are needed for the total cross
sections.) Thus, given that the degeneracy of the trajectories is not exact,
as is evident from figure 2.13, ny =~ 1 — a,(0) and - = 1 — a,,(0). From
figure 2.13, we see that «(0) is rather greater than % for the fo trajectory
and rather less than % for the w. This is in agreement with the values
of ny and n_ in (3.7). We note that the fact that ¢g” and ¢g“? are small
compared with ¢/2 and ¢ may be understood in the framework of SU(3)
symmetry[55].

Of course fits such as those shown in figures 3.1 and 3.2, with a positive
power of s, will violate the Froissart bound (3.3) when the energy becomes
extremely large. This implies that the power e cannot be exactly constant:
it must decrease as s increases, though probably very slowly indeed. There
is a ready explanation for how this occurs: if single-pomeron exchange
corresponds to a simple pole at | = ¢p, resulting in power behaviour s°7,
as the energy increases its effect becomes more and more moderated by the
exchanges of two or more pomerons. So the power € in (3.6) or (3.7) is just
an effective power: it is a little less than ep and decreases as s increases.

We showed at the end of section 2.4 how this effect can be seen explicitly
in the eikonal expansion (2.50). If the first term is identified with pomeron
exchange as in (2.51) then x(s,b) is almost real, and positive because of
(2.48). The second term then has the opposite sign to the first. Although
at present-day energies it is small at ¢t = 0, it tends to give a cancellation
which becomes increasingly strong as s increases because according to (2.54)
X(s,b) rises like a positive power s°F for small b.

However, the view that at present-day energies cut effects in the total cross
section are small is controversial: there are those who argue[56,57] that the
multiple exchanges have a rather strong effect, so that ep is considerably
greater than e. Against this, and favouring the view that the multiple
exchanges are weak at present-day energies, is the fact that the pomeron
contribution satisfies the additive-quark rule.

This rule relates the magnitude of the contribution from pomeron exchange
to the total cross section o to the number of valence quarks in the hadrons
a and b:

X% ¢ ngny. (3.9)

For example, it may be seen in figure 3.1 that

X XPP ~2:3. (3.10)
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(a) (b)

Figure 3.3. (a) Exchange of a ladder between two relatively-small hadrons, and
(b) the same process viewed as the direct interaction of two larger hadrons

The rule extends to hadrons containing strange valence quarks if one accepts
that the coupling of the pomeron to strange quarks is some 70% as strong
as its coupling to the light quarks. The origin of the additive-quark rule
is not fully understood: the most obvious interpretation is that it directly
gives information on how the pomeron couples to the quarks in a hadron[7]
and suggests that it is a single exchange that dominates.

An alternative view, which is discussed more fully in chapter 8, is that the
strength of the pomeron’s coupling to a hadron is determined by the radius
of the hadron. This happens to reproduce the same relative strengths for
couplings to the hadrons composed of u, d quarks as is given by the additive
quark rule[58]. Such geometric approaches, in various forms, have been
formulated by many authors. In order to reproduce the rise of the total
cross sections with s, one may suppose[5,59] that hadron radii effectively
increase with s. Geometric approaches are most conveniently formulated
by introducing the impact parameter b as in (2.41). The data on total
cross sections and on elastic scattering then reveal that, as s increases,
hadrons become larger, and blacker in their centres. Of course, this is
just a statement of the data; in order to turn it into an explanation, we
must understand in dynamical terms why hadrons effectively change in this
fashion as the energy increases.

Notice that, to some extent, whether one describes the increase with s of
the cross section as being a radius effect, or as being a consequence of
an exchange process, is a matter of language. As may be seen in figure
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3.3, the same process may be viewed either as the exchange of a ladder
between two hadrons which are relatively small and simple in structure, or
as a direct interaction between two hadrons which become larger and more
complicated in structure as s increases.

3.2 Elastic scattering

If it is correct, the additive-quark rule implies that the pomeron couples
to the separate valence quarks in a hadron, rather than to the hadron
as a whole. This particular assumption forms the basis of an internally
consistent and extremely successful model. It is consistent with experiment
to assume[60] that the pomeron has a v* coupling to quarks, so that the
pomeron-exchange contribution to quark-quark scattering q1g2 — q3q4 is,
instead of (2.17),

B(t) (g7 uq) (g,uz) €~ 2P (s/50)0P L, (3.11)
Here, the factor e~ 217P has the same phase as the signature factor (2.18)
and therefore the function (3(t) is real. For want of any information about
it, we suppose that it is a constant

B(t) = 6p (3.12)

and we will see that this agrees well with experiment. The quantity sg is
then expected to be of the order of a GeV?, because this is the typical scale
associated with high-energy soft hadronic reactions. To check that ap — 1
is the correct power of s, we calculate from the optical theorem (3.1) the

total cross section for unpolarised quark-quark scattering corresponding
to (3.11):

0l = 57 B ($tr (v.p1 + mg)y*) (5tr (7-p2 + mg) V)
x cos(Am(ap(0) — 1)) (s/50)2P @1 (3.13)

so that
0% ~ 263, cos(Am(ap(0) — 1)) (s/50)°7©. (3.14)

The v* coupling introduced in (3.11) is similar to that for photon exchange.
However, there is the important difference that photon exchange is C' = —1,
and therefore the coupling changes sign when a quark is replaced with an
antiquark, while it does not for pomeron exchange because it is C' = +1.

Just as for photon exchange, when the coupling is to a quark that is bound
within a hadron, the wave function of the hadron is taken into account by
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introducing two form factors, the Dirac elastic form factor Fj(¢) and the
Pauli form factor Fy(t). We do not know these form factors for C' = +1
exchange, so we must assume that, at least to a reasonable approximation,
they are the same as for C' = —1 exchange. Pomeron exchange is isosinglet,
so we need the sum of the elastic electromagnetic form factors of the proton
and the neutron. In the case of the form factor Fi(t), experiment finds that
for the neutron it is very small, so we use just the proton form factor. For
F5(t), the value at ¢ = 0 is the sum of the anomalous magnetic moments
of the proton and the neutron. It happens that these are almost equal
and opposite, so the form factor F that we need is small at ¢ = 0. It
remains small away from ¢t = 0; thus to a good approximation there is no Fb
form factor for pomeron exchange. If it were present, it would correspond
to s-channel helicity flip, and there is indeed good evidence[61] that the
helicity-flip amplitude for pomeron exchange is small at small .

So the contribution from single-pomeron exchange to the differential cross
section for unpolarised pp or pp scattering is

do  (38pFi(1)* (2 >2°””“”.

dat 47

(3.15)
50

The factor 3 counts the number of valence quarks in each proton. A fit to
the data for F}(t) in the region [t| < 1 GeV? is provided by the dipole form

4m?2 — 2.79t 1
4m2 —t (1 —1t/0.71)%

Fi(t) = (3.16)

This form is in excellent agreement with electron-scattering data for values
of |t| up to about 1 GeV2. For calculational purposes it is sometimes more
convenient to use

(F1(t)? = Ae™ + Beb + Cet (3.17)

with
A=027 a=838 B=056 b=378 C=0.18 ¢c=1.36 (3.18)

which is in close numerical agreement with the dipole form (3.16) for
[t| <1 GeV2. It seems to be consistent with experiment to assume that
the pomeron trajectory ajp(t) is linear in ¢, like the p,w, f2, as trajectory
but with a different slope:

ap(t) =1+ep + opt. (3.19)

The value of o/p may be determined by fitting to the shape of the small-
t data at some fixed energy. Very accurate data are available from the
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Figure 3.4. pp elastic scattering data at /s = 53 GeV from the CERN ISR[62,63]
with (a) the fit that determines the value of o/p and (b) the fit extended to larger
values of |t|

R211 experiment[62] at the CERN Intersecting Storage Rings at energy
Vs =52.8 GeV for [t| < 0.06 GeVZ, which determine[66]

o/p = 0.25 GeV 2 (3.20)
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do/dt
(mb GeV~2)
L
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Figure 3.5. pp elastic scattering[64] at /s = 53 GeV and[65] pp at /s = 1800
GeV, together with the curves (3.15) corresponding to o/ = 0.25 GeV 2

to a high degree of accuracy. This may be seen in figure 3.4. The fit in
this figure does not include any photon-exchange contribution, which is
responsible for the sharp peak visible for |¢|-values less than 0.01 GeV?2. It
includes contributions from the p,w, f2, as exchanges with the same form
factor (3.16) and with trajectory slope approximately 1 GeV~—2 as may be
extracted from figure 2.8; the normalisations of the three exchanges are
fixed from their contributions to the pp and pp total cross sections, as given
in figure 3.1. The fit assumes that sy = 1 GeV?, but it is not sensitive to
this and, as we show later in section 3.2, maybe instead one should use the
larger value sg = 1/a/p for pomeron exchange. Figure 3.4 also includes data
at larger values of ¢ from the R420 experiment[63]; the fit agrees well with
these data up to [t| ~ 0.4 GeV?, which confirms that the choice of form
factor is correct. As the fit includes Fj(t) raised to the fourth power, it is
very sensitive to the shape of this function. This also provides evidence that
the pomeron, like the photon, does indeed couple to single quarks within
a hadron and that double-pomeron exchange is relatively small at small ¢
at this energy. Notice, however, that the form (3.15) for the differential
cross section, corresponding to an amplitude proportional to the square of
the C' = —1 form factor Fj(t) times the C' = +1 signature factor, cannot
be exact. If we were to continue this amplitude analytically in ¢, we would
find a pole at each C' = —1 t-channel resonance, when really the amplitude
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Figure 3.6. Data[68,69] for the pion elastic form factor, with the fit (3.22)
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Figure 3.7. mp elastic scattering data[70] at /s = 19.4 GeV with the curve (3.21)

should have only the C' = 41 t-channel poles. Furthermore, the analytic
continuation has double poles while there should only be single poles.

With o/p determined from the data at one energy, (3.15) predicts how the
forward peak shrinks as the energy increases. This is compared with data
in figure 3.5. The fit in figure 3.4 combines single and double-pomeron
exchange into a single term. If one separates them, which means that one
constructs a simple model of the double exchange, and supposes that the
double exchange contributes only a few per cent to the amplitude at ¢t = 0,
the fit does not become significantly different and the value extracted for
o/ does not change[67].

An obvious modification of (3.15) gives what we might expect to be the
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pomeron-exchange contribution to the differential cross section for np elas-
tic scattering:

do  (26pFx(1)*(38pFi(t))? ( : )%P(tm.

- = — 3.21
dt 4 S0 ( )

Here, F(t) is the elastic form factor of the pion, for which data are shown
in figure 3.6. These data fit well to the form

1

Fr(t) = T—tjm2

(3.22)
with m3 = 0.5 GeV?2.

If we use this and take sy = 1/a/, we obtain the curve for do/dt shown
in figure 3.7, which agrees remarkably well with the data and shows that
single-pomeron exchange already dominates at /s = 19.4 GeV.

So the simple model fits the pp, pp and 7p elastic-scattering data surpris-
ingly well. A variation of it[71] is to replace the power s*(0)~1 with a
logarithmic rise at ¢ = 0, that is to give the amplitude a double pole at
[ =1 in the complex [-plane. The numerical difference is small over a wide
range of energy. If the factorisation property (2.25) is confirmed, as for
example we shall see that the data in figure 5.3 seem to suggest, then a
double pole is not favoured.

Define the slope parameter

ot B ar

Then locally the ¢ dependence of do /dt is exp(—b(s, t)|t|). The simple model
has

b(s,t) = (3.23)

o Elastic SaP(O)—l

Tt~ const ) (3.24)
where b(s) is an average of b(s,t) over the the range of t-values that con-
tribute significantly to o™8%¢ Because do/dt contains the factor (Fy(t))*
and, according to (3.17), Fi(t) is not just a single exponential, the expo-
nential slope certainly varies with ¢. It also varies with s, but only linearly
in log s. Experiment[53] finds that for pp collisions o™12t€ /510t riges from
0.21 at /s = 546 GeV to 0.25 at 1800 GeV. Of course the rise cannot
continue indefinitely, as the elastic cross section would otherwise become
greater than the total cross section, and there are arguments[72] that in fact
the ratio cannot rise above % It is the double exchange that causes the rise
to slow down and, at very high energies, also the multiple exchanges.
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do T
dt

PP ,/

/

Figure 3.8. Single and double-pomeron exchange contributions to do/dt; the ar-
rows indicate how they change as the energy increases

2|

We do not have sufficient theoretical knowledge of the double exchange to
be able to calculate it — which is why there is disagreement about how
large it is — but its general properties are known. They are indicated in
figure 3.8. The contribution to the amplitude from double exchange has
energy dependence () divided by some unknown function of log s. For a
linear pomeron trajectory (3.19), we have from (2.36) and (2.37)

ac(t) =1+ 2ep + La/pt. (3.25)

The double exchange is flatter in ¢ than single exchange and so its relative
importance becomes greater as one goes away from ¢t = 0. It increases
more rapidly with energy at ¢ = 0 than the single exchange, and it becomes
steeper more slowly, so that the t-value at which it becomes important
decreases as the energy increases. Note that the single and double-exchange
terms must be added in the amplitude, so that interference between them
is important. The details of this are complicated, as they do not have the
same phase.

The phase of an elastic-scattering amplitude at each value of t is related
to its energy variation at that ¢. This is a rather general property, derived
from the analyticity and crossing properties of the amplitude. If the energy
variation is parametrised as an effective power s the phase e!®(@()
depends on the C-parity of the dominant exchange:

—Llra =
o(a(t)) = { _éﬂga(tf? 1) g - :1 (3.26)
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Figure 3.9. Analytic continuation s — se'™

In order to understand this, note that an analytic continuation in the com-
plex s-plane that makes s — se'™ takes the amplitude T'(ab — ab) to the
complex conjugate of the amplitude T'(ab — ab): see figure 3.9. Depending
on the C-parity of the dominant exchange,

T(ab — ab) = £T'(ab — ab). (3.27)

It is very difficult to measure the phase of an amplitude, though at ex-
tremely small ¢ the phase of an elastic-scattering amplitude may, in prin-
ciple, be deduced from interference effects between photon exchange and
the strong interaction — see the sharp peak at extremely small ¢ in the pp
elastic-scattering data shown in figure 3.4. In practice, there are significant
theoretical problems with this; for example, we do not know how to allow
for the effect of electromagnetic and strong interactions occurring simulta-
neously. However, the published results[73,74] for the ratio of the real to
imaginary part of the pp and pp forward amplitudes as functions of s are in
agreement[49] with what is expected from (3.26) and what we know about
the relative weights of the C' = £1 contributions from the fits to the total
cross sections shown in figure 3.1.

The question of the phase is important for understanding the remarkable
dip structure seen in the data at larger ¢: see figure 3.10. It leads one
to conclude[2,75,76] that, while to the left of the dip C' = +1 exchange
dominates, to the right it is rather C = —1. With the inclusion of both C-
parities, it is possible to achieve an excellent description of the dip structure
at all energies[77]. Both to the right and to the left of the dip, the energy
dependence at each ¢ is weak, so that the effective power a(t) is close to
1. According to (3.26), the amplitude changes from almost imaginary on
the left to almost real on the right. In the dip region it changes rapidly
between these two phases; this is the region where, at each fixed t, there is
rapid variation with s because the dip has steep sides and, as may be seen
from figure 3.10, it moves to the left as s increases.
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Figure 3.10. pp elastic scattering data at large t (CHHAV collaboration[64]). The
62 GeV data are multiplied by 10.
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Figure 3.11. Elastic aa scattering[78] at /s = 126 GeV

If one takes proper account of the phase, it is not easy to model the dip
structure. If the amplitude is assumed to be pure imaginary for all ¢, as in
simple geometric models[79], it is easy to generate dips, but these models do
not correctly take account of the basic theory of the phase. Of course, they
may be refined so as to take correct account of the phase[80,71]. When,
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do/dt
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Figure 3.12. Elastic scattering at /s = 53 GeV of antiprotons (upper points)
and protons (lower points) on protons[81]

as is required by the theory, the amplitude is not pure imaginary, there
needs to be destructive interference in both the real and imaginary parts
of the amplitude, and this interference must occur at approximately the
same value of t. In the data, the dip is deepest at /s = 31 GeV; at this
energy the zeros of the real and imaginary parts almost coincide. Below
this energy, they are still close enough at 23 GeV to give a healthy dip;
above it at 53 GeV the dip is already somewhat weaker, and is predicted
steadily to disappear as the energy increases further[67].

In nucleus-nucleus elastic scattering dips occur at much smaller ¢ (figure
3.11). Unlike in pp scattering, this may result just from interference be-
tween single and double-pomeron exchange. As we have explained, experi-
ment finds that the pomeron couples to single quarks, so we expect its cou-
pling to a nucleus to be proportional to the mass number A. The coupling
of two pomerons involves a pair of quarks and so should be proportional to
A?. Thus in nucleus-nucleus scattering double exchange is larger relative to
single exchange than in pp scattering and so the magnitude of the two be-
comes equal at a smaller value of ¢. At small ¢ the numerical values of ap(t)
and a,(t), the single and double-exchange trajectories (3.19) and (3.25), are
not very different and so the phases of their contributions to the amplitude
are similar. So if the imaginary parts of their contributions cancel, the real
parts almost cancel too and there is a dip. But the dips in figure 3.10 are at
such a large ¢ that the phases of the single and double exchanges are very
different. So if their imaginary parts cancel and help to generate a dip,
something else is needed to cancel their combined real part and give dips
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Figure 3.13. pp elastic scattering data[64,82] at the largest available ¢, at various
energies indicated in the figure as y/s in GeV. The line is 0.09¢5.

as well-defined as are seen in the data. It was suggested|[2,67,77] that this
additional contribution is triple-gluon exchange. This is C = —1 and so,
unlike IP and IPIP exchange, it changes sign if we replace one of the initial
protons with an antiproton. So if it helps to give a dip in pp scattering, it
does the opposite in pp scattering. There is evidence[81] that pp scattering
does indeed have a much less pronounced dip than does pp scattering: see
figure 3.12. A C' = —1 contribution that remains significantly large at high
energy is called an odderon contribution: see section 3.9.

Figure 3.13 shows that, when |¢| is larger than about 3 GeV?, and the energy
is high enough, the differential cross section for pp scattering becomes rather
independent of energy. The line drawn in the figure corresponds to

do/dt =0.09t8 (3.28)

(in mb GeV~2 units). A ¢~8 behaviour is what is calculated[83] from per-
turbative triple-gluon exchange at large |¢| to lowest order in the QCD cou-
pling. There are many unanswered questions about this[84]: why does this
simple behaviour set in already at such a small ¢, why is it not significantly
altered by higher-order perturbative corrections, and are the data really
energy-independent? It will be interesting to check this at LHC energies.
A possibility is that triple-gluon exchange will be replaced at higher ener-
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Figure 3.14. Energy dependence of pp elastic scattering data at two values of ¢

gies with triple-BFKL exchange, if the BFKL pomeron exists (see section
7.3) so that the large-t differential cross section actually rises with increas-
ing energy. This contrasts with the prediction of [85], which explains the
data of figure 3.13 not with an energy-independent form, but rather with a
C = —1 odderon Regge pole. Odderons are discussed in section 3.9.

Note that the behaviour (3.28) sets in only for |¢| larger than about 3 GeV?
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and much less than s. Also, /s must be larger than about 28 GeV. For
V/s below about 8 GeV, a rather different behaviour has been found[86],

approximately
do/dt ~t 7573, (3.29)

The transition from the form (3.29) to the form (3.28) occurs rather rapidly,
as /s is increased[83]. Figure 3.14 shows the transition at two values of
t, from the steep energy dependence of (3.29) to the energy-independent
behaviour illustrated in figure 3.13. The behaviours (3.28) and (3.29) may
each be written in the form s~ f(6), where 0 is the centre-of-mass scattering
angle and with n = 8 for (3.28) and 10 for (3.29). The value n = 10 is
realised[87] in a model known as the constituent-interchange model, so it
seems that this mechanism dominates at low energies and then gives way
to three-gluon exchange at higher energies.

3.3 Spin dependence of high energy proton-proton scattering

The phenomenological 7, coupling of the pomeron to quarks postulated in
(3.11) has the implication that pomeron exchange conserves quark helicity.
This does not necessarily imply that pomeron exchange conserves nucleon
helicity as the quarks in a nucleon have intrinsic transverse momentum,
but it does imply that helicity-flip amplitudes should be relatively small.
The polarisation data available at present in high-energy proton-proton
scattering are compatible with s-channel helicity conservation[61].

In proton-proton scattering there are five independent s-channel helicity
amplitudes|[88]:

$1(s,8) =(++|T|++)
g2(s,t) = (+ +|T|——)
¢3(s,t) =(+—|T|+—)
¢a(s,t) =(+—|T[—+)
¢5(s,t) = (++[T|+—). (3.30)

The differential cross section is given in terms of these amplitudes by

do 1

T m(w)lﬁ + |gal? + @3] + |pa]® + 4|¢5|2) (3.31)

and the total cross section by

TOt_; m s, t= m s.t—=
oTot — s(s_4m2)(1 b1(5,t = 0) + Im dy(s,t = 0)) (3.32)
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Figure 3.15. Data[91] for the asymmetry Ay in polarised pp scattering; the curve
is from the calculation of [92]

as ¢1 and ¢3 are the only helicity non-flip amplitudes. Note that here the
normalisation of the ¢;(s,t) differs from that of [88] by a factor of 47 to be
consistent with the amplitude normalisation we defined in chapter 1.

Only ¢5 corresponds to unique t-channel quantum numbers[89,90], and it
is necessary to take linear combinations ¢; &+ ¢3 and ¢2 £ ¢4 to obtain
specific t-channel exchanges. The pomeron, p, w, fo and as exchanges can
all contribute to ¢1 + ¢3, ¢5 and ¢ — ¢4, but not to g1 — @3 or ¢o + @q.
Only nonleading exchanges can contribute to ¢1 — ¢3 and ¢ + ¢4: the aq
to the former and the m, by to the latter. Thus at high energy we expect
only ¢1 + ¢3, ¢2 — ¢4 and ¢5 to be relevant. Further, we would expect
the approximate equalities ¢1 =~ ¢3 and ¢o ~ —¢4. These conclusions are
strictly true only in the case of pole dominance and might be modified in the
presence of cuts. However, we have seen in section 2.4 that the signature of
the cut is the same as that of the pole[34] and that[35] the “wrong” parity
cut, that is a cut such that Py = —Pyle, is suppressed relative to the
“right” parity cut, that is one with Py = Ppole, SO our comments on the
high-energy amplitudes are of more general validity.

There is obviously a multiplicity of polarisation measurements that can be
made, even if they are restricted to initial-state polarisation[61]. However
the only data currently available at high energy are for the transverse single-
spin asymmetry Apy, which is given by

do 1

Vi = iy (@ e+ (- 6). (333)
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As ¢9 and ¢4 are both helicity double-flip amplitudes ¢o — ¢4 is negligible
at small £ compared with ¢1 + ¢3. Thus at small ¢t Ay effectively measures
the interference between the dominant non-flip helicity amplitude ¢1 + ¢3
and the single-flip helicity amplitude ¢s.

If ¢ is sufficiently small then Coulomb scattering has also to be considered.
Photon exchange contributes to ¢1 + ¢3, ¢2 — ¢4 and ¢5. So in the absence
of any hadronic spin-flip amplitude, at small ¢ we may expect Ay to be
given by the interference between the dominant non-flip hadronic amplitude
gb}f + qbg and the single-flip Coulomb amplitude ¢5™. Data in the relevant
t-range exist[91] only at pr., = 200 GeV/c, [t| < 0.05 GeV2. These are
shown in figure 3.15 together with the prediction[92] of a purely Coulomb-
nuclear interference asymmetry. The prediction agrees well with the data,
but within the experimental uncertainty the possibility of a non-zero spin-
flip hadronic amplitude cannot be discounted[92,61]. If the phase of ¢P is
assumed to be the same as that of ¢! + ¢} then the magnitude of ¢! is
found to be consistent with zero[61]. Specifically, with 75 defined by

mas

e V=t Im (¢1 + ¢3)

it is found that |rs| = 0.0 + 0.16. If the relative phase between ¢ and
P} + @% is left free in a fit, then r5 = 0.2 + 0.3 and the phase is found
to be 0.15 + 0.27 radians. That is, the data are consistent with s-channel
helicity conservation, although they do not demand it at the present level
of precision.

(3.34)

At larger values of |t| data are available on Ay over a wider energy range,
10 GeV < prap < 300 GeV, and show that An decreases rapidly with
increasing energy. This general behaviour is what is expected in terms of
Regge exchange, but the data are again insufficiently precise to provide an
unambiguous conclusion at the highest energy. They are consistent with
the expected interference between ¢£™ and o +¢§, although a contribution
from the helicity-flip amplitude cannot be excluded.

3.4 Soft diffraction dissociation

We now consider inelastic events, in which additional particles are pro-
duced. In the centre-of-mass frame at high energy /s, the magnitude of
the longitudinal momentum of each initial particle is almost %\/5 The
longitudinal momentum Py, of a final-state particle is often written as

P = iapy/s. (3.35)
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The variable x g, first introduced by Feynman, has maximum and minimum
values close to +1. An alternative variable that is often used to describe
the longitudinal momentum of a final-state particle is called its rapidity,
defined as

E+PL
log

y —
S E_p,

: (3.36)
where F is the energy of the particle. In the centre-of-mass frame, Y has
maximum and minimum values close to +1 log(s/m?), where m is the mass
of the particle. The rapidity Y is a useful variable because the rapidity
difference between any pair of particles remains unchanged if we go from the
centre-of-mass frame to any other frame reached from it by a longitudinal
boost. If

E — Ecosha + Prsinha P;, — Esinha + Pr, cosh « (3.37)

then simply Y — Y + 2a. When E > m, the rapidity Y is almost equal to
the pseudorapidity
n = log cot 36 (3.38)

where 6 is the angle at which the particle emerges in the centre-of-mass
frame.

In a small number of inelastic events, one of the initial particles a loses only
a very small fraction £ of its momentum. That is, it has xp = 1—& very close
to its maximum value 1. Because it emerges very fast, energy-momentum
conservation excludes the possibility that it is accompanied by other very
fast particles. Therefore, there is a large rapidity gap between the particle a
and the next fastest particle. The detection of a very-fast final-state particle
requires an in-beam-pipe detector. If this is not available, experimentalists
often instead look for large-rapidity-gap events. However, in such events
there need not be just a single undetected fast particle a in the beam pipe;
instead there may be several.

Mueller[93,94] proposed a generalisation of the optical theorem so as to
provide a way to calculate single-particle inclusive differential cross sections

a(P1) +b(Py) — c(P)+ X (3.39)

in terms of certain discontinuities of multiparticle amplitudes. Mueller’s
generalised optical theorem may be combined with Regge theory so as to
give a well-defined way to calculate such inclusive differential cross sections
PY @30 /d3P. Tt may be extended also to two-particle inclusive cross sections

a(Py) +b(P) — ¢(P)+d(P')+ X (3.40)
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Figure 3.16. Pomeron exchange in an inelastic diffractive event

Figure 3.17. The squared amplitude of figure (3.16) summed over X, in the large-
M? limit

or to any number of detected final-state particles. There is no equivalent
well-defined theory of events for which instead the experimental signature is
that there is a rapidity gap; apart from anything else, even if one identifies
a mechanism that might produce a gap, there is always an unknown prob-
ability that it will be filled in by final-state interactions among the various
final-state particles.

Suppose that the particle ¢ in (3.39) is the initial particle @ and that the
energy is so high that its mass is negligible compared with /s. Suppose
also that the momentum transfer

t= (P, — P)? (3.41)

is no larger than about 1 GeV2. Then to a first approximation the four-
vector P is in the same direction as P; and we may write P = zpP.
When £ = (1 — zp) is extremely small, less than 0.001 or so, the dominant
mechanism is the pomeron-exchange mechanism shown in figure 3.16. The
particle a “radiates” a pomeron, which then strikes the other particle b and



70 8 Introduction to soft hadronic processes

breaks it up into a system X of hadrons. Because the pomeron is involved,
this is known as a diffractive event. Another common notation for the
variable £ is zpp.

The amplitude of figure 3.16 factorises in a Regge sense that is an exten-
sion of the factorisation property of elastic-scattering amplitudes which we
described in section 2.3. When we square it, to calculate a cross section, we
obtain the probability that the pomeron has been radiated from the particle
a, which we may call the pomeron flux factor DF/ @(t,€), multiplied by the
cross section for the pomeron scattering on the particle b. This does not im-
ply that the pomeron is a particle, but it may be thought of as almost being
like a particle in this context because of the Regge factorisation. However,
because it is not a particle, the pomeron flux is not uniquely defined; one
is free to change its definition and make a compensating change in the def-
inition of the pomeron-scattering cross section. Different conventions may
be found in the literature, though nowadays the usual convention is that of
[95].

An inclusive diffractive experiment sums over all possible systems X and
so measures the total cross section 0. By a generalisation of the optical
theorem (3.1), this is related to the imaginary part of the forward amplitude
for IPb elastic scattering. The squared centre-of-mass energy corresponding
to this amplitude is

M? = (P, + Py)? ~ &s. (3.42)
The Regge factorisation corresponds to
d*c P
—— = DP/o &) oPP (M2, 1). 4
e (t,6) T (M2, 1) (3.43)

The definition of the factors adopted in [95] is such that if one continues in
t to a value such that the pomeron trajectory ajp(t) takes the value 1 the
normalisation of the cross section ¢¥? is the usual one for the scattering of
a spin-1 particle. In the notation of (3.15) this results in

IP/a 95]213 2 (1-2ap(t
DT/t &) = w(Fl(t)) gl2ap(®), (3.44)

For large M? the pomeron-particle total cross section should have a be-
haviour analogous to (3.5):

PP (M2, t) = XTP(t) (M) + Y (¢) (MP)™ (3.45)

where again the first term represents pomeron exchange and the second
represents fo,as exchange. The pomeron-exchange term contributes to
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d’o/dtd¢ a term of the structure shown in figure 3.17, in which three
pomerons are coupled together. The lower one carries zero momentum
transfer and, if the lower hadron is a proton or antiproton, its coupling has
strength 36p. The upper two pomerons carry momentum transfer ¢ and,
if the upper hadron is a proton or antiproton, they couple with strength
38pFi(t). The vertex in the centre is called the triple-pomeron coupling.
It is different from the triple couplings in figure 2.12, though it is related
to them[96].

Unless M? is very large, we cannot ignore the last term in (3.45). That is,
we must add another term in which the lower pomeron IP of figure 3.17 is
replaced with nonleading exchanges. Also, unless £ is very small, we must
include terms in which either or both of the upper pomerons are replaced
with nonleading exchanges. Thus we need a whole series of terms:

rPr PP fP Pf folP WP
P f2 ¥/ b/ f2 w
(3.46)

There are also contributions from as and p exchange, but these couple
more weakly to the proton, according to (3.8). When |¢| is of the order
of m2 or less, one must also take account of pion exchange. Fits to data

[97,95,98] confirm the great importance of these nonleading terms. A term
(132) contributes to d?c /dt d¢

M?2\ as(0)—
) O 57

FHO SO 500G (R) e/ molealtglzen(dealt) (2

Here, f{(t) and f§(t) are the couplings of the reggeons 1 and 2 to the
hadron a, while f2(¢) is the coupling of the reggeon 3 to the hadron b.
G12(t) is the triple-reggeon vertex and ¢(a(t)) is the phase (3.26) arising
from the signature factor 1 + e~ associated with the trajectory a(t).
The complex exponential is replaced with 2 cos(¢(aq(t)) — ¢(az(t))) when

we add the term (231).

Existing data do not fit well with the simple theory. An example is shown
in figure 3.18, which shows data for d?c/dt d¢ in pp collisions at /s = 35
GeV and in pp collisions at /s = 630 GeV. The curves are from an updated
version of an old simple model[95]; the lower curve is for /s = 23 GeV and
the upper for 630 GeV. Independently of the model, at fixed ¢ and & we
expect d%o/dtd¢ to rise with energy, a feature which is not seen in the
data. The rise is expected because, while the pomeron flux (3.44) does
not depend on s, at each & the argument M? = £s of ¥ increases with s
and, according to (3.45), at large enough M? we expect o PP (M) 4 increase
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Figure 3.18. Diffraction dissociation data at /s = 23 GeV (open points[101]) and
630 GeV (black points[102]) at t = —0.75 GeV?. The lower curve is from a simple
model and is for 23 GeV; the upper curve is the prediction for 630 GeV.

with M2. Problems such as this have led authors[99,100] to suggest that
the pomeron flux (3.44) does depend on s, though there is no theoretical
justification for this.

Experimentalists often quote results for the “total diffractive cross section”

oPiff (5 / dt / e Lo o (3.48)
mln dt dE ‘

In practice, the integration will only extend over a finite range of ¢, but if the
range is large enough the result will not be sensitive to it. The upper limit
on the £ integration is usually chosen to be 0.05 or 0.1, which is thought
to be the largest value for which the Regge theory is still applicable. This
means that, at low energies, there are important contributions from terms
for which either aq(t) or as(t) (or both) is a nonleading trajectory. But the
lower limit &,;, in practice causes most problems. Usually it is chosen to
correspond to a fixed lower limit M@ on M?:

gmin = Mg/s (349)

but it is rather unsafe to apply Regge theory when M is less than 5 GeV
or so: that is, (3.45) and (3.47) cannot be used.

Notice that (3.48) rises rather rapidly with s at high s if the £ dependence of
the integrand is given by (3.44). Indeed, it eventually becomes larger than
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Figure 3.19. pp — p+A¢K: (a) uncorrected data[104] for the angular distribution
in the A¢K centre-of-mass frame; (b) quark-flow interpretation of the data

the total cross section. This is because, according to (3.49), as s increases
the integration extends down to smaller and smaller values of £&. When ¢
is very small, it is necessary to include terms in which the exchange of the
single pomeron «ap(t) is replaced with a pair of pomerons (or more). This
slows down the rise with s and is often said to be a unitarity correction[103].

As well as inclusive diffractive processes, one may study exclusive ones in
which, instead of summing over all possible hadronic systems X in figure
3.16, one picks out a particular system. These have revealed some inter-
esting effects[104], which support the hypothesis that the pomeron inter-
acts with only one quark in a hadron; they appear to reflect directly the
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b pa
P,
a__ b

(a) (b)

Figure 3.20. (a) The inclusive process (3.40) for the case where both initial par-
ticles lose very little momentum. (b) The squared amplitude of (a) summed over
X when the invariant mass of the system X is large.

parton content of the dissociating particle. The most notable reaction is
pp — p+A@K, as the data show evidence for valence-quark back-scattering
with a valence diquark going forward. As is seen in the data of figure 3.19a,
in the A¢ K centre-of-mass system the A is produced preferentially in the di-
rection of the dissociating proton and the K is produced backwards. The ¢,
which contains no valence quarks, is produced centrally in the A¢K system.
These data are consistent with the representation of the reaction given in
figure 3.19b. A similar picture is seen in pp — p + AAp. In this case the A,
which contains no valence quarks, is produced centrally in the pAA centre-
of-mass system and the p and A are produced both forward and backwards.
Similar evidence has been found[105] in the reaction pp — p + AK,

So far we have discussed reactions where one of the initial particles loses
only a very small fraction of its initial momentum. Suppose now that this
is true of both initial particles, that is consider the inclusive process (3.40)
where the final-state particle c is of the same type as a, with P = (1—&;) P,
and & < 1; similarly d is of the same type as b, with P’ = (1 — &) P, and
&9 < 1. This is shown in figure 3.20a. If & and & are small enough, then
both reggeons in the figure will be pomerons. If we square the amplitude
and sum over possible systems X, we may calculate

d*o

27  _pPkla P/b PP 2
g = Dt 6) DYt &) oM (ME 11, 12). (3.50)
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Figure 3.21. Mueller-Regge mechanism for inclusive central production

For large M?, the total cross section o' (M?,t1,t5), which may be thought
of as that for pomeron-pomeron scattering, will have Regge behaviour, like
oP(M?2t) in (3.45). If M? is so large that only pomeron exchange need
be included, then the right-hand side of (3.50) corresponds to figure 3.20b,
which contains two triple-pomeron vertices. The diagram factorises: the
triple-pomeron vertex is the same as in figure 3.17b. Thus the inclusive
cross section for two extremely-fast final-state particles may be written in
terms of that for one extremely-fast one:

Tot do d*oc  d%o

= . 3.51
dt1d&idtadsy  dtidéy dtadés (3:51)

g

3.5 Central production

Mueller’s generalised optical theorem does not only apply to the case when
the particle ¢(P) in (3.39) is very fast. Another case of interest is that
of central production, when instead the particle is comparatively slow. It
need not be a particle of the same type as either of the initial particles.
The inclusive differential cross section then corresponds to terms of the type
shown in figure 3.21. This diagram involves the exchange of two trajectories
a1 and a9, both evaluated at zero momentum transfer, as in the normal
optical theorem. As with the normal optical theorem, it is necessary to
take an appropriate discontinuity of the diagram: it is to be cut right down
the middle. The reggeons have some structure such that cutting through
them reveals the particles making up the undetected system X of hadrons
in (3.39).

Define the momentum transfers

t| = (P, — P)? ty = (P, — P)°. (3.52)
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Figure 3.22. Exclusive central production

The production mechanism corresponding to figure 3.21 applies only if both
of these are large. When the longitudinal momentum component P;, = 0
in the centre-of-mass frame each is equal to —mp+/s, where m% =m? +
P% with Pr the transverse momentum component. Most of the particles
produced are pions, for which mr is a few hundred MeV, so that mp/s
does not become large until s is very large. When Py, is moved away from 0,
the product of ¢; and t5 remains fixed at m2Ts and one of ¢; and ¢y increases,
but the other decreases rapidly. So very high initial energy is needed before
the theory becomes applicable over any appreciable range of rapidity. Even
higher energy is needed if one wants the dominant contribution to arise from
the case where both the trajectories a; and aip are the pomeron trajectory.
When this is achieved, figure 3.21 contributes when a and b are protons,

98 oy (—ti\apO) -1/ —ty\ap(0)-1 957, - o/ 8\ ap(0)-1
-y VlPlP(mT)(g) (z) = 12 lelp(mT)(%)
(3.53)

to P’ d30/d3P. Here, V is the vertex that couples the particle ¢ to the two
pomerons, and Vipp(mZ) = Vpp(ma)(m?/s0)*P0~1. The fixed scale s
is introduced as in (2.17), in order to define V' to be dimensionless. There
are nonleading contributions, in which either or both pomeron trajectories
are replaced with nonleading ones, with appropriate couplings. Note that
experiment finds that the vertex V' decreases exponentially with increasing
mp; when myp is larger than of the order of a GeV, the Regge contribution
(3.53) becomes insignificant compared with other mechanisms related to
perturbative QCD.

Instead of the inclusive process (3.39), we may study the exclusive process

a(Py) + b(Py) — a(P}) + c(P) + b(Py). (3.54)

The final-state particle P might be an ordinary hadron, or something more



3.5 Central production 77

(a) (b)

Figure 3.23. An explicit simple nonperturbative gluon-exchange model for the
diffractive Higgs-production mechanism of figure 3.22: (a) first approximation, (b)
corrections that turn the gluons into pomerons

exotic, for example the Higgs[106-108]. Define the momentum transfers

t; = (P, — P{)? ty = (Py — Py)? (3.55)
and the final-state subenergy variables

s1 = (P] + P)? sy = (Py+ P)2. (3.56)

When s; and s are both large, but ¢; and to are not large, the diagram of
figure (3.22) dominates the amplitude and contributes

B1(t1)T(—a1(t1))€a, 1) B2 (t1)T (=2 (t1))Eas (1) f12(1)
x (s1/50)*1 1) (52/50)2("2) (3.57)

to it. The reggeon-hadron coupling functions 3(¢) are the same as in (2.17)
and the signature factors &, are defined in (2.18). The function fi2(n)
couples the two reggeons to the particle P. The variable 7 is defined as

N = s182/5. (3.58)

One may verify that, when s; and s are both large with ¢; and £2 not large,
n also cannot be large. It is related to the Toller angle[109,110], the angle
in the centre-of-mass frame between the production planes of the final-state
particles. See [33] for a review of what is known about the dependence of

fi2(n) on 7.
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3.6 Diffractive Higgs production

If we identify the particle ¢ in figure 3.22 with the Higgs we obtain[106]

pp — pHp (3.59)

where H denotes the Higgs particle. This mechanism is known as diffrac-
tive Higgs production. An explicit simple model[107] for this is shown in
figure 3.23a, where the dotted lines represent nonperturbative gluon prop-
agators. This figure is to be thought of as a first approximation to the
exchange of the two pomerons, in the spirit of the Landshoff-Nachtmann
model described in section 8.1. In order to turn the simple gluon exchange
into pomeron exchange, so as to give the diagram of figure 3.22, we must
presumably add to it ladder diagrams such as shown in figure 3.23b, and
more complicated diagrams. The coupling of the Higgs to a pair of gluons
is through a ¢-quark loop; its magnitude may be related[107] to the similar
vertex where the gluons are replaced with photons.

After the original calculation[107] of figure 3.23 has been corrected and
improved[111], it gives for a Higgs mass of 120 GeV a cross section of a
little less than 1 pb at LHC energy, /s = 14 TeV. The Higgs is likely to
be accompanied by gluon emission; requiring that this is absent introduces
a Sudakov-suppression factor which is[108] about an order of magnitude.
This cross section is large enough for it to be suggested[112] that the exclu-
sive reaction (3.59), with two very fast protons, might be the best way to
discover the Higgs particle. This is because the momenta of the two final
protons (or proton and antiproton) may be measured very accurately, so
that the missing mass, presumed to be that of the Higgs, may be deter-
mined very accurately, and in consequence the signal-to-background ratio
is much enhanced. The reason for this is as follows. The best way to de-
tect the Higgs is through its decay to a heavy quark-antiquark pair. The
background is direct production of the pair, not through a Higgs. It turns
out[113] that direct gg production is suppressed in the mechanism of fig-
ure 3.23, though one does have to worry about the production of gluon jets.
However, because of the good mass resolution, the background is integrated
over only a small mass range.

Although the simple diffractive mechanism of figure 3.22 gives a cross sec-
tion large enough to be measurable, there is the issue of possible screening
corrections. These correspond to exchanging an additional pomeron, as is
shown in figure 3.24. This figure represents a sum over initial and final-
state interactions, plus interference between them[114]. There are differing
views about how significant such corrections are: some authors believe that
they suppress the production by a factor that is about an order of magni-
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Figure 3.24. Screening correction to figure 3.22

tude[115,108]. This would make the cross section too small to be interesting.
However, this view is the one taken by those who believe that cut contri-
butions to the total cross section are large. As we have discussed, this view
is controversial and we do not share it. Our belief is that, likewise, the
screening correction to Higgs production is rather insignificant.

3.7 Helicity structure of the pomeron

We have seen in section 3.2 that phenomenologically the pomeron behaves
like a C' = 41 photon, coupling to quarks with a vector 4* coupling. How-
ever unlike the electromagnetic vector current J;™ the pomeron vector cur-
rent Jép need not be conserved. Indeed there are theoretical reasons[116]
to believe that current nonconservation is important: the phenomenolog-
ical pomeron discussed in this chapter behaves as a nonconserved vector
current. It was proposed in [116] that the diffractive dissociation reaction
ep — epX can be used to study this question. By defining a suitable
azimuthal angle ¢ between the lepton and hadron planes it was shown
that interference terms among the photon helicity states for the reaction
v*p — pX can be used to test models of diffraction. Effectively the reac-
tion is considered as a y*-pomeron interaction, the proton merely serving as
the source of the pomeron. This work was generalised[117,118] to include
Y*v*, v*-pomeron and pomeron-pomeron interactions. The production of
mesons in the central region of high-energy proton-proton collisions, that
is the reaction pp — ppM, provides unambiguous tests[117,118] of whether
or not the pomeron couples like a conserved vector current.

Consider the case of reaction (3.54), where cis a J©'+ meson of mass M pro-
duced centrally in the high-energy scattering of two protons. We examine
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the hypothesis that the pomerons behave like vector currents:
Vi(q1, A1) + Valge, A2) — M(J, J.). (3.60)

Here \; = *+1, 0 are the current helicities in the meson rest frame. The
four-momentum transfers ¢; are defined by

ti=q; = —@Q;, i=1,2 (3.61)
and the fractional momenta &; of the currents by

_ p2-q1 - Pb1-92
p2.p1 Pp2.-p1

1 (3.62)
The two other relevant kinematic variables are the fractional longitudinal
momentum xr of the meson, xp = pH/pmaX, and the azimuthal angle ¢,
the angle between the two proton scattering planes in the centre-of-mass
system. Strictly the correct azimuthal angle to consider is the angle ¢
between the two proton scattering planes in the meson rest frame. However
in the kinematic regime of experimental interest ¢ ~ ¢, and the effect of
any extra kinematic factors does not significantly affect the conclusions[117,
118]. Finally, as we are interested in the dominant region of phase space

ti| < M?, & ~ (/2% +4M?/s £ 2p) < 1 and M? = & &s. Further

we can use Q; ~ |q; ;| = ¢, where q;| is the transverse momentum of
current 7.

The ¢ dependence provides a rather direct probe of the dynamics[117,118].
The reaction can be described in terms of the magnitudes Ay, \, of the
helicity amplitudes for the reaction (3.60), which are functions of ¢, t2 and
M. There are five independent amplitudes, Ay, A4, Ato, Aoy and Ago.
The cross section may be written as[117,118]

d*o

PR t1,1t2) i1t 3.63
dt1dtydd drp A(xp,t1,t2) tits (02 + 01 + 09) (3.63)

where o,, denotes the differential cross section for the production of a meson
with |J,| = n. The function A(zp,t1,ts) is concentrated at xp = 0; it does
not vanish for ¢; approaching #™, i = 1,2, and falls steeply with increasing
|ti], being approximately proportional to exp(b(t; + t2)). The o, are given
in terms of the helicity amplitudes by[118]

oy = 1A%
o1 = A?&-O + Ag+ — 21752A+0A0+ cos ¢
(Ao — S1A 4y cos)® (= +1)
0o = . 3.64
0 { A% sin? ¢ (n=-1). (3.64)
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Here the subscripts 4,0 refer to the pomeron helicities; 1 is the product
of the naturality of the two currents and the meson, n = mineny = nu
for two-pomeron exchange; and the S; are sign factors[117,118]. Naturality
for currents is defined as is the naturality of mesons, which we introduced
in section 2.5. The electromagnetic current has naturality n = 1 and it is
assumed that the pomeron currents also have naturality n; = 1y = 1.

In the standard model of the phenomenological pomeron discussed in sec-
tion 3.2 the pomeron carries helicities A = +1 and 0. The helicity state of
a pomeron of momentum q is described by a density matrix[116]

P = pan e (3.65)
AN

where the €, are the polarisation vectors

1 0 d
— 0 — = (0, 3.66
€0 = <|q| q ‘q|) €+ ( €i) (3.66)
and
e+.q=0 € e =€ =1 € .e=0. (3.67)

The matrix elements pyy are all of the same order of magnitude[116], but
note the factor 1/y/—t in € which is crucial for the following discussion.

Consider first the production of a pseudoscalar meson JZ = 0=, n = —1.
In this case rotational and parity invariance imply that

A =A+-=A40=A40+=0

o2 =01 =0 (3.68)
From (3.64), the cross section is then
d*a(07) ) ,
ETRE T ti,t2)tita A i 3.69
dtidtad¢ drp A(zp,t1,12) titg AL sin® ¢ ( )

both for conserved and non-conserved currents. The experimental cross
sections for n and 7/ production exhibit the sin? ¢ and tits exp(b(t; + t2))
behaviour[119] expected, confirming the vector nature of the pomeron cur-
rent. The ¢ distributions for 7 and 7/, normalised to unity, are shown in fig-
ures 3.25a and 3.25b. To distinguish between conserved and non-conserved
currents it is necessary to consider other J¥ states which do provide a test.

Consider now the production of a meson with J* = 1*. For simplicity con-
sider the case t; = to = ¢, so that rotational invariance and Bose symmetry
of the two pomeron currents require

A++ =0 A+0 = A0+ o) = 09 = 0. (370)
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Figure 3.25. ¢ distributions for central n and 1’ production[120] in pp collisions
at /s = 29.1 GeV

The sign of Sy in o7 can be shown to be negative[121,122]. As ny; is also
negative, this then gives

t1t20'1 = t1t2 4A?FO SiIl2 % . (371)

This holds both for conserved and non-conserved pomeron currents. How-
ever, the ¢t dependence of Ayg is very different in these two cases. We
have

Avg=€l" A, € (3.72)

where A,,, is a covariant amplitude satisfying
A az #0 (3.73)
if the pomeron current is not conserved and

if the pomeron current is conserved.

If the pomeron current is not conserved, then with ¢y from (3.66) we find

from (3.73) that
1
A — 3.75
+0 X — ( )
as t — 0. On the other hand, if the pomeron current is conserved, then we
find from (3.74) that

Ao ocy/—t (3.76)
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Figure 3.26. ¢ and t distributions for central production of f1(1285) in pp colli-
sions at /s = 29.1 GeV. The data from the WA102 collaboration[120] are com-
pared with the theoretical prediction[123] (histogram) for the case of the pomeron
coupling like a non-conserved current.

as t — 0, leading to a strong suppression of the cross section for small ¢.

Although data are not only for the symmetric case t| = to, as both ¢; and to
are small in the experimental configuration it is a reasonable approximation
and the qualitative features are unchanged. The ¢ and ¢ distributions[123]
for the f1(1285) are shown in figure 3.26, together with the results of a
realistic model, taking into account the experimental configuration. The ¢
distribution clearly shows the expected dominance of the sin? %(b behaviour,
and that the contribution to mesons with helicity zero, which is proportional
to sin? ¢, is very small. Thus the ¢ distribution is compatible both with
current conservation and with non-conservation. However the ¢ distribution
shows no evidence of a strong suppression at small ¢, which clearly favours
the pomeron coupling like a non-conserved vector current.

3.8 Glueball production

As pomeron exchange is believed to be the exchange of a system of gluons
(see chapters 6 and 8), the production of mesons in the central region of
proton-proton scattering has long been regarded as a potential source of
glueballs[121,122]. However, gluons also couple to quarks, so one can also
produce quark-antiquark states. Well-established quark-antiquark states
are known to be produced, which has led to searches for a mechanism to dis-
tinguish between glueballs and quark-antiquark states. It has been shown
that the pattern of resonances produced in the central region of proton-
proton collisions depends on the vector difference k; = q;; — gy, where
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Figure 3.27. Ratios of number of events with kpr < 0.2 GeV to the num-
ber with kr > 0.5 GeV for central production[120] of, from left to right,
(a) fo(1370), fo(1500), fo(1710) and (b) f2(1270), f3(1520), f>(1910), f2(1950) in
pp collisions at /s = 29.1 GeV

q1 and g2 are the momenta of the pomerons. When kp = |k, | is small all
well-established quark-antiquark states are observed[119] to be suppressed.
Those which are not suppressed include potential glueball states, or more
accurately, states which are believed to have a large glueball component.

A good example of the latter is provided by the scalar states fo(1370),
fo(1500) and fo(1710). These states are seen by the WA102 collabora-
tion[124] in central production in proton-proton collisions, a complete set
of decay branching ratios of these states to all pseudoscalar meson pairs has
been obtained. To investigate the glueball and quark-antiquark content of
the fo(1370), fo(1500) and fy(1710) these data have been analysed[125] in
the |G) = |gg), |S) = [s8), |[N) = |uti + dd)/+/2 basis. Each of the three
scalar states is found to have a strong glueball component, and the solu-
tion is compatible with the relative production strengths of the f((1370),
f0(1500) and fy(1710) in pp and J /9 radiative decay as well as in pp central
production. The physical states are found to be

| f0(1370)) = 0.60|G) — 0.13]S) — 0.79|N)

| f0(1500)) = —0.69|G) + 0.37|S) — 0.62|N)

| fo(1710)) = 0.39|G) + 0.91]S) + 0.14|N)). (3.77)
The glueball mass is found to be about 1.44 GeV, which is at the lower end

of the range found[126,127] in the quenched approximation to lattice QCD.
Figure 3.27a shows the ratio for these states of the number of events with
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Figure 3.28. A 27T glueball candidate[128], with the line a(t) = 1.08 + 0.25¢

kr < 0.2 GeV to the number with k7 > 0.5 GeV in proton-proton central
production[120]. The fy(1500) and fp(1710) satisfy the “no suppression”
rule at small k7 rather well, but that is not the case for the fy(1370).
Figure 3.27b shows the same ratio for the isoscalar tensor states fo(1270),
15(1520), f2(1910) and f2(1950) in pp central production. The first two are
well-established quarkonia states and are clearly suppressed at small kp. It
is still not known|[27] whether the f5(1910) and f2(1950) are distinct states,
but if they are then their non-suppression at small kr suggests that they
are mixtures of two bare states of which at least one is a glueball. The
near degeneracy of these states implies that the glueball mass is close to
the same value. The Chew-Frautschi plot for the pomeron trajectory is
shown in figure 3.28, together with the glueball at spin 2. The coincidence
is remarkable and suggests that the pomeron lies on a glueball trajectory.

3.9 The Gribov-Morrison rule

Morrison[129] observed in 1968 that in certain quasi-elastic reactions of the
type
pp — PN{ ) (3.78)

where Ny /2 is a baryon resonance of isospin %, the energy dependence of
the cross sections is characteristic of diffraction. The particular N} /2 Tes-

onances observed were the N*(1440), J© = {L; the N*(1520), JF = 27;
the N*(1680), JF = %+; and the N*(2190), JF = %_. Morrison proposed
empirically that for these diffractive-like events the change in spin AJ is re-
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Figure 3.29. Deck mechanism for the reaction 7~p — (77 77 )p

Figure 3.30. Deck mechanism followed by rescattering

lated to the change in parity between the incident particle and the outgoing
resonance by
Pout = (-1)27 Py, (3.79)

where P, is the parity of the incident particle and Py, the parity of the
outgoing resonance. The quasi-elastic production of baryon resonances with
isospin  for which (3.79) is not satisfied, such as the N*(1535), J¥ = 1~

and the N*(1675), JP = 27 is not diffractive-like, the cross sections de-
creasing with increasing energy. The same result holds for the quasi-elastic
production of baryon resonances with isospin % Although the rule (3.79)
was introduced empirically by Morrison, it was suggested independently by
Gribov[130]. The rule (3.79) is known as the Gribov-Morrison rule for the
production of a resonance by pomeron exchange. Some specific examples
are discussed in [131].

A physical mechanism for resonance production had been proposed[132] in
1961. It was suggested that the reaction mechanism could be the dissocia-
tion of a proton into a baryon together with a virtual pion which scatters
on the other proton, and then recombines with the baryon to produce the
N* resonance. This suggestion was generalised by Deck[133] for the quasi-
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elastic production of any resonance. Taking the reaction

T p— (Tt )p (3.80)
as an example, in the Deck model the process proceeds by the incident
pion transforming into a p meson and a virtual pion which is then diffrac-
tively scattered into a real state on the target nucleon. Subsequently it
was shown[134] that the scattering of the heavier virtual constituent is just
as important as that of the lighter. The pion and the p meson may then
rescatter to form a different final state. These processes are illustrated in
figures 3.29 and 3.30.

The Deck model was applied[135] to the reaction (3.80) and a partial-wave
analysis of the pm system performed. It was shown that, in addition to
the J¥ = 0~ partial wave, the dominant waves are J© = 17, 2= and 3,
in agreement with the Gribov-Morrison rule. The 17 partial wave is the
largest of the three and 31 the smallest. Partial waves with J© = 0%, 17,
27, ..., which do not satisfy the rule, are extremely small. The Deck mecha-
nism produces broad low-mass enhancements which can simulate resonance
production, an effect which bedevilled attempts[136] to extract the param-
eters of the a1(1260) meson which is produced in the reaction (3.80) and
decays to pm. Interference among the Deck mechanism, rescattering and
direct meson production is important[137]. A particularly notable example
is provided by p photoproduction which is discussed in section 5.3.

3.10 The odderon

The amplitudes for scattering of hadrons ab and ab can be decomposed into
C = +1 and C = —1 exchange parts

Ti(s,t) = T%(s,t) £ TP(s,1). (3.81)

We have seen in sections 3.1 and 3.2 that 7%, T% are well described at large
s and small ¢ by a dominant C' = +1 term, the pomeron, and a nonleading
C = —1 term T_ due to the exchange of the p,w trajectories such that, at

most,
=0 (%) . (3.82)

The odderon is generally defined to be a C' = —1 contribution that for large
s either does not vanish relative to the pomeron contribution, or vanishes
relative to it at most like a small power of s or a power of log s.

‘ T (s,t)
T+(S,t)




88 8 Introduction to soft hadronic processes

The odderon concept was introduced in terms of Regge language[138,139].
The pomeron was assumed to saturate the Froissart bound (1.68):

0®(s) 4+ 0% (s) ~ (log s)? (3.83)

and so, according to (2.33), it was associated with a triple pole at [ = 1.
In order to conform to the Pomeranchuk theorem (1.80), the odderon con-
tribution was assumed to rise less rapidly with energy; specifically, it was
associated with a double pole at [ = 1, giving for large s

o®(s) — 0% (s) ~ log s. (3.84)

Later also simple poles with trajectory intercepts ap(t = 0) ~ 1 were con-
sidered and extensive fits to pp and pp data including odderon contributions
were made; see for instance [140,141]. Indeed, we have already seen in sec-
tion 3.2 that pp and pp scattering differ in the dip region and thus both 77
and T_ must be non-zero there. Also, we have argued that pp scattering
at large t is dominated by three-gluon exchange with C' = —1. It is then
natural to ask about odderon exchange at small ¢. There, the odderon
amplitude would be almost real and have the opposite signs for pp and pp
scattering. Thus a quantity sensitive to odderon exchange is the ratio of
real to imaginary parts of the amplitude at t = 0:

~ Re T(s,1)

p(s) = Tm T(s,1) (3.85)

t=0

There is a measurement|74] for this ratio in pp scattering at /s = 540 GeV:
pop(s) = 0.135 + 0.015 (3.86)

but pp data at a similar energy are unavailable and so if we wish to know
ppp(s) at this energy it is necessary to use dispersion relations to calculate
it. The results are usually interpreted[142] as giving tight bounds for an
odderon contribution:

|Ppp(s) — ppp(s)| < 0.05 . (3.87)

A measurement[73] at /s = 1800 GeV does not tighten this constraint.

In the Regge framework, the phase of the amplitude is given by the signature
factor (2.18), where the + sign is applicable if odderon exchange is indeed
negligible. If, as usual, we write a(0) = 1 + ¢, the result (3.86) corresponds
to

e = 0.086 = 0.01 (3.88)
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If we compare this with the values given in (3.6) or (3.7), we see that the rise
of the total cross section is explained well by C' = +1 exchange, with very
little room for odderon exchange. The conclusions found in [141] are similar,
that no odderon is evident in the amplitude at ¢ = 0, but inclusion of it for
t # 0 and especially beyond the dip region improves the fits considerably.

The search for the odderon need not be restricted to elastic scattering.
Other reactions which have been suggested include central J/v and ¢ pro-
duction in high-energy pp and pp collisions[143]; spin dependence of high-
energy pp scattering[142]; photoproduction[144] of f2(1270) and a2(1320);
photoproduction of exclusive neutral pseudoscalar mesons[145-147]; pho-
toproduction and electroproduction of heavy C' = +1 quarkonia[148,149];
and the asymmetry in the fractional energy of charm versus anticharm jets,
which is sensitive to odderon-pomeron interference[150].

Our present understanding of QCD provides no obvious reason to have a
high suppression of C' = —1 relative to C' = +1 exchange at small ¢ in high-
energy scattering. The simplest diagrams giving C' = +1 exchange have
two-gluon exchange in the t-channel. But in general diagrams with three-
gluon exchange in the ¢t-channel contribute already both to the C' = +1
and the C' = —1 amplitudes, and for small ¢ the exchange of an additional
gluon is not suppressed by a small coupling constant. Thus, it is quite
mysterious why odderon exchange should be highly suppressed at small t.
We will return to this odderon puzzle in sections 7.12 and 8.9.

3.11 Scattering on nuclei

Hadron-nucleus and nucleus-nucleus scattering deserve to be treated in a
separate book. Here we can only make a few remarks and indicate some
relevant references.

First consider hadron-nucleus scattering, treating the nucleus simply as a
bound state of nucleons. This approximation ignores the partonic degrees
of freedom implied by QCD, in which a nucleus should be considered as
a bound state of quarks and gluons which shows clustering in nucleon-like
subunits. However this approximation allows the calculation of hadron-
nucleus scattering following the prescription proposed by Glauber[151]. In
essence, it is assumed that the phase shifts produced in the scattering of the
hadron on each nucleon can be added up. This is strictly applicable only
in the limit that the nucleons in the nucleus are far apart and only loosely
bound together. Although reality is rather far from this limit, Glauber
theory has been widely applied, as it is simple and easy to use, and gives a
good qualitative description of many effects[152].
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An advance on such simple models, which have no solid theoretical basis,
is provided by effective theories. These are not derived from first princi-
ples, but are self-consistent and calculable. One such[155] is based on the
reggeon calculus described in section 2.6 and another is the eikonalised par-
ton model[153,154] which is formally quite similar. In the first approach
one typically[155] uses a phenomenological hadron-nucleon scattering am-
plitude, parametrised in terms of pomeron exchange, and constructs the
hadron-nucleus and nucleus-nucleus amplitudes from multiple-pomeron ex-
changes using the reggeon calculus described in section 2.6 and the AGK
cutting rules[156] discussed in section 6.2. Technically this is rather com-
plex. For practical applications Monte Carlo generators based on these
principles have been developed[157]. In the second approach, Monte Carlo
generators are based on the Lund string model[158] to which some unita-
rization procedure is applied. The problems and shortcomings of existing
calculations of nucleus-nucleus reactions are discussed in [159].

Thus at present one takes the pomeron properties from hadron-hadron scat-
tering as an input for more-or-less sophisticated calculations of hadron-
nucleus and nucleus-nucleus scattering. For the study of the properties of
the pomeron itself, which is the subject of this book, these reactions have
so far not been very useful.



4
Duality

In this chapter we introduce the concepts of finite-energy sum rules and
duality, and their realisation in the Veneziano model. They are then applied
to pion-nucleon scattering.

4.1 Finite-energy sum rules

In (1.74) we have written a subtracted dispersion relation for the crossing-
odd amplitude A*(v,t = 0) defined in (1.72). Here, v is the variable defined
n (1.70), that is v = (s — u). We may write similar dispersion relations
for non-zero t. For values of ¢ such that A%(v,t) — 0 as v — oo, we do not
need subtractions and the dispersion relation reads

ImAA (V' + i€, t)

2_ 2

Re A% (v, ) P/ dv' (4.1)
We have chosen the lower limit of the integration to be 0 for the same reason
as for the dispersion relation (1.38): apart from a é-function contribution
from any bound state, Tm A% (v + ie, t) is zero for values of v/ below the
lowest-1/ branch point of AA (v +ie, t). If AA(v,t) falls faster than v~ as
v — o0, that is

lim vA*(v,t) =0 (4.2)

V—00

then we can take the limit ¥ — oo in (4.1) to obtain the superconvergence
relation

/ v Tm AN/, 1) = 0. (4.3)
0

We can now use this relation in conjunction with the fact that Regge theory
provides information on the behaviour of A*(v,t) as v — co. Suppose that

91
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the large-v behaviour of A% (v,t) is dominated by a sum of Regge poles, as
n (2.15):

1) o > mBi(t) _ emimai(t)) (9, y(t)
AN 1) ~ e T emran ) ) (@) (44)

As A7 (v,t) is odd under crossing the sum is over poles of odd signature
only, so that the right-hand side of (4.4) is also crossing-odd. Suppose that
we include in the sum all those Regge poles for which «;(t) > —1, and
neglect the contributions from any cuts. Then

A0 = A800) + 5 e iy () @
(4.5)

1 as v — oo and satisfies the superconvergence

decreases faster than v—
relation

/Ooo dv Tm A% (v, t) = 0. (4.6)

The sum of Regge poles (4.4) is the asymptotic form for AA(V, t). Suppose
that it is already a good numerical approximation to AA(V, t), or at least to
its imaginary part, for v > 7, so that the integral (4.6) receives negligible
contribution from values of v greater than v. That is, we may replace the
infinite upper integration limit with . Inserting the definition (4.5) and
performing the integration over the Regge-pole terms, we arrive at

/ dv Tm A* (v, 1) WZ@ (20)% O+ T (q(t) + 2) (4.7)

where we have used the properties of the I'-function in (2.14). The relation
(4.7) is called a finite-energy sum rule[160-163].

For an amplitude A5(v, t) that is even under crossing we can apply the same
argument as above to vAS(v, ) to give the finite-energy sum rule

/OdnymASz/t 47TZ@ YO P(ay(H) +3).  (4.8)

Provided that the convergence criteria are satisfied we can apply the same
argument to 1> A% (v, t) and to 2" AS(v, t), where n is an integer, to ob-
tain sum rules of different moments. The above derivation only gives finite-
energy sum rules for crossing-odd and crossing-even parts of the physical
amplitude A(v,t). For a general amplitude one must consider both odd and
even-moment sum rules[164].
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The finite-energy sum rules relate the Regge pole parameters f;(t) and
a;(t) to the low energy amplitudes. For amplitudes which are dominated
at low energy by resonances this leads to a relation between Regge poles
and resonances which is known as duality.

4.2 Duality

Equations (4.7) and (4.8) can be used as phenomenological tools for obtain-
ing information about Regge poles by using phase shifts in the low-energy
integral. Finite-energy sum rules were first used in this manner and gave
very valuable information on the Regge pole parameters[165,166]. Usually
only the differential cross section and limited polarisation measurements
were available at the higher energies and so it was impossible to obtain the
individual helicity amplitudes. This led to ambiguities in Regge-pole fits to
high energy data. However at low energies phase-shift analysis determines
the decomposition into individual amplitudes, the extra information com-
ing from the assumption that only a few partial waves contribute. As the
finite-energy sum rules are written for amplitudes, we can use our knowledge
of the low-energy amplitudes to obtain information about the Regge-pole
amplitudes.

The role of the upper integration limit ¥ is crucial in this procedure. Strictly
speaking, equations (4.7) and (4.8) are valid only for 7 such that the Regge-
pole expression for the amplitude is a good numerical approximation for
v > v. However phase-shift analysis generally stops short of this and in
practice U has to be taken to be the upper limit of the phase-shift analysis,
corresponding typically to values of /s close to 2 GeV. The significance of
this can be seen if we write the finite-energy sum rule (4.6) as

(v,t)) = 0. (4.9)

Regge

14
/ dv Im (AA(V, t) — A4

0
This states that Aﬁcggc(l/, t) describes the amplitude at low energy on the
average. If we cut off the integral at low energies then we are assuming that
this averaging takes place even over intervals smaller than [0, 7] and this
seems to happen in practice. Figure 4.1, after the original[162], illustrates
this point. It compares

pLab (0™ (7 p) — o™ (7 p)) (4.10)

with the Regge fit to high energy data, in this case the exchange of the p
trajectory, extrapolated to low energies. This averaging over small energy
ranges is called semi-local duality and it is this which enables us to obtain
information from the seemingly empty (4.9) by taking /7 ~ 2 GeV.
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Figure 4.1. Comparison of pp.p, (o™ (m~p) — o™ (7 +p)) with the Regge fit to
high energy data

4.3 Two-component duality and exchange degeneracy

The 7~ p and 7+p high-energy elastic scattering amplitudes receive equal
contributions from pomeron exchange, so that pomeron exchange cancels
in the difference (4.10) between the two total cross sections. So figure
4.1 shows that the non-pomeron reggeon t-channel exchanges are dual to
the s-channel resonances. This is assumed to be so in the case of 77 p
and 71p scattering separately. Figure 4.2 shows that the extrapolations
to low energy of the Regge fits to the high-energy total cross sections in
each case give good descriptions to the average low-energy cross sections.
For each, the resonances sit on a non-resonance background. So we see
that assuming that the non-pomeron ¢-channel exchanges are dual to the
s-channel resonances leads us to assume also that pomeron exchange is
dual to the low-energy s-channel non-resonance background. This is two-
component duality.

Although Regge theory sums ¢-channel exchanges, we have seen in the previ-
ous section that s-channel effects provide constraints through finite-energy
sum rules. Consider K~ p and KTp scattering, which have the same t-
channel quantum numbers but very different s-channel quantum numbers.
In terms of the reggeon exchanges

AK p)=Ap+ Ay + Ay + Agy + A,
A(KTp) = Ap+ Ap, — Au + Ag, — Ap. (4.11)
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Figure 4.2. Comparison of the low-energy 77 p and 7~ p total cross sections with
the Regge fits to high energy data

At sufficiently high energy, when pomeron exchange dominates, the two
cross sections come together. However at lower energies they are very dif-
ferent: as we saw in figure 3.1 the K~ p cross section falls steeply with
increasing energy and the K'p cross section is almost flat. This implies
that the reggeon exchanges collectively have almost decoupled from the
K*p amplitude. A similar situation holds for K~n and K™n scattering,
with the reggeon exchanges collectively decoupling from the latter.

The way to understand these effects from a ¢-channel point of view is to say
that at ¢ = 0 the imaginary parts of the p and as exchanges must cancel,
and so must those of the fo and w exchanges. It is necessary to take the

cancellation between poles of the same isospin to achieve the effect in both
K*p and KTn scattering. For the as exchange,

1

Im Ag, = —mIm fq, () I'(aay () 4+ 1) sin(ma, (1))

(1 + e—iwaaz (t)) (2y>o¢a2 (t)
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= Ta, (1) (20)2 ) (4.12)

1
[(0va, () + 1)
and for the p exchange

1
[ap(t) +1)
So to achieve the cancellation at ¢ = 0 we require

Bp(0) = =P34, (0)
(0) = g, (0). (4.14)

Im A, = —73,(t) (2uv)2r @) (4.13)

Obviously similar relations have to hold for the f; and w exchanges.

This degeneracy of Regge-pole trajectories and residues is known as ex-
change degeneracy. We have already seen experimental evidence for the
approximate exchange degeneracy of the trajectories, not just at t = 0, and
there is evidence that the residues too are nearly degenerate not just at
t = 0. This evidence comes from finite-energy sum rules which, as in (4.9),
are valid for all t.

An explicit realisation of two-component duality can be seen in the indi-
vidual s-channel partial waves in IV scattering by taking combinations floi
and flli that correspond respectively to isospin-0 and isospin-1 exchange in
the ¢-channel[166]. Here the subscripts [+ refer to total angular momentum
J=1+ % Specifically,

Sk = %(f& + 2flﬁ:)
fl = l(fzi fli) (4.15)

where the superscripts % and % refer to the s-channel isospin. The dimen-
sionless partial wave amplitudes f; are related to the amplitudes A; of (1.46)
by

fi=p(s)A = %(m(s)e%él(s) —1). (4.16)

As m < 1, f; must lie inside or on a circle of centre %z and radius %,
the unitarity circle. In the neighbourhood of a resonance, a partial-wave
amplitude can be approximated by the sum of a resonance term, typically
a Breit-Wigner form, and a complex background which is usually slowly
varying with energy. For a resonance below the inelastic threshold, where
the only decay of the resonance is back to the initial state,

mRFlewl

= B 4.17
J m%—s—imRFl—i_ ! ( )
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where mp is the resonance mass and I'; its width. If the resonance is narrow,
then near the pole the first term swamps the second and the amplitude lies
on the unitarity circle. As the energy is increased the amplitude moves
round the circle in an anticlockwise direction and the resonance energy
occurs at the top of the circle. When inelastic decays of the resonance must
be included, (4.17) becomes

mRFEl il
fim— L + B (4.18)

; Tot
mp — s —imRgl

where ¢; is some phase. The behaviour of the partial-wave amplitude is
then similar, but the curve described by the amplitude is wholly inside
the unitarity circle and is rotated by the phase ¢;. If the background is
important, then the resonance circle can be displaced to any part within
the unitarity circle.

As the pomeron does not contribute to the ¢-channel (I = 1)-exchange
amplitude, two-component duality predicts that the flllL should be given
entirely by s-channel resonance states. That is, we should find that a sim-
ple sum of resonances accounts for the entire amplitude in every partial
wave. However, the f& should not be accounted for by s-channel reso-
nances alone. There should be a predominantly-imaginary smooth back-
ground term representing the pomeron contribution on which the s-channel
resonances are superimposed. Pion-nucleon partial-wave analyses do indeed
show that the t-channel I = 1 amplitudes, with only the s-channel S-wave
as an exception, are represented by clear resonance circles in the complex
phase-shift plane, with very little background. In contrast the resonance
circles in the t-channel I = 0 amplitudes are superimposed on a large and
predominantly-imaginary background.

The exchange degeneracy of the residues is less exact than that of the
trajectories. In KTp and K*n scattering there are small but significant
reggeon contributions, so the cancellation of the residues at ¢ = 0 is not
exact. The fit to the pp total cross section in figure 3.1 has a rather large
reggeon contribution, so the notion of duality for this reaction is not sup-
ported, although it does indicate why the reggeon contribution to oPP is
smaller than that to oPP. This failure of duality is not understood.

4.4 The Veneziano model

Veneziano constructed a very simple model[167] for the non-pomeron part
of the scattering amplitude which is explicitly crossing symmetric and ana-
lytic, has Regge behaviour, satisfies the finite-energy sum rules and exhibits
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duality. Although it does not provide a precise quantitative description of
the real physical situation in hadron physics, it provides an explicit reali-
sation of the above features and it initiated extremely important develop-
ments, and led to string theory.

The model contains strictly-linear trajectories, zero-width resonances and
an infinite set of daughter trajectories. It was initially applied to the scat-
tering of identical neutral scalar particles of mass m. For a reaction which
is identical in all three channels, for example 770 scattering, the amplitude
has the form

A(s,t) = B[B(—a(s), —a(t)) + B(—a(s), —a(u)) + B(—a(t), —a(u))]
(4.19)

which is explicitly s <> ¢, s <> u, t <> u crossing-symmetric. In (4.19), (§ is
a constant, « is a real linear trajectory

a(s) = a(0) + s, (4.20)
and B(z,y) is the Euler Beta-function
L(@)I'(y)
B = . 4.21
(@) = T 4.21)

Reactions which do not have resonances in all three channels do not have
all the terms in (4.19).

B(z,y) may be written purely as a sum of poles in either variable:

I

=D Ty =) 1 I'(z)
B(a:,y)—nz:% n! m+nF(y—n)_n,Z::0 n'! y+n’F(az—n’)'(4'22)

Thus for the first term of the amplitude (4.19) we obtain

B(— a(s),—a(t)) = 3 R 3 _fnls) (4.23)

—n—als)  AzZn —alt)

with R, a polynomial of degree n:

Ro(t) = (a) +1)(alt) +2) - (a(t) +n) (4.24)

n!
and similarly for the second and third terms. Equation (4.23) shows that
the Veneziano amplitude fulfils the duality requirement that the amplitude
can be represented as a sum of poles either in the s or the ¢ channel. The
positions of the poles give the resonance masses as

pz =0 (4.25)

n
O[/
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The angular momenta of the resonances at position M, can be obtained
by expanding the numerator of the corresponding pole in Legendre polyno-
mials. The residues of the s-channel poles of the full amplitude A(s,t) are
polynomials in ¢ and u:

< i Ry (t) + Rn(u)

A(s,t) =0 n—als) + B(—a(t), —a(u))). (4.26)

n=0

Since we can write the scattering angle in the s-channel centre-of-mass
system as

cosfy = ——
s —4m?

the residue R, (t) + R,(u) can be expanded in Legendre polynomials with
argument cos 6y:

n
R, (t) + Rp(u) = Z ¢ Pi(cosbs). (4.27)
1=0
The residue is symmetric under the interchange s < u and hence under
cosfs < —cosf,, in conformity with Bose statistics. Hence only even
values of [ contribute to the sum. So if n is even there is a resonance of spin
n, together with daughters (see section 2.7 and figure 2.11) with the same
mass M, and with spinsn —2, n—4, ..., 2, 0. If n is odd, the spins are
n—1,n-3, ..., L.

To show that the amplitude (4.19) exhibits Regge behaviour for large s we
use Stirling’s formula to obtain

I(x+ p)

T 1) =zl (1 + O(x_l)). (4.28)

Thus from (4.21) and (4.28), and identifying = as —a’s, we have for fixed
t and s large in any direction in the complex plane except along the real
axis,

B(—a(s), —a(t)) = T'(—a(t)) (=a’ $)*® (1 + O(s™)). (4.29)
and in the limit of large s with ¢ fixed we obtain the result
A(s,t) ~ BT (—a(t)) (1 + e~ ™M) (o' s)>®) (4.30)

which is the Regge behaviour (2.17) for an even-signatured trajectory.

Note that strictly we cannot take the limit s — oo for s on the real axis
where the poles lie. These poles would be moved into the lower half of the
complex s-plane like proper resonance poles if o were given an imaginary
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part. A point of interest is that in the Veneziano model choosing the scale
factor sg of (2.17) to be 1/a/ makes the coupling function 5(t) constant.

The Veneziano amplitude is important because it demonstrates that simple
functions exist which satisfy the theoretical requirements of analyticity,
crossing and duality. However it also demonstrates that there is no unique
function. The B(—a(s), —a(t)) of (4.20) can be replaced by

B(m — a(s),n — a(t)) (4.31)

for any integers m, n > 1, and similarly for the s, u and ¢, u terms. Any
function which can be represented as a sum of terms like (4.31) satisfies
the finite-energy sum rules, so there is no constraint on the resonance pa-
rameters unless additional assumptions are made. A specific example is
provided by 77 scattering. In the case of 777~ scattering, isospin 0 and 1
are allowed in the s-channel, so for example it contains the p and the fa,
but in 770 scattering the p is excluded.

Veneziano models have been constructed also for multiparticle amplitudes:
see the book by Frampton[168] or the review by Mandelstam[169], for ex-
ample.

4.5 Pion-nucleon scattering

We have seen in section 3.1 that three Regge poles, the pomeron, the fo
and the p, are required to explain the 7%p total-cross-section data. These
poles contribute to the three charge states in the linear combinations

AfnTp—-rmp) =Ap+ A+ A,
A(ntp = ntp) = Ap + Ap, — A,
Al p — 70 ) = (\@/3)14,,. (4.32)

Fits to the 7~p and 7" p total cross sections imply that the fo contribu-
tion to the C' = +1 amplitude is appreciably larger than the contribution
of the p to the C' = —1 amplitude. The dominance of pomeron and fo
exchange is also evident in the near equality of the 7~ p and 7 +p differen-
tial cross sections, and from the relative smallness of the charge-exchange
differential cross section. There are two independent s-channel helicity
amplitudes in pion-nucleon scattering: the no-helicity-flip amplitude A, 4
and the helicity-flip amplitude A;_. As the pion has zero spin it does not
have a helicity label and we have also omitted the % for the nucleon he-
licity, retaining only the sign. In the language of section 2.9, A4, is an
n = 0 amplitude whereas A, _ corresponds to n = 1. With the amplitudes



4.5 Pion-nucleon scattering 101

dojdt 1
{mb GeV~%) ;;i;
01 [ =75,
X E3 ES E3 E3
% B3
0011 ¥ . . = s : ]
* ¥ X i[
1E-3 | s o
*
1E-4 | Lo
1E-5 ‘ ‘ ‘
0 0.5 1 1.5 2
[t| (GeVE)

Figure 4.3. Differential cross section for 7~p — 7°n at, from top to bottom,
PLab = 3.67, 5.85 and 13.3 GeV/c.

normalised in the same way as for the unpolarised case, as in (1.19), the
differential cross section is given by

do 1

— = (A P+ AP 4.33
&~ anipis Al 14 F) (4.33)
and the polarised-target asymmetry P by

do 1
Py - (A, A 4.34
dt — 32n|pi|%s m (47,44 (4.34)

Consider charge-exchange scattering first. The differential cross section
data are shown in figure 4.3 and exhibit three notable features:

e shrinkage of the forward peak with increasing s
e a turnover near t =0

e adip at t & —0.55 GeV?.

The first feature is a remarkable success for Regge theory as only one leading
pole, the p, contributes. This can be seen even more clearly if we plot the
effective trajectory a.g(t) as a function of ¢, with a.g(t) defined by

D~ I st (4.35)
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t (GeV?)

Figure 4.4. Data for a,(t) obtained at ¢ < 0 from 7~ p charge-exchange data and
the physical states at ¢ > 0. The line is a(t) = 0.5+ 0.9¢ as in the fit of figure 2.8.

where f(t) is some function of ¢ only. The results are shown in figure
4.4 together with the resonances lying on the p trajectory and the same
straight-line fit to it as in figure 2.8.

The turnover at small ¢ in figure 4.3 is reproduced most naturally by taking
the s-channel helicity-non-flip amplitude A4 to be appreciably smaller
than the helicity flip amplitude A;_. As the latter is n = 1, then (2.75)
tells us that near t =0

Ay ~sin 16, (4.36)

so that it vanishes at ¢ = 0 and the turnover is obtained.

The dip around t = —0.55 GeV? is explained by the vanishing of the domi-
nant A, _ amplitude as t ~ —0.55 GeV? corresponds to the wrong-signature
point «(t) = 0 for the p trajectory and so, from (2.18), the amplitude is
expected to be zero there. The fact that the cross section does not vanish
completely here is attributed to A, receiving a contribution either from
cuts or from daughter trajectories.

Pion-nucleon charge exchange was considered a great success of simple
Regge theory until the polarised-target asymmetry P was measured. In
a one-pole model this is predicted to be zero as A, and A;_ have the
phase given by the signature factor of the pole and so from (4.34) P van-
ishes. However the polarisation is non-zero and appreciable, again requiring
either cuts or additional low-lying poles.
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Figure 4.5. 7 p and ntp differential cross sections, multiplied by el with
b =7 GeV~2 to make the plots clearer, at /s = 10.4 GeV

For this reaction finite-energy sum rules give useful information[165,166].
These confirm the dominance of the helicity-flip amplitude and the zero in
Ay atta —0.55 GeV2. They also suggest a zeroin Ay, att ~ —0.2 GeVZ.
Because of the dominance of the flip amplitude this does not produce a dip
in do/dt for 7—p — 7%n, but is associated with a cross-over effect in the
elastic differential cross sections. The simplest interpretation of the I = 1
t-channel exchanges is in terms of the p and the daughter p’ trajectory[165],
although the latter cannot be reliably separated from cut effects. However
these are certainly small.

The cross-over is a noticeable feature in the 7+p differential cross section
data at moderate energies, 7+p being smaller than 7~ p for |t| < 0.2 GeV?
and being greater at larger values of |¢|. This is illustrated in figure 4.5 which
compares the 77p and 7" p differential cross sections[170] at /s = 10.4
GeV. Applying finite-energy sum rules to 7p elastic scattering[165,166]
shows that much the largest C' = +1 exchange amplitude is A, ; that
is, s-channel helicity is conserved in C' = +1 exchange. In terms of the
amplitudes for the three exchanges the difference in the differential cross
sections is given by

do + do _ B
E(ﬂ- p) - E(ﬂ- p) =
1 P f2 * AP P f2 * 1p
s e (A% - AR AL+ (AT Al ar ).

(4.37)
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Figure 4.6. 7~ p and 7 p polarisation at pr., = 6 GeV/c (upper figure) and
10 GeV/c (lower figure)

If we assume that both the pomeron and the fs conserve s-channel helicity
then the second term on the right-hand side of (4.37) vanishes and the first
term must change sign to produce the cross-over effect. As the pomeron
is predominantly imaginary we can conclude directly from the data that
Im Af | has a zero at the cross-over point. This conclusion is supported
by detailed fits to the data and, as mentioned earlier, is in agreement with
finite-energy-sum-rule calculations. At sufficiently high energy the cross-
over will disappear and the differential cross section will be dominated by
pomeron exchange, as we saw in figure 3.7.

Finally we discuss the n%p polarised-target asymmetry data which are
shown in figure 4.6, from which it can be seen that they exhibit a strik-
ing mirror symmetry: P(r"p) ~ —P(m p). This immediately implies that
pomeron and fy interference effects in the polarisation are very small, as
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Figure 4.7. The moduli of the non-flip and flip helicity amplitudes in 7*p scat-
tering at pra, = 6 GeV/c (upper figure) and 16 GeV/c (lower figure)

they would contribute to P(n*p) with the same sign. It follows that nei-
ther can contribute significantly to the flip amplitude, supporting the belief
that pomeron exchange conserves s-channel helicity to a good approxima-
tion. Polarisation in 7p elastic scattering at high energy is thus mostly
due to interference of the pomeron helicity-non-flip amplitude with the p
helicity-flip amplitude. The polarisation should decrease with energy ap-
proximately as s®®)—ar{®) and the data are compatible with this. The
double zero in the polarisation at t ~ —0.55 GeV? is explained by the zero
in the helicity-flip amplitude at this point.

Although pomeron-p interference is the dominant contribution to the po-
larisation it cannot be the whole story as the data are not exactly mirror-
symmetric. The isoscalar-isovector interference terms cancel in the sum of
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Pdo/dt for mp and 7~ p scattering. This sum has been studied[61], with
the conclusion that the ratio of the isoscalar helicity-flip amplitude to the
helicity non-flip amplitude can be determined. It is small, but non-zero.
However the ratio necessarily involves a combination of fs and pomeron
exchange which cannot be disentangled experimentally.

Given a sufficient variety of data it is possible to extract the helicity am-
plitudes directly without the necessity of making any model assumptions.
One such set is available at pra, = 6 GeV/c, comprising the differential
cross sections, the polarisation parameter P of (4.34), and the spin-rotation
parameters R and A for both 77p and 7~ p elastic scattering. The spin-
rotation parameters are given in terms of the s-channel helicity amplitudes
by

d
647r]p1|23Rd—(tT = —(JAp 4> = |Ay_[*)cosB, — 2Re (A, A% )sin6,

do

647|p1|*sA i —(JA4+* = |A4_*)sin6, — 2Re (A4 A% ) cosb,
(4.38)

where 6, is the angle between the three-momentum of the scattered pro-
ton and that of the the incident pion in the laboratory system. An analy-
sis[171] of the data at pra, = 6 GeV/c confirms the general picture outlined
above. In particular it is found that the s-channel helicity-flip amplitude
for isoscalar exchange is non-zero, although it is small compared with the
dominant helicity-non-flip amplitude. Figure 4.7 shows the result of this
analysis for |A4 4 (t)| and |A4_(t)|. The relative phase between the two am-
plitudes is found to vary slowly with ¢ and to be close to 180° throughout.
Although there is not such a complete set of data the analysis was repeated
at prapb = 16 GeV/e, with similar results[171].

In summary, pion-nucleon scattering conforms rather well to the straightfor-
ward Regge picture. The isovector t-channel is dominated by p exchange,
with a contribution from the daughter p’. Both have zeros at the rele-
vant wrong-signature point. The isoscalar ¢-channel is dominated by the
pomeron and fo which exhibit no untoward features. The finite-energy sum
rules suggest a contribution from the fo daughter trajectory, which is small
and could also be attributed in whole or in part to cut effects. In general,
cut effects are small.
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Photon-induced processes

The Regge theory we have described in the previous chapters applies equally
well when either or both of the initial hadrons is replaced with a current,
for example the electromagnetic current. In particular, we may replace one
of the hadrons with a real photon. This is obviously true if we may use the
vector-meson dominance model, in which the photon is assumed to behave
just like an on-shell p or another vector particle. But the vector-dominance
assumption is not necessary: the applicability of Regge theory does not
depend on it. Most reactions discussed in this chapter are ones involving
pomeron exchange. However in section 5.6 we discuss pion photoproduction
with two objectives: one is to compare and contrast 7° photoproduction
with 77 p charge exchange; and the other is to look at the role of pion
exchange in charged pion photoproduction.

5.1 Photon-proton and photon-photon total cross sections

The photon-proton total cross section should be fitted by forms similar to
the hadron-hadron total cross sections in figures 3.1 and 3.2. This is verified
in figure 5.1. Extending the fit to low energies confirms the two-component
duality hypothesis, as is seen in figure 5.2. We discuss in section 7.5 whether
the fit should include an additional component, the hard pomeron.

The v total cross section can be predicted from the known pp, pp, pn, pn
and yp total cross sections. We need to determine the C' = 41 exchange
contributions. We can do this because, as we explained in section 3.1, the
data show that the fo trajectory couples much more strongly to the proton
than does the ao. The vp and «yn cross sections are found to be almost equal
at low energies, so fo exchange dominates over ao exchange here also. Thus

107
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Figure 5.1. ~p total cross section; the curve takes account of the exchange of the
soft pomeron, fo and as

we may extract the fo and pomeron couplings by applying the factorisation
(2.25) separately to the reggeon and pomeron terms in the vp and pp total
cross sections of figures 5.1 and 3.1. The result is shown in figure 5.3.

The total hadronic v+ cross section was measured at LEP in the ranges
10 GeV < /s < 110 GeV by the OPAL collaboration[172], and 5 GeV
< /s <145 GeV by the L3 collaboration[173]. The final cross sections are
rather sensitive to the Monte Carlo model used for the unfolding of detector
effects, different Monte Carlo simulations producing different results. The
resulting uncertainty is included in the errors on the OPAL data. The L3
data are shown with the use of two Monte Carlo simulations, the errors
corresponding to the statistical and systematic errors being combined in
quadrature. It is clear in figure 5.3 that the result of factorisation is com-
patible with the OPAL data, but the energy dependence is not sufficiently
strong to match that of the L3 data. This may be an indication that a
more rapidly-rising component must be added.

5.2 Vector-meson-dominance model

A striking feature of many photon-induced reactions is their similarity to
hadron-induced reactions. This finds its simplest realisation in the vector-
meson dominance model[174-176], in which the electromagnetic interac-
tions are mediated by vector mesons V', as indicated in figure 5.4. The
amplitude for the reaction v*A — B, where A and B are any hadronic
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Figure 5.3. 7 total cross section[172,173] with the prediction obtained from fac-
torisation

states, for transverse photons whose four-momentum g satisfies ¢ = —Q?,
can be written as

2
e m
AL 4 p(Q% 5,1, ) = Z(W) mging AL p(s,ts. ) (5.1)
\% Vv

where A\:C A_p(s,t,...) is the on-shell transverse vector-meson amplitude.
The coupling constants e/~y are in principle measurable in the eTe™ decay



110 5 Photon-induced processes

Figure 5.4. Coupling of a photon to a hadronic reaction, via a vector meson V'

et
Figure 5.5. The decay V — ete~

of the vector meson V, figure 5.5. In the narrow-width approximation

a? 4w
Ty ete- = ——5my. 5.2
V—ete 3 v‘Q/mV ( )
The values of 47 /7y for the p, w and ¢ are

4

4 4
T —0496+0.023 — —0.042+0.0015 — = 0.0716+0.0017. (5.3)
f)/p Yo 7¢>

The signs of 7, and +,, are positive, while that of v is negative[177].

The ete™ decay width is most easily measured in ete™ annihilation to
hadronic final states. For any final state f the total cross section for the
reaction ete™ — V — f via a single vector meson V is given by

4 (m? my Ty B
Ue*e*ﬂf(s) :47Ta22<v> 2\2 V2 2
W\ s /) (s—my)?+myly

(5.4)

where 'y, is the total width of the meson V' and B{; is its branching ratio
to the final state f. However, there is a problem as in (5.2) and (5.4) the
photon is timelike and the vector meson is on-shell, while in (5.1) the photon
is spacelike and the vector meson is off-shell. The resulting continuation in
(Q? which is required can introduce unknown form factors.

The amplitude for longitudinal photons must vanish at Q? = 0 and this
behaviour has to be imposed explicitly. This is most simply achieved by
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arbitrarily including a factor Q%/m#, into (5.1) to give

AL p(@%s,t,..) = Z( ¢ )(ng) m7%14@%3(3,75,...) (5.5)

7 \w/\mi ) mi + Q?

but this might not be the correct prescription.

So far we have not indicated to which amplitudes the vector-dominance
prescription should be applied. Since (5.1) and (5.5) can be regarded as
pole approximations to a dispersion relation in Q? it is most natural to
apply the model to invariant amplitudes free of kinematical singularities.
This is complicated for particles with high spin, so it is more usual instead
to use the s-channel helicity amplitudes which have a direct relation to
experimental data. The applications we shall make are not affected by this
approximation.

In many applications the vector mesons in the summation (5.1) are re-
stricted to the lowest-lying ones, namely the p, w and ¢. However higher-
mass vector mesons, for example the p’, w’ and ¢’ states which are known to
exist, can be considered and, at sufficiently high mass, replaced by a contin-
uum. Models of this type were first used to interpret nucleon form-factor
data, which require the inclusion of the higher-mass states. In contrast
the pion-form factor data are reasonably compatible with p dominance in
both the spacelike and timelike regions for |Q?| < 1.5 GeV?, as discussed
in section 3.2.

The inclusion of more higher-mass states leads to less and less predictabil-
ity, as the electromagnetic couplings are poorly known and off-shell effects
are increasingly important, so the connection between the vector-meson
on-shell coupling and that required in the application of the model be-
comes increasingly tenuous. An additional complication is the occurrence
of “off-diagonal” effects. The general vector-dominated form of the forward
amplitude for v*p scattering for transverse photons is

2 2
e m e m
AT, =N — —m AT (5.6)
P T;L*ymmgn—&-cy Ty, m2 + Q2

where AL is the transverse forward scattering amplitude for V,,p — V;,p.
The diagonal terms m = n correspond to elastic scattering. The off-
diagonal processes that have been measured are found to be small compared
with the elastic cross sections and so they are frequently neglected. Even
in the resulting diagonal approximation there is still considerable freedom.
From the optical theorem (1.25), applied to (5.6), the total cross section



112 5 Photon-induced processes

for transverse photons becomes

1 20 \2
o7 (5,Q) = 4m§n: = (h) o7 (s) (5.7)

where o is the total transverse cross section for V,,p scattering.

Unfortunately the electromagnetic couplings of only the p, w and ¢ are
known with any degree of accuracy, and for the higher mass vector mesons
there is much freedom in the choice of the couplings. Further, little is
known about the cross sections o as a function of m2, so obviously there

is considerable flexibility in the application of (5.7).

Equation (5.7) can be approximated as an integral over the vector-meson
continuum:

m s, m?
35, Q%) :/d 2(p+(Qg)) (5.8)
with )
ol (s,m?) = e Oeto— (m?) o (s, m?). (5.9)

The physical picture is that the photon dissociates into a ¢g pair of mass
m, which might or might not be bound. It then scatters on the proton with
a cross section o 1°%(s,m?). The equivalence of (5.7) and (5.8) is easily seen
by replacing o,+.- (m?) in (5.8) with a sum of vector-meson poles, as in
(5.4), to give

az*p(s,QQ) %l /dm 2+ QT2 +Q2) on(s,m?)
X (m2 — ) + m2I2
=4 Z m? M (s, m?)

2 9 (m? 4+ Q?)?

x( L - — LI ) (5.10)

m?2 —m2 —im,I'y,  m2—m2 +im,[,

In the narrow-width approximation, I';, — 0, the denominators m? — m? F

imply, — m? —m2 Fie so the last term in (5.10) is simply 27i6(m? — m?2),
giving the result (5.8).

In applications it is usual to separate out the lowest-lying poles in (5.9) and
start the continuum integral (5.8) from some threshold m3.

In general the vector-meson-dominance model is descriptive rather than
predictive but, despite its many limitations, when it is used with care it
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Figure 5.6. Forward differential cross section for exclusive p photoproduction.
The curve is the result from naive vector-meson dominance scaled by a factor 0.84.

provides a good qualitative guide and in some circumstances a quantitative
description. This includes the photoproduction of the light vector mesons,
which we describe in the next section. However, the model does not take
into account the fact that the coupling of the photon to quarks, unlike that
of vector mesons, is pointlike, and sometimes this is important. We saw an
example in section 2.8: amplitudes having one or more photons as external
legs may have fixed poles in the complex-I plane, while purely-hadronic
amplitudes cannot. We take the matter up again in section 9.2.

5.3 Vector-meson photoproduction

We may calculate the cross section for exclusive p® photoproduction, vp —
p%p, with essentially no free parameters, by assuming vector-meson dom-
inance and the additive-quark model. In the simplest version of vector-
meson dominance, the forward cross section is given by

o 4o do
—(p—=0"p)| =—5 —(p—0p)| - (5.11)
dt t=0 ’Y,% dt t=0

For the amplitude pp — p%p the exchange can only be C' = +1, so the
leading trajectories are the pomeron and the reggeons fs, as. According to
the additive-quark model, the forward amplitude is simply the average of
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Figure 5.7. Data[178] for yp — pp at /s = 6.86 GeV (upper figure) and 10.8
GeV (lower figure) with Regge curves. The data are events per 0.02 GeV 2.

the forward amplitudes for 77p — 7¥p and 7~p — 7 p. The imaginary
parts of these can be deduced from the total cross sections by the optical
theorem (1.25), and the pomeron and reggeon contributions are known
separately. The real parts are then given from the known signature factors,
so the complete amplitude is determined at ¢ = 0. The coupling e/7, can
be obtained from the known width of the p — eTe™ decay, using (5.4).

It turns out that that the energy dependence of this prediction is correct
but the normalisation is too high[179,180]. Multiplying by a factor of 0.84
provides an excellent description of all the data. This is illustrated in
figure 5.6. The factor of 0.84 can easily be attributed[181] to corrections
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Figure 5.8. ZEUS data[183] for yp — pp with the standard Regge-model predic-
tion. The lower ¢ data are at /s = 71.7 GeV and the higher-t data at 94 GeV.

to e/7, because of the finite width of the p, from the effects of closed
channels associated with nearby thresholds[182] or from the inclusion of
higher resonances.

To calculate the non-forward differential cross section for yp — p"p we need
the Regge trajectories for the pomeron and the fo, as, which we know from
hadron scattering. We also need the mass scale sg by which we must divide
s before raising it to the Regge power. As in the case of hadronic scattering
we use the Veneziano-model prescription and take it to be the inverse of the
trajectory slope. As we have seen in chapter 3, it is well established that
the trajectories couple to the proton through the Dirac electric form factor
(3.16). Wherever it can be experimentally checked the differential cross
section for p° photoproduction is found to have the same slope at small ¢
as the 7% p elastic differential cross section[178,184]. Within the context of
the pomeron and fo, as exchange, the inference is that the form factor of
the p is the same as that of the pion, Fj,(t) = Fx(t) with Fr(t) given in
(3.22). The amplitude for yp — p% is then

1.
T(s,t) = iFy (t)F,(t) (A,p (a/ps)eP®—1gmgimlar(H)-1)
+ AR (ahs)"‘ﬂ(“—le—%iﬂm(t)—l)). (5.12)

Normalising the amplitude such that do/dt = |T'(s,t)|?/(167) in ub GeV ™2,
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then the forward cross section curve in figure 5.6 requires
Ap =425 AR =112.7. (5.13)

Figure 5.7 shows the resulting cross section at /s = 6.86 and 10.4 GeV, to-
gether with the data[178]. These data are not normalised. The normalised
prediction at /s = 94 GeV is compared with ZEUS data[183] in figure 5.8.
The agreement is remarkable.

The p° shape is found to be skewed, with too many low-mass events and too
few high-mass events compared with a normal P-wave Breit-Wigner reso-
nance shape. The skewing is dependent on energy and momentum transfer,
and is most pronounced in the forward direction. A model which describes
this behaviour rather well is due to S6ding[185], following a suggestion by
Drell[186]. The skewing phenomenon is explained in terms of an interfer-
ence between direct p® production and the production of pion pairs with
and without rescattering. The process is analogous to the Deck mecha-
nism discussed in section 3.9, the p in figures 3.29 and 3.30 being replaced
with a pion and the a; with a p. The interference term changes sign from
positive to negative as my, passes through the p mass (see [137] for a sim-
ple explanation of this effect). It is primarily this which gives rise to the
skewing, although the interference term contributes little to the integrated
cross section. The Drell-S6ding model also provides a good description[187]
of the ¢ dependence of the cross section and of the angular correlation of
the photoproduced pion pairs. An application of the Drell-S6ding model to
p photoproduction and electroproduction at high energy can be found in
[188]. A simple phenomenological parametrisation of the skewing effect was
proposed by Ross and Stodolsky[189], which entails multiplying a normal
P-wave Breit-Wigner resonance by a factor (m,/ My )¥, with k an energy
and t-dependent parameter. A slowly-varying background is sometimes
added. This provides a good description[356,348] of the skewing effect.

Exclusive w photoproduction parallels that of the p¥, apart from the cross
section being an order of magnitude smaller because of the much smaller
width for the w — e + e~ decay and therefore the much smaller value of
the w — v coupling e/7,. A more interesting case is provided by exclusive
¢ photoproduction. Because of the Okubo-Zweig-lizuka (OZI) rule[190-
193] this is dominated by pomeron exchange alone, so the cross section
should rise as 5227 (0)=2 /p(s), where b(s) is the near-forward t-slope. Figure
5.9 shows a comparison with the data in the approximation that b(s) is
a constant, and the normalisation is chosen to fit the data. The fit is not
affected significantly if the forward peak is allowed to shrink in the canonical
way, that is b(s) = by + 2a/p log(s/so).

The normalisation does not agree with a simple application of vector-meson
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Figure 5.9. Total cross section for vyp — ¢p with pomeron-exchange fit

dominance and the additive-quark model. The pomeron-exchange contri-
bution to the K*p total cross section is 87% as large as for the 7Tp total
cross section. Thus the effective coupling of the pomeron to strange quarks
is only 73% of its coupling to the light quarks. The square of this then ap-
pears in ¢ photoproduction. Using this and the known width of the decay
¢ — ete™ predicts a cross section twice as large as that observed. There
are two possible explanations of this, and probably both are involved. One
is that the vector dominance model becomes less reliable as the mass of
the vector meson increases. The other is that the discrepancy arises from
wave-function effects, which are associated with the ¢ having a compara-
tively small radius and which should disappear at large Q2.

However, the cross section for the process yp — J/¢ p rises much more
rapidly with increasing energy than can be explained by soft-pomeron ex-
change alone. We explain in section 7.8 that the data are consistent[194]
with the presence of a second pomeron.

5.4 Spin effects in vector-meson photoproduction

In the application of vector-meson dominance to p° photoproduction we
have implicitly assumed that spin effects are unimportant, in particular
when we equate the p’p amplitude with the average of the 7tp and 7 p
amplitudes. We have seen that the hypothesis of s-channel helicity conser-
vation appears to work well in purely hadronic interactions. Exclusive p
photoproduction provides another test via pY-decay angular distributions.

The full information on the p’-decay angular distribution is contained in
independent density-matrix elements pfj which are discussed in appendix

E for the more general case of p° electroproduction[195]. For real photons
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with linear polarisation P, (E.3) becomes

T cos 0, 6,1) =

$(1— Po0) + %(3/}80 — 1) cos® 6 — vV2Re pYysin 20 cos ¢ — pd_; sin? § cos 2¢
— P, cos 2¢ (piy sin® 0 + ply cos® 0 — V2 Re pi sin 20 cos ¢

— pb_ sin? 6 cos 2¢)
— P, sin 2¢) (V2Tm p3, sin 20'sin ¢ + Tm p}_ sin? 0 sin 2¢)) (5.14)

where P, is the degree of linear polarisation of the photon. The elements
of the density matrix are bilinear combinations of the helicity amplitudes
T A1 MMy Where Ay, A, are the helicities of the initial photon and the
p, and Ay, Ay the helicities of the initial and final proton. These bilin-
ear combinations are summed over the nucleon and photon helicities (see
(E.8)), so the p helicities appear explicitly as the lower indices of the matrix
elements. The upper indices refer to the contribution from different photon
polarisation states, in this case 0 for an unpolarised beam and 1 or 2 for a
linearly polarised beam.

The decay angular distributions also allow a separation of the natural and
unnatural-parity t-channel-exchange amplitudes[196]. As expected, p pho-
toproduction is found to be completely dominated by natural-parity ex-
change. At low energies there is a small contribution from unnatural-parity
exchange, about 5%, which is consistent with one-pion exchange.

If we restrict ourselves to natural-parity exchange, there are only three in-
dependent helicity amplitudes: the non-flip amplitude 711, the single-flip
amplitude Ty1, and the double-flip amplitude T7_1. If we take the fur-
ther step of neglecting the double-flip amplitude then the non-zero density
matrix elements are

0 | Tou|?
00 T 2 + | Ton 2
2Re (THT* )
Re 0 — 01
P10 3 (Tu P+ [Tou?)
P(l)o = —Pgo
Re pip = —Re p
A= T |?
LT 2 4 T 2

Im pfy = Repiy
Im ply = —pi_1 - (5.15)
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Figure 5.10. p density-matrix element Re p, at \/s = 4.3 GeV for real photons
(upper figure)[197] and at 45 GeV for (Q?) = 0.41 GeV? (lower figure)[198]

We see from (5.14) that s-channel helicity conservation requires that the
data show a sin? 8 cos? 1) correlation, which is indeed observed at all ener-
gies. However a detailed study of the density matrix elements at /s = 4.3
GeV? with a plane-polarised beam[197] shows that the interference term
Re p, between the non-flip and single-flip amplitudes departs significantly
from zero in the range 0.2 GeV? < |t| < 0.8 GeV2. This is shown in figure
5.10. The dominant p}_; and Imp?_; are close to % and —% respectively,
as expected. At this energy there is still a significant contribution from fs,

ag exchange which cannot be separated from pomeron exchange.

The p density matrices have not been measured at HERA energies for
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real photons, but they have been for virtual photons[198,199]. The ZEUS
collaboration has data at small Q?, 0.25 GeV? < Q? < 0.85 GeV?, a region
which is still dominated by transverse photons. The data for Rep{, at
(v/s) = 45 GeV are shown in figure 5.10, and they clearly imply the presence
of a small helicity-flip contribution. In contrast a non-zero value for Re p{,,
is not apparent in the ZEUS data for Q% > 3 GeV?, nor in the H1 data
which are at Q% > 1 GeV?. However, both experiments have unambiguous
evidence for some non-conservation of s-channel helicity for longitudinal
photons in these higher-Q? data. We return to this point in section 7.8.

A mnon-zero result for Repl, is also found[178] at (,/s) = 8.5 GeV, with
the opposite sign from the data in figure 5.10. However, this could be due
to contamination by ete™ pairs in the data set, so no firm conclusion on
minor contributions can be drawn from these data.

5.5 Diffraction dissociation

Diffraction dissociation in photoproduction, yp — Xp, has been studied at
HERA[200] and shown to be consistent with the standard Regge theory of
section 3.4. The present data are at two centre-of-mass energies, (/s) =
187 and 231 GeV. While the data are for the reaction vp — XY, if one
requires that My < 1.6 GeV then one expects that the proton final state
will dominate. If the mass of the system X is too small then resonances
will dominate, so to apply triple-reggeon-coupling theory a lower cutoff of
4 GeV? is imposed on M? = M)Q{

Following (3.47), the cross section may be written in general as

do ij oy ( M2\ 1mai®=a5 () ( MPan(0)=1 (55
gae=2an0() NE)TT 0 ag)
.,

where - -
97 () = fL ) 7 () FL0)GY (¢). (5.17)
Here, fP(t) and fjp(t) are the couplings of the reggeons i,j to the proton,

[ (t) is the coupling of reggeon k to the photon and G?Cj (t) is the appropriate
three-reggeon coupling. In photoproduction the exchanges ¢ and j must
have the same signature so the phase difference ¢;(t) — ¢;(t) = —3m(c(t) —
o (1)).
Three different sets of terms are distinguished.

ij IPIP IPIP

e Diffractive: TP + R
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Figure 5.11. Photoproduction diffraction-dissociation cross section[200] at
(v/s) = 187 GeV (upper figure) and 231 GeV (lower figure). The lines, from
the bottom upwards, are the reggeon-exchange contribution, its interference with
pomeron exchange, pomeron exchange, and the total.
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e Non-diffractive:

e Interference:

The data were fitted[200] assuming linear degenerate meson trajectories (see
figure 2.8) with intercepts and slopes fixed at the typical hadronic values of
0.55 and 0.9 GeV~2 respectively. The pomeron slope was also fixed at the
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standard value of 0.25 GeV~2, but the intercept was left free. At small |¢|
the t dependence of the reggeon-proton and pomeron-proton couplings were
parametrised as f7(t) = f7(0)e’"! with i = IP or IR. The f are determined
from elastic scattering. It was assumed that G}/(¢) is a constant, so that
(5.16) becomes

- dM2 Z g ( )1—ai(t)—aj(t)(]\:)ak(0)—1

x e cos(Lr(ay(t) — a; (1)) (5.18)

Maximal coherence was assumed for the interference terms:

b ™ (0) = gf(0) = 9" (0)g " (0)|2
g™ (0) = gfi"(0) = lgf™ (0)gF " (0)]2

The scale factor was taken as so = 1 GeV?, leaving only five parameters: the

pomeron intercept ajp(0) and the four triple-Regge couplings gP P ggglp ,

gg.?lR and g%m

The model gives an excellent fit to the H1 data[200] and, simultaneously, to
fixed-target data[184] at /s = 12.9 and 15.3 GeV. The H1 data are shown
in figure 5.11, together with the fit and the three contributions: pomeron,
reggeon and interference. The importance of the latter is evident. The re-
sult for the pomeron intercept from this fit is ap(0) = 1.101+0.010 (stat.) £
0.022 (syst.) £0.022 (model), in satisfactory agreement with the values ob-
tained from hadronic data. The model error comes from letting the “fixed”
parameters vary between the limits set by hadronic data. Theoretical un-
derstanding of the interference is weak and there is no reason to impose
(5.19). For example, an equally satisfactory fit can be obtained without
interference but with an additional contribution from isovector exchange.
This gives ap(0) = 1.071 +0.024 (stat.) +0.021 (syst.) £ 0.018 (model),
which is again compatible with the hadronic value.

(5.19)

5.6 Pion photoproduction

Pion photoproduction provides another example of the application of finite-
energy sum rules and, in the case of charged pion photoproduction, of the
problems associated with pion exchange. Pion photoproduction differs from
pion-nucleon scattering, described in section 4.5, in that there are many
features of the data which cannot be explained by a simple Regge-pole
model, that is one dominated by exchange-degenerate trajectories whose
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contributions vanish where the signature factors (2.18) are zero. Regge
cuts are certainly required, and there are important contributions from
daughter trajectories. A detailed discussion of pion photoproduction can
be found in [201].

Pion photoproduction can be discussed either in terms of the four indepen-
dent s-channel helicity amplitudes T

AN )‘}V ’
and Ay, N are the helicities of the initial and final nucleons, or in terms of
four independent t-channel amplitudes F;. These amplitudes, the relations
between them, and the definition of cross sections are given in appendix D.

Here we summarise the salient features.

where A, is the photon helicity

The s-channel helicity amplitudes satisfy the conditions

Ti_=T-} T =T;}

T, =771 T, =171 (5.20)

We have used the usual convention of denoting the nucleon helicities only by
their sign, as there is no ambiguity. Because of the relations (5.20) it is also
conventional to use the A, = 1 helicity amplitudes and omit the photon-
helicity label. As the pion has zero helicity there is automatic helicity flip
at the photon-pion-reggeon vertex, so the net helicity flip is defined by the
nucleon helicities. Then T_, is a non-flip amplitude, 7+ and T__ are
both single-flip amplitudes and T’ _ is double-flip.

The amplitudes F; have definite parity in the t-channel. F} and Fy are
respectively natural and unnatural-parity ¢-channel amplitudes; and at
large s F3 and Fj are respectively natural and unnatural-parity ¢-channel
amplitudes. Further, the amplitudes F> and Fj satisfy the constraint
F3 = 2m, I at t = 0, where m,, is the nucleon mass.

In pion photoproduction it is possible in principle to make a complete set of
measurements[203] which determine the amplitudes up to an overall phase.
However, unlike pion-nucleon scattering, such a complete set of measure-
ments has not yet been made and the use of finite-energy sum rules to
provide supplementary information has been essential. The cross section
for a polarised photon incident on a polarised target is

do do
%(P, Pr,¢,Ps) = ) unpolarised(l — Prcos2¢ X
+P,(—=Prsin2¢ H + PoF') — Py(—T + Prcos2¢ R)

~P.(~Prsin2 G + P5E)). (5.21)

Here 3, R, T, E, F, G and H are functions of s and ¢, and are defined
in terms of the helicity amplitudes in appendix D. The other quantities
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Figure 5.12. 7 photoproduction differential cross section[202] at, from top to
bottom, £, =6, 9, 12 and 16 GeV

describe the polarisation state of the proton and the photon: P is the
polarisation vector of the proton, Pr is the transverse polarisation of the
photon, Py is the right circular polarisation of the photon, and ¢ is the angle
between the plane of photon polarisation and the production plane. The
data which are available for both charged and neutral pion photoproduction
are the unpolarised differential cross section; the polarised beam asymmetry
3 for linearly polarised photons; and the polarised target asymmetry 7. In
addition for 7° photoproduction there are data on R, the recoil proton
asymmetry, and on the quantities G and H which require simultaneous
polarisation of beam and target.

We start with yp — 7%, for which the principal reggeon exchange is ex-
pected to be the w. A significant contribution from p exchange is not
expected as the v-m-w coupling is about three times the y-m-p coupling,
and we have seen in (3.8) that the coupling of the w to the nucleon is about
four times the coupling of the p. C-parity excludes any contribution from
fo or ao exchange.

The unpolarised differential cross sections[202] for vp — 7% at E, =6,
9, 12 and 16 GeV are shown in figure 5.12. They look very similar to
the differential cross sections for 7~p — 7n. Just as the latter reaction
is dominated by the p-exchange single-flip amplitude, 7° photoproduction
is dominated by the w-exchange single-flip amplitudes. The dominance of
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Figure 5.13. Effective w trajectory obtained from the 7°-photoproduction differ-
ential cross section. The line is a(t) = 0.44 + 0.92¢ as in figure 2.13.

helicity flip can be inferred from the turnover in the cross section near ¢t = 0.
The origin of the minimum in the cross section at t ~ —0.55 GeV? is the
zero in w exchange due to the vanishing of the signature factor there, just
as for p exchange in 7~ p charge exchange. However 7° photoproduction is
more complicated[204] than 7~ p charge exchange, as can be seen from the
effective trajectory in figure 5.13. The line is the extrapolated fit to the
physical states on the w trajectory. This figure should be compared with
the corresponding one for p exchange, figure 4.4. It is clear that for 7
photoproduction a lower-lying trajectory or a cut is required, or possibly
both.

The relevant lower-lying trajectory is the one associated with b; exchange,
but the possibility of their being a significant contribution from it can be
ruled out. As the by trajectory is lower-lying than the w trajectory, we would
expect the dip to deepen with increasing energy. This is in contradiction
to the data. Further, b; exchange cannot produce an effective trajectory
lying above the w trajectory as is clearly required from figure 5.13. So cuts
are an essential and important part of the reaction.

The high-energy data alone do not determine the amplitudes, so it is essen-
tial to use finite-energy sum rules. The two principal results of a combined
fit[205,204] to the data and the sum rules are the following: to a good ap-
proximation the two helicity-flip amplitudes T’y ; and T _ are equal (which
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Figure 5.14. Differential cross section|206] for yp — 7n at, from top to bottom,
E,=5,8,11 and 16 GeV

is a consequence of the constraint between Fy and F3 (D.21) and of (D.24)),
and dominate the cross section; both Im 7 ; and Im 7 _ have zeros in the
region of t ~ —0.5, —0.6 GeV?, but the zeros in the real parts of these
amplitudes occur close to t = —0.2 GeV? so that the cut contribution is
primarily real.

These results confirm our qualitative expectations for w exchange, but the
cut contributions do not follow the conventional picture and are not un-
derstood. Thus 7° photoproduction provides a considerable contrast to
7~ p charge exchange. Not only are cut effects important in determining
the structure of the flip amplitudes, but also it is clear that no simple cut
model can account for all the structure observed. In general 7° photopro-
duction seems to set rather difficult problems for high-energy models, even
though the basic structure reflects the expected behaviour.

The differential cross section data[206] for yp — 7n at E, =5, 8, 11 and
16 GeV are shown in figure 5.14. Note that do/dt is plotted as a function
of \/—t to highlight the forward peak, which is an obvious feature. What
is not so obvious at first sight is the energy dependence: the cross section
decreases as approximately s~2. This is evident in the effective trajectory
in figure 5.15, which shows that aeg =~ 0 over the whole ¢ range. Another
obvious feature is that there is no dip at t ~ —0.55 GeV?2.

The forward peak, in which the differential cross section rises by more
than a factor of 2 between t = —er and t = tnin, is naturally associated
with pion exchange. Pion exchange is unique among reggeon exchanges.
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The T'(—«(t)) in (2.15) has a pole near the physical region, so for small
t one can approximate it by the pion-pole term. The pion-exchange term
vanishes in the forward direction, even though it occurs in the non-flip
amplitude Ty _ as well as in the double-flip amplitude T_,, and so by itself
it cannot produce a forward peak. The simplest prescription to cure this is
to put a pion pole directly into the s-channel helicity amplitudes with no
kinematic factors that are not required by s-channel angular-momentum
conservation[207,208]. In pion photoproduction this means replacing the
factorising form ¢/(t — m2) by m2/(t — m2) in the non-flip amplitude. As
we can rewrite m2/(t —m2) as t/(t — m2) — 1 we see that we are simply
adding a specific smooth background which interferes destructively with
the pole and which presumably should be associated with a cut. The pion-
exchange contribution to the double-flip amplitude is unaltered as there
s-channel angular momentum conservation requires that the ¢ dependence
is unchanged. This simple prescription describes all features of the near-
forward charged-pion-photoproduction data. It also has the advantage that
it can be applied to all pion-exchange reactions, not just photoproduction.
It has the disadvantage of being completely obscure theoretically, although
the effect can be reproduced in cut models albeit in a complicated way.

Pion exchange contributes only to the t-channel amplitude F>, which we
have seen must satisfy the constraint F3 = 2m,, F5 at t = 0. This constraint
is satisfied trivially by pion exchange as it vanishes at t = 0. However this
is not the case for the cut. The constraint equation automatically requires
a cut in F5 to be accompanied by a cut in Fj, that is the cut occurs both



128 5 Photon-induced processes

in the unnatural and natural-parity amplitudes. This immediately predicts
the behaviour of the polarised beam asymmetry ¥ = (o, — 0))/(0L — o)
at small ¢. From (D.27) we see that, near t = 0,

S~ (B2 = 4m2|Fol?) [ (B + 4m2| By ) (5.22)

so ¥ =0 at t = 0 from the constraint equation (D.21). As |¢| increases I
decreases rapidly but Fj varies slowly. Hence X will increase rapidly to a
value close to 1, in conformity with the data.

The fact that aeg ~ 0 over the whole ¢ range is evidence for strong cuts.
It is not surprising that the reggeon-exchange contributions, other than
the pion, are not obvious in the differential-cross-section data. Both p
and ay exchange are allowed, but we know from (3.8) that their couplings
to the nucleon are weak. We also know from 7° photoproduction that p
exchange is not important and that b; exchange does not make a significant
contribution. However, finite-energy sum rules[209] show that p and as
exchange, and their associated cuts, cannot be completely excluded. Their
presence is not seen directly in the data but through interference with the
strong pion cut in the natural-parity amplitude. The absence of a dip in
the differential cross section could be taken to imply that the p pole does
not have a zero there. However, the presence of the strong cuts, evident
from the energy dependence of the cross section, invalidates that argument.
The evidence from sum rules is that the zero is required[209].

There are two principal conclusions to be drawn from pion photoproduction.
The first is that cuts can sometimes be very important, even dominant. The
second is that there is no simple prescription for calculating the cuts. The
data provide a salutary reminder that the application of Regge theory is
not always straightforward. Fortunately, often it is, as we have seen in
chapter 3.
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QCD: perturbative and nonperturbative

In this chapter we describe briefly the basic physical principles of QCD and
give an overview of methods used and results obtained in the application
of QCD to diffractive scattering.

6.1 Basics of QCD

Today we think that we know the basic degrees of freedom, quarks and
gluons, in terms of which we should be able to describe all strong interaction
phenomena. The fundamental Lagrangian is

Lqocp(z) = — 1L (2) FM* (z) + Zq (iv Dy — my)q(z). (6.1)

Here ¢(z) are the quark fields for the various quark flavours ¢ = u, d, s, ¢, b, t
with masses m,. We denote the gluon potentials by A¢(x) (e =1,...,8)
and the gluon field strengths by

F,(z) = 0\Ag(2) — 0, A3 () — gofabe A (2) Ap (@) (6.2)

where gg is the bare strong coupling constant and fu,. are the structure
constants of SU(3). The covariant derivative of the quark fields is

Dyq(x) = (O +igo A} ta)q(x). (6.3)

Here t, = %)\a, where A, are the Gell-Mann matrices of the SU(3) group;
see appendix B. The gluon potential and field-strength matrices are defined
as

Ax(z) = AX () ta
Fy,(2) = F{,(2) ta. (6.4)

129



130 6 QCD: perturbative and nonperturbative

The Lagrangian (6.1) is invariant under SU(3) gauge transformations. Let
U(z) be an arbitrary matrix function, where for fixed = the U(z) are SU(3)
matrices:

Uz)U'(z) =1
det U(x) = 1. (6.5)

With the transformation laws

q(z) — U(x)q(x)

Ax(z) — Ula) Ay (@)U (z) — gZ.OU(m)BAUT(x) (6.6)
we find
Fip(z) — U(2)F),(2)U' () (6.7)

and invariance of Lqcp:
Lacp(w) = Lacp(@). (6.8)

So far we have considered the Lagrangian at the level of classical fields.
The transition to quantum field theory is most conveniently done using the
path-integral formalism.

This approach to quantisation by functional integration[210,211] has turned
out to be the most suitable one for non-Abelian gauge theories; it is also the
basis of most genuine nonperturbative treatments of QCD. For definiteness
we sketch here some essential features for the simple case of a real scalar
field ¢(z). Let us consider the vacuum expectation value of the time-ordered
product of a functional of the scalar field (0|T F[¢]|0). In the functional
approach it is given by the average over all possible field configurations with
a weight determined by the classical action. This is formally written as

O[T Fl6)0) = (Flg)) = [ Do Flo] 9 (69

with
Z = / Dp el and S[g| = / d*z L(¢,0,0). (6.10)

In order to give this integral a meaning we first go to a finite volume in
space-time and discretise it, for instance by a hypercubic lattice. The action
S[¢] and the functional F[¢] are expressed as functions of the field ¢ at the
discrete lattice points and the integration variables are the field values at



6.1 Basics of QCD 131

these points. As an intermediate step we have to form the high-dimensional
integral

;/f{ld@F(%...cﬁn) exp (1S(¢1 ... ¢n)) (6.11)

where ¢; = ¢(x;) and x; are the lattice points. The oscillatory integrals
are made convergent by introducing a small imaginary part, for instance by
giving the the masses a small imaginary part, m? — m? — ie, so that the
exponential acquires a term —e ), gb? which damps the integrand for large
values of the fields.

The functional integral (6.10) is defined as the limit of (6.11) for vanishing
lattice spacing and infinite volume. We shall not dwell on the enormous
mathematical and technical problems of this limit, since later we shall deal
with the only class of functional integrals which are under control analyt-
ically, namely Gaussian ones for which the action S[¢] is quadratic in ¢.
That is

Sl¢) = [ dad'y o)K@ — »)o(y). (6.12)
In this case we can perform the functional integration. We define the gen-

erating functional W[J] from which the vacuum expectation values of any
power of ¢ can be obtained by functional differentiation.

W(J) = (O[T exp (i / &'z J(z)¢(x))|0)
=5 [Poexn (i [ dtea@ow) exp (i [ d'edty o)K@ - o)
= oxp (L / d'edly (@) Kz~ y)J () (6.13)
where the inverse kernel & ~1(z — y) is defined by
/d4y K& —y)K(y - 2) = 8z — 2). (6.14)

We see that the inverse kernel K~!(z — y) is proportional to the vacuum
expectation value of the product of two field operators:

56 -
aJ(x)mW[ﬂ\JZO =LKk Y(x—y).  (6.15)

(0T¢(x)o(y)|0) = —

For the free field, for instance, we have a quadratic action with the kernel
K(z—y) = —3(0*+m? —ie) 8*(z —y), so that 1iK ~!(z —y) is the familiar
scalar propagator in position space.
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It is evident that the integral (6.10) is much more suitable for numerical and
rigorous mathematical treatment if the weight exp(iS[¢]) does not oscillate
but is strongly exponentially damped. This can be achieved by going to a
Euclidean field theory by the substitution

¥ — —iz?, 2 real. (6.16)
This may be achieved by a suitable analytic continuation. After the ex-
pectation value has been obtained in Euclidean field theory the resulting
expectation values are brought back to the real Minkowski world by the
inverse substitution z? — iz%. Lattice QCD calculations are done in Eu-
clidean space.

The transition to Euclidean field theory does not affect only the space-time
continuum. It is convenient to transform all four-vectors in order to keep
the usual relations among them. The zero component of the four potential
Ay is replaced with 744. As a consequence the relations between the field
strength and the potential preserve the conventional form and the Euclidean
action is positive.

With these methods one can develop the perturbation theory to give a
power series in the coupling parameter gy and derive the corresponding
Feynman rules, which are summarised in appendix C for unrenormalised
amplitudes and Green’s functions. However, when calculating higher-order
effects naively from these rules we encounter infinities which are treated
properly in renormalisation theory.

The basic procedure in the renormalisation theory of QCD is as follows.
When we replace the classical fields in the Lagrangian (6.1) with field op-
erators, we encounter products of two or more field operators at the same
space-time point. Such objects are highly singular and must be treated in
a limiting procedure. Thus as a first step we must introduce some regular-
isation procedure which makes all quantities finite. The two most popular
schemes for QCD are dimensional regularisation[212,213], where the num-
ber of space-time dimensions is changed from d = 4, and lattice regulari-
sation[214], where the (Euclidean) space-time continuum is replaced by a
grid.

The second step is to rescale the fields by suitable factors, the square roots of
the so-called wave-function renormalisation constants, and to choose new
“renormalised” coupling and mass parameters instead of the “bare” pa-
rameters of the original Lagrangian. The last step is then to remove the
regularisation keeping the renormalised parameters fixed. In this way we
get the final answers of the theory, to be compared with experiment.

In QCD the renormalised coupling constant g(M) can, for instance, be
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defined from the value of the renormalised three-gluon vertex function at a
convenient Euclidean momentum scale M. Clearly, M can be chosen freely
and g(M) will vary with M in a given theory defined by definite values
for the bare parameters. The equation governing this dependence of g(M)
on M is the renormalisation-group or Callan-Symanzik equation. In the
widely-used MS scheme[215] the mass scale M for defining g(M) enters in
a more formal way([27]. The Callan-Symanzik equation in this scheme is[27]
dg(M)

8D (g(0)). (6.17)
The function § can be calculated in perturbation theory. The expansion of
(3 in powers of g starts with the term of order ¢:

g /bBo Br o P2 3
56 = 5 (gr + g2 F gt )
92
where
Bo=11—-2ny (6.19)

and ny is the number of quark flavours. The terms up to order ¢° have
been calculated[27,216].

For ny < 16 we have 3y > 0 and the solution of the differential equation
(6.17) for small g is

2
R iflft +o())

= 2log (M /A1) (6.20)

where A(/) is an integration constant, which is understood to be defined
in the MS scheme unless specified otherwise. This shows that g(M) — 0 as
M — oo. To be more precise, this limit holds if there exists a value M for
which the coupling strength is small enough for the above expansions to be
applicable. The effective coupling strength goes to zero as the momentum
or energy scale in the interaction of quarks and gluons becomes very large.
This is the famous property of asymptotic freedom of QCD[217,218]. The
A parameter in (6.20) in essence sets the scale above which the coupling
strength becomes small, so that perturbative calculations have a chance
of being reliable. Note that, instead of the original dimensionless bare
coupling parameter gg, the coupling strength in the renormalised theory,
that is the function g(M), is governed by the dimensioned parameter A.
This phenomenon is called “dimensional transmutation”[219].
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approximate | number of active A)
energy range | quark flavours
M (GeV) ny (MeV)
> 200 6 88 £ 11
10 — 200 5 208 + 25
3-10 4 288 + 30
<3 3 326 £+ 30

Table 6.1. The number of active quark flavours and A™#) in the MS scheme for
various energy ranges

Today six quark flavours have been identified experimentally, so in principle
we should set ny = 6. However, when performing calculations in pertur-
bation theory using the MS scheme with ny = 6 we encounter problems.
Typically the perturbation series is ill-behaved unless the parameter M,
which in principle is arbitrary, is chosen suitably and unless the effects of
quarks with mass my > M are included using an appropriate resummation
technique. In the calculation of some quantity, M is in general the typical
energy scale involved. However, when a process involves more than one
energy scale, it is often very tricky and even controversial how to choose
an appropriate value for M. The resummation technique amounts to us-
ing as the expansion parameter in the perturbation series g(M) calculated
for ny equal to the number of active quark flavours, that is the number of
quark flavours with masses m, < M. When M crosses a threshold where a
new quark flavour comes into play n; changes, and A) and ArtD) are
related by matching conditions[220,221]. From comparisons of theoretical
QCD predictions with experiment one finds [27] a value for A®) as quoted in
table 6.1. The values for ny = 3,4 and 6 are calculated using the matching
conditions[220,27].

Even equipped with all these methods and tools we still face big problems
if we want to derive results for observable quantities from the Lagrangian
(6.1). The most notable is that Lqcp is expressed in terms of quark and
gluon fields whose quanta have not been observed as free particles. In the
real world we observe only hadrons, that is colourless objects, with the
quarks and gluons permanently confined. Nevertheless it has been possible
in some cases to derive first-principles results which can be compared with
experiment, starting from Lqcp of (6.1). These are found in the following
contexts.

(1) Short-distance phenomena in which all relevant momentum scales are
much bigger than the QCD scale-parameter A. Because of asymptotic free-
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dom (recall (6.20)) the QCD coupling parameter becomes small in this
regime and one can make reliable perturbative calculations. Perturbation
series in QCD are most likely to be only asymptotic series; see section 6.7.
Examples of quantities governed by short-distance interactions are the total
cross section for electron-positron annihilation into hadrons and the total
hadronic decay rate of the Z-boson; see for instance [222].

(2) Long-distance phenomena in which all momentum scales are at most a
few times A. Here one is in the nonperturbative regime of QCD and one has
to use numerical methods to obtain first-principles results from Lqcp, or
rather from the lattice version of Lqcp introduced by Wilson[214]. Typical
quantities one can calculate in this way are hadron masses and other low-
energy hadron properties. For reviews of these methods see [223,224].

6.2 Semi-hard collisions

There is a third regime of hadronic phenomena, high-energy hadron-hadron
collisions, which involve both long and short-distance physics. Thus, none
of the above-mentioned theoretical methods applies directly. Traditionally
high-energy hadron-hadron collisions are classified as hard or soft ones,
though often a so-called hard collision is really only semi-hard.

A typical semi-hard reaction is the Drell-Yan process, for example

T +N — Y+ X
— It~ (6.21)

where | = e or pu. The invariant mass of the lepton pair is assumed to be
large and provides a hard scale. However, the masses of the 7= and N
in the initial state stay fixed and thus we are not dealing with a purely
short-distance phenomenon.

In the reaction (6.21) we see in action the partons, the fundamental quanta
of the theory. These are the quarks and gluons; see for example figure 6.1.
In the usual theoretical framework for hard reactions, the QCD-improved
parton model[225,222], one describes the reaction of the partons by pertur-
bation theory. In the Drell-Yan case this is ¢¢ annihilation into a virtual
photon. Since the parton process involves only high energies and high mo-
mentum transfers, this should be reliable. All the long-distance physics due
to the bound state nature of the hadrons is then lumped into parton dis-
tribution functions of the participating hadrons. The theoretical basis for
this procedure is the factorisation hypothesis, which after early investiga-
tions of soft initial- and final-state interactions|[226,114] was formulated and
studied in low orders of QCD perturbation theory[227-233]. Subsequently,
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Figure 6.1. Lowest-order diagram for the Drell-Yan reaction (6.21) in the QCD-
improved parton model

great theoretical effort has gone into proving factorisation to all orders in
the framework of QCD perturbation theory. The result seems to be that
factorisation is applicable in many but not all circumstances. For reviews
see [234,235]. However, it is legitimate to ask whether factorisation is re-
spected also by nonperturbative effects. To the best of our knowledge this
question was first asked in [236-238]. There is some experimental evidence
for a breakdown of factorisation in the Drell-Yan reaction[239,240]. In [238]
and [241] it is argued that this should be expected due to QCD vacuum
effects.

Factorisation relates the two quark-emission amplitudes in figure 6.1 to
similar amplitudes that are relevant for other hard reactions, for example
the deep-inelastic lepton scattering discussed in the next chapter. The
figure may be used to calculate do/dmy, where my is the invariant mass
of the lepton pair. This quantity sums over all the possible hadronic states
that accompany the lepton pair.

If, however, one is interested in the details of these accompanying hadronic
states, things become more complicated: one has to take into account ad-
ditional initial and final-state interactions. These may or may not lead to
the production of additional particles; examples are shown in figure 6.2,
where the zigzag lines represent pomerons. To calculate a cross section,
one has to square figure 6.1 and the contributions exemplified by each of
the figures 6.2a and 6.2b and perform an appropriate summation over the
possible configurations of the final-state hadrons. In addition, there is the
interference between figures 6.1 and 6.2a. By using Mueller’s generalised
optical theorem, which we introduced in section 3.4, it is possible[226,114]
to show that when the summation is over all possible hadronic configura-
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< <

(a) (b)

Figure 6.2. Pomeron-exchange corrections to figure 6.1: (a) produces no addi-
tional particles, but (b) does.

tions, as is necessary to calculate do /dmy;, the interference term cancels the
contributions from figure 6.2, so that do/dmy; is correctly calculated from
the simple diagram of figure 6.1 alone. This cancellation is known as an
AGK cancellation, after its authors[156] who considered various such can-
cellations. Note that the cancellation is an asymptotic one, at sufficiently
high energy and large my;; we do not know how large these have to be for
it to become effective. If one ignores this problem, as is usually done, the
results generally seem to be reasonable.

6.3 Soft hadron-hadron collisions

Consider now soft high-energy collisions. A typical reaction in this class is
proton-proton elastic scattering at large centre-of-mass energies and small
momentum transfers. Here we have two scales, one becoming large, one
staying finite: /s > 1 GeV, [t| S1 GeV2. Thus, none of the above cal-
culational methods is directly applicable. Indeed, most theoretical papers
dealing with reactions in this class develop and apply models which are
partly older than QCD, partly QCD-motivated.

In 1952 Heisenberg[242] made some inspiring general field-theoretical con-
siderations concerning high-energy scattering and particle production. He
assumed that in a high-energy hadron-hadron collision in which the hadrons
are highly-Lorentz-contracted a meson shock wave is formed. Then he anal-
ysed what type of particle spectrum one should expect to be produced from
the evolution of this shock wave. For a free-meson theory one would just
have to perform a Fourier transform of the meson wave to see its particle
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content. A highly-contracted wave in the longitudinal direction in ordinary
space clearly will lead to a particle spectrum filling all the available longitu-
dinal momentum space. For a renormalisable theory of strong interactions,
he argued, the nonlinearities due to the meson-field self-coupling are in a
sense weak, and the spectrum should not deviate strongly from the free-
field result. On the other hand, for a non-renormalisable theory one has
very strong nonlinearities which will lead to strong coupling of modes with
high energy to low-energy ones and thus to a strong degradation of energy.
The particle spectrum should then have a strong concentration at low ab-
solute values of the longitudinal momentum in the centre-of-mass system.
Heisenberg estimated that the mean particle energy E in the centre-of-
mass system should grow only like log s. If we look today at the spectra
of mesons produced in nucleon-nucleon collisions, we find that the whole
available longitudinal momentum range is populated and that there is no
spike at small momentum; see for instance [243]. Thus, using Heisenberg’s
argument, we can conclude that the theory of strong interactions should
be of the renormalisable type. In fact, this conclusion could have been
reached already in the 1960s, but before the advent of QCD the idea that
field theory had anything to say on strong-interaction phenomena was not
very popular.

In his article of 1952 Heisenberg also gave an argument, similar to the one
used later by Froissart, Lukaszuk, and Martin to derive a rigorous bound,
see section 1.7, that the inelastic total hadron cross sections should increase
as (log s)? at high energies if the interaction is “strong”, that is of the non-
renormalisable type. His reasoning was roughly as follows. Consider as an
example a nucleon-nucleon collision at impact parameter b and centre-of-
mass energy /s. Then energy /s—2m is available for particle production,
but in general only a fraction r of this will in fact be used up. He estimated
that r should be determined by the overlap of the meson clouds of the
nucleons calculated from the Yukawa potential. This led to the ansatz

r = exp(—bmy). (6.22)

He estimated a minimal valye Tmin from the requirement that two mesons
with mean particle energy E can be produced:

(\[ - 2WLN)Tmin =2E. (623)

But rpin corresponds through (6.22) to a maximal value of b

1
bmax = —— 10g Tmin- (6.24)

™
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Then the total inelastic cross section was estimated as

max

bmax
ol — or / bdb = 7b?
0

0
— m—%(log rmin)Q

2
- <Iog ﬁ;g””) . (6.25)

m3
Thus having argued that the assumption of maximal strength gives E o
log s, Heisenberg concluded that the finite range of the interaction and
maximal strength make the cross section increase as (logs)? for large s.
Compare this with (1.68).

From the 1950s onward quite a number of approaches for describing hadron-
hadron scattering at high energies have been proposed including the geo-
metric, the eikonal, the valon, the additive-quark model, leading-log sum-
mations, topological expansions and strings, Regge poles, and two-gluon
exchange. For a list of representative references to original papers on these
approaches see [244]. Perturbative calculations for high-energy scattering
amplitudes in quantum field theory are treated extensively in the classic
book by Cheng and Wu[5].

We now argue that the theoretical description of measurable quantities of
soft high-energy reactions such as the total cross sections should involve
nonperturbative QCD in an essential way. Consider pure-gluon theory
where ny = 0, that is the term with the quark fields is absent in (6.1),
and Lqcp contains no dimensioned parameter. Although the basic quanta
are gluons, lattice calculations show quite conclusively that the asymptotic
particles of the theory are massive hadrons, namely glueballs. For n; = 0,
the theory acquires one dimensioned parameter through the renormalisa-
tion procedure, the A parameter of (6.20). For dimensional reasons we must
have mglueban AO). By choosing a large renormalisation scale M, so that
g(M) is small and we may just keep the leading term in (6.20), this can be
written as

Mglueball X Me_c/92(M), c=8r%/11. (6.26)

Thus, masses in pure Yang-Mills theory, which contains no bare mass pa-
rameter, are a nonperturbative phenomenon, due to dimensional transmu-
tation.

Scattering of glueball hadrons in massless pure-gluon theory should look
very similar to scattering of hadrons in the real world, with finite total
cross sections, amplitudes with analytic ¢ dependence etc. At least, this
would be our expectation. If the total cross section o™ for glueball-glueball
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scattering had a finite limit as s — oo, from the same dimensional argument
we would have

lim o1°t(s) o M—2e2e/9° (M) (6.27)
S§—0Q
In this case, total cross sections in pure-gluon theory are also nonpertur-
bative quantities. It is easy to see that this conclusion is not changed if
oT°%(s) has a logarithmic behaviour for s large, for instance

o (s) ~ ag(log s/50)%. (6.28)
We must have again
o0 oc A2 oc M2e2¢/9% (M) (6.29)

which shows that o'°!(s) cannot be expanded in powers of g. We would
then expect in full QCD that total cross sections are also nonperturbative
quantities, at least as far as hadrons made out of light quarks are concerned.

The arguments given above suggest trying to connect high energy soft scat-
tering to other nonperturbative phenomena in QCD, such as the structure
of the vacuum state, to which we turn next.

6.4 The QCD vacuum

According to current theoretical prejudice the vacuum state in QCD has a
very complicated structure; for reviews see [247,248]. It has been noted[249]
that by introducing a constant chromomagnetic field with strength B into
the perturbative vacuum one can lower the vacuum-energy density (B).
The result of a one-loop calculation is
2(M B

e(B)=1B? + 50392722)32 (1og — — %) (6.30)
where g(M) is the strong coupling constant, M is again the renormalisation
scale, and [y is given in (6.19). Thus, as long as we have asymptotic free-
dom, that is for 5y > 0, the energy density £(B) looks as indicated schemat-
ically in figure 6.3 and has its minimum for B = By,e # 0. Therefore, we
should expect the QCD vacuum to develop spontaneously a chromomag-
netic field, the situation being similar to that in a ferromagnet below the
Curie temperature where we have spontaneous magnetisation.

Of course, the vacuum state in QCD has to be relativistically invariant and
cannot have a preferred direction in ordinary space and colour space. What
has been considered are states composed of domains with random orienta-
tion of the gluon-field strength. This is analogous to Weiss domains in a
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i vac

Figure 6.3. Schematic behaviour of the vacuum energy density €(B) as a function
of a constant chromomagnetic field B according to (6.30)

Figure 6.4. (a) QCD vacuum according to Ambjgrn and Olesen[245]; (b) the
ether according to Maxwell[246]

ferromagnet. The vacuum state should then be a suitable linear superposi-
tion of states with various domains and orientation of the fields inside the
domains. This implies that the orientation of the fields in the domains as
well as the boundaries of the domains will fluctuate.

A very detailed picture for the QCD vacuum along these lines has been
developed in [245]. It is amusing to compare this modern picture of the
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Figure 6.5. Contributions to (0|1 (z)v,1(2)|0)

QCD vacuum (figure 6.4a) with the “modern picture” of the ether developed
by Maxwell more than 100 years ago[246] (figure 6.4b). The analogy is quite
striking and suggests that we may also be able to find simpler views of the
QCD vacuum. We should remember that Einstein made great progress by
eliminating the ether from electrodynamics.

A breakthrough in the quantitative investigation of the vacuum properties
came through the phenomenological analysis of hadronic currents in the
framework of the operator-product expansion by Shifman, Vainshtein and
Zakharov[250]. They showed that it is reasonable from a theoretical and
successful from a phenomenological point of view to add to the perturbative
expressions nonperturbative corrections which are proportional to powers
of the external momenta. These nonperturbative corrections involve prod-
ucts of universal constants, the QCD condensates, and calculable functions
representing the short-range behaviour. It has turned out that a few of the
condensates can yield a lot of information on physical two- and three-point
functions[251,252].

The local product of two field operators is normally not well defined and
has to be regularised. One way to do so is to subtract from it its vacuum
expectation value calculated in perturbation theory. The resulting product
is called a normal-ordered product, indicated by double dots : : . If A(x)
and B(z) are renormalised quantum fields we define

: Ae) B(z) : = lim (A@) B(x + €) = (0]A(z) B(z + €)[0)pert ). (6:31)

with a space-like separation e. Typical graphs contributing to the pertur-
bative vacuum expectation value (0[t(z)1(z)]0), where v is a quark field,
are shown in figure 6.5.

The simplest approach to the operator-product expansion[253] is to ap-
ply Wick’s theorem to a product of composite operators in the interaction
picture. For definiteness we consider the covariant version [254] of the time-
ordered operator product of two vector currents

Moo () = T : Playbla) : : D(0)eth(0) : - (6.32)
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Figure 6.6. Graphical representation of (6.33). The lines ending in a cross repre-
sent operators, the vacuum expectation values of which have to be taken in order
to arrive at (6.36).

Summation over spin and colour indices is performed but not indicated
explicitly. It can be shown to any order in perturbation theory that this
product of operators at different positions can be expanded in a series of
local operators to give

o (x) = C’gg(a:,p) 1+ -+ + QC:)LG(x,,u) L tr g°F 0 (0)FH(0) : 4+ -+ .
(6.33)
The coefficient functions C*(z2, 1) can be calculated in perturbation theory.
They will depend in general on the renormalisation scale y as do the remain-
ing operator products. Here only the terms proportional to the unit oper-
ator and to the gauge and Lorentz-invariant operator : tr g°F,,, (0)F*(0) :
are shown, as they are the most interesting ones for us. Other terms involve
operators like : 10(0)(0) : or : tr g3FW(O)F””(O)Fg(O) : . Equation (6.33)
is the operator-product expansion of the operator product Il,,(x) of the
vector currents. It is represented graphically in figure 6.6. The lines ending
in a cross represent operators.

By definition of the normal-ordered product (6.31) the vacuum expectation
value of II,,(x) calculated in perturbation theory reduces to ng(sc, w):

(0TTpo (2)]0)pere = Cpo (2, 1) - (6.34)

It is, however, conceivable that the expectation values of normal-ordered
products with respect to the physical vacuum, representing the no-hadron
state, do not vanish and genuine nonperturbative terms occur. For the
Fourier-transformed expression, after some calculation one obtains for mass-
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less quarks

Ol (@]0) = i [ ' €40/ ()0

= (QpQU — Ypo q2)ﬁ(q2) (6.35)
where
(¢%) = C%* ) 1+ - +2C* (g%, 1) {0ltr g* : F oy (O)F#(0) = [0) + - - -
(6.36)
with

~ 1 « —q?
0,2 _ Zs 2
O, ) = —gm (1+ ) log — 5 + 0(ad)
~ 1 1
402 N
C g, p) = 182 g (1+0(as)). (6.37)
By comparing the phenomenological expression for the correlator with (6.36)
Shifman, Vainshtein and Zakharov[250] were able to determine the gluon
condensate (0| : g?trF,,,F#*” : |0) from charmonium spectra and predict
correctly other resonances by applying an operator-product expansion like
(6.36) to the product of currents interpolating these resonances. The ac-
cepted value for the gluon condensate currently is[255]

(PFF) = 2(0| : tr g?F, F* : |0) = (0.9 + 0.1GeV)*. (6.38)

The gauge-invariant two-gluon operator in pure gauge theory is related to
the trace of the energy-momentum tensor

Blg v
o = (g) ctrF, B (6.39)

where [(g) is the § function defined in (6.18). From this it follows that
(g2 FF) is renormalisation-group invariant up to corrections of order a?.

It is often convenient or even necessary to confine oneself to approximations
in which internal fermion loops are not taken into account. This is the so-
called quenched approximation. It can be realised in the limit No — oo.
The number of colours N¢ is increased to infinity, but the product asN¢ is
kept fixed. The value of the gluon condensate in a theory can be estimated
from a low-energy theorem[256] relating the mass dependence of the gluon
condensate to the condensate of light quarks, which is well known. It can
be inferred that in quenched QCD the gluon condensate is about a factor
2 to 3 larger[256] than in full QCD:

(*FF)quenched = (1.2 £ 0.1 GeV)™. (6.40)
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Though condensates are a well-established concept in the operator-product
expansion it is hard to calculate them by genuinely nonperturbative meth-
ods like numerical lattice QCD. The problem lies just in the concept of
normal ordering. One might assume that the short-distance behaviour in
perturbative QCD is under complete control because of asymptotic free-
dom. However the Wilson coefficients are most probably not well defined
since perturbation theory itself indicates that unsummable divergences lead
to undetermined contributions which behave like an inverse power of ¢2.
This feature makes it impossible to subtract the perturbative part in a
well-defined way. Since these ambiguities also play some role in the per-
turbative treatment of hard-scattering processes we devote section 6.7 to
them. Needless to say, we are not prevented from applying our models
by this difficulty. If we separate perturbative from nonperturbative con-
tributions, we understand by perturbative contributions either only a few
orders or a perturbative series where all internal momenta are greater than
a certain cutoff. All uncertainties resulting from the ambiguous definition
of normal ordering are absorbed in the models for nonperturbative effects.
In the following double dots : : will indicate that we are considering the
nonperturbative contribution only.

6.5 Nonlocal condensates

The introduction of condensates in QCD formed an important step away
from the purely short-distance physics of perturbative QCD. In order to go
to even larger distances and to handle confinement and related problems,
at least in models, we have to go a step further and consider nonlocal
condensates such as

(: tr g*F L (y)FH () 2 . (6.41)

In the following we treat the fields as classical ones, the quantisation coming
through the functional averaging indicated by the brackets ().

Nonlocal condensates have advantages over local ones. They are well de-
fined for x # y and for large separations z = x —y they are nonperturbative
by definition. In a non-Abelian theory the matrix elements of the field-
strength tensor are colour matrices. They are not locally gauge-invariant
but transform under a local gauge transformation U(z) as

F(2) — U(@)F,,(2)U () (6.42)

See (6.7). Therefore a nonlocal condensate such as (6.41) cannot be defined
in a gauge-invariant way.
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In order to overcome this problem we define a gauge-invariant gluon corre-
lator (nonlocal condensate) in the following way. Let the connector or par-
allel transporter ®(x,y) be the non-Abelian generalisation of the Schwinger
string from point x to y:

®(z,y) =Pexp ( —ig /01 d\(y—x)lA, (x + X (y — x)) ) . (6.43)

Here P denotes path ordering of the colour matrices in A,. Note that we
are still on the classical level. For nonperturbative considerations it is most
convenient to adopt the prescription from lattice regularisation and then
go to the continuum limit:

Pexp(—ig/old)\(y—x)HAM(x—i—)\(y—:c))) =
N

A}i_r)noo 1 exp ( - zg%(y —x)'A, (ZL‘ + %(y — :1:))) (6.44)

The ordering in a product Hi]L a; is defined as ay ... a2 aq.

Using the gauge transformation (6.6) of the colour potential and the def-
inition of the path-ordered integral one can show that ®(x,y) transforms
under local gauge transformations as

®(z,y) — U(y)®(z,y)U' (x), (6.45)
and therefore the expression : trF,, (y)®(z,y)F*" (z)®(y,x) : is gauge-
invariant.

We can define the gauge-invariant nonlocal gluon condensate as
Dype(y —x) =2(: tr gQFW(y)‘I’(m, YF oo (2)®(y, x) ). (6.46)

For comparison with results from lattice calculations and applications in
nonperturbative approaches it is more convenient to consider first the cor-
relator in Euclidean field theory. The transition to Minkowski metric will
be discussed in sections 8.5 and 8.11.

Four-dimensional rotational invariance corresponding to Lorentz invariance
restricts the tensor structure of Dy, (y — ) in such a way that it can be
described by two invariant functions D and Dq:

2
g‘FF
Dywpo(2) = < 12 i ((éﬁp‘sw - ‘Slw‘sl/p)D('ZQ)’£
+(1i(z vo — Zo0up) + li(zg&, —z 51,0))171(22)(1 - ﬁ))
292, P) T2, P~ %p

(6.47)
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where z = y — x. The constant x can in principle take any value. The
invariant functions are normalised to

D(0) = D1(0)=1. (6.48)

In an Abelian gauge theory such as QED the homogeneous Maxwell equa-
tions 0,,e""P? F,; = 0 imply that only the second tensor structure can appear
which means that x has to be zero. Hence the tensor multiplying D(z?) is
typical of a non-Abelian theory.

The correlator (6.46) has been evaluated numerically[257] in Euclidean lat-
tice QCD using a special method in order to enhance nonperturbative ef-
fects. In this way one has obtained D and D defined through

Dy(z) = = (g*FF)(D(=%) + Di(=%))

12
D (%) = 1—12<92FF> (Di(=2) + 22%1)1(%)) (6.49)

for 22 > 0. It is found that the typically non-Abelian structure is dominant
and the functions D(2%) and D;(z?) fall off exponentially for 22 — co with
a correlation length a ~ 1 GeV ™!,

The correlator (6.46) can also be viewed as a two-point function of gauge-
invariant currents in an extension of heavy-quark effective theory and it can
be shown that confinement implies an exponential fall-off at large distances
|z — y|. In this approach the correlation length has been calculated using
QCD sum-rule techniques[258] and found to be consistent with the lattice
results.

The special model forms[259]
/ dk . 27mk?
(

e
27r)4 4a2 (k2 + 552 )4

1
_ 37|z K (37T|Z) B 73W|Z|K0 (37r|z|>
8a 8a 4 8a 8a

dik . 97t
Die) = [ ke
(2m) 2a2(k? + 25)3

3r|z| 37r|z]>
= K 6.50
8a ! ( 8a ( )

are convenient for a continuation from Euclidean to Minkowski space since

they have simple analytic properties in momentum space. The correlation
length a is defined through

D(2%) =

/OOO d>D(=%) = a. (6.51)
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Figure 6.7. Lattice data[257] for D and D, defined in (6.49). The fits use the
functions (6.50) for the nonperturbative part and a singular term 1/z* for the
perturbative part. The solid line is the combined fit, and the dashed curve is the
nonperturbative part alone.

These model forms are well adapted to later applications in high-energy
scattering. Furthermore they give a good fit to the lattice data. In [260]
the results of the lattice calculations are fitted with the functions (6.50)
for the nonperturbative part and a singular term 1/2z* for the perturbative
contributions. In figure 6.7 the lattice data for quenched QCD as a function
of distance |z| are displayed together with the fit. The solid lines are the
full fit, the dashed ones show it with only the nonperturbative part. For the
nonperturbative part the following results were obtained in the quenched
approximation:

a=0.32840.005fm x=08940.02 (¢°FF)=(1.22+0.02GeV)?
(6.52)
where the errors are the statistical ones. The results for the correlation
length and « are very stable. However the result for (g2 FF) is plagued not
only by numerical uncertainties but, due to the high mass dimension, also
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by the uncertainty in the physical scale.

6.6 Loops and the non-Abelian Stokes theorem

We generalise the connector ®(x,y) with a straight line defined in (6.43)
to the line integral over an arbitrary continuous curve C(x,y) from point x
to point y:

V[C(z,y)] = Pexp ( —ig /C(m ) dz“Au(z)) : (6.53)

Again we consider first classical fields; the quantisation will come through
the functional averaging, indicated by brackets ().

The line integral V[C(z,y)] has the same transformation property (6.44)
as the straight line ®(z,y). It also satisfies the relation

V[C(y,2)] = VI[C(z,y)] = V[C(z,y)]. (6.54)

If the curve C(x,y) forms a closed loop, that is the points x and y coincide,
and if the trace of V[C(z,x)] is taken, then the result is a gauge-invariant
quantity, the Wilson loop. It is independent of the point x. In the following
we shall denote this gauge-invariant quantity by W|[C|:

WI[C] = tr V[C(z,x)] = trPexp ( —ig dz“A”(z)). (6.55)

C(z,x)
The loop together with the interpretation of links on the lattice as dynam-
ical variables was introduced in Zy gauge theory by Wegner[261] and their
importance in QCD was recognised by Wilson[214] in his classic paper on
lattice QCD. In QCD the dependence of the loop on the geometrical proper-
ties of the curve C indicates whether there is confinement. If in Euclidean
quenched QCD the expectation value (W[C]) of the loop falls off as the
exponential of the minimal area enclosed by C' we have confinement; if
it depends on the perimeter there is no confinement. In Euclidean QCD
there is a simple connection between rectangular loops and the potential of
a static quark-antiquark pair. Let Cr be a rectangle with length 7" in the
x4 direction and width R in one space direction, say x;. Then the static
potential is given by

Vo(R) = — Jim - 10g{IV[Cr]) (6.56)

Thus the area law implies a linearly rising potential between a static quark-
antiquark pair.
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Figure 6.8. (a) Illustration of the non-Abelian Stokes theorem. (b) Magnification
of the right hand side of (a).

The Wilson loop W[C] can be expressed through the field strength F,, by
applying the non-Abelian generalisation of the Stokes theorem[262-264].
This theorem can be derived in several ways; the simplest one relies on a
geometrical representation. For that we introduce the plaquette, the loop
of a small square ng(x) in the plane defined by vectors in the p and v
directions with small side-length d, and with lower left corner at the point
x. If the potential in the exponent is expanded in a Taylor series about the
point x one can express the plaquette V[C’ﬁu(az)] through the field tensor
F,.(x):

V[Ci,(2)] = exp (—id® By (z) + O(d?)) (6.57)

We can redraw the loop Cp of the simple rectangle at the left of figure 6.8a
in a complicated way as in the figure. All inner line integrals (shown as
dashed lines in figure 6.8b) of opposite direction cancel at the end because of
the property (6.54). Therefore both curves, the simple and the complicated
one, give the same expression. Applying (6.57) to the plaquettes 1, 2, ...
we obtain

Pexp ( — g dz“AM) =

Cr(w)
[T exp (—igVIC! (1w, 2) By (@) VIC (0, w)] + O)) (6.58)

where C'(w, x,,) is the path from the lower left corner of C' to the point .,
as indicated explicitly in figure 6.8b. We introduce the parallel-transported
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field tensor F, [z; C(w,x)] by
Folz;C(w,z)] = VIC(w, x)|F . (x)V[C(z,w)]. (6.59)

In the limit of d — 0 we can neglect the higher terms in d. Defining the
surface-ordered integral as the limit of the right hand side of (6.58) we
obtain

Pexp <igj{Cdz“ Au) = Pexp <ig/SdJ‘“’ FW[:U;C'(w,x)]) (6.60)

where the surface integral [qdo*” can be taken over any surface S with
boundary C' and w can be chosen anywhere on the surface. This is the
non-Abelian Stokes theorem.

Under a local gauge transformation the parallel-transported field-strength
tensor F, [x; C'(w, x)] of (6.59) transforms as

F . [(2; C(w,z)] — U(w)F . [z; C(w, )] UT (w). (6.61)

The gauge-invariant correlator (6.46) can also be expressed through the
transported field strength (6.59) as

Dyvpo(y —x) =2(: tr gQFW[y; C(w,y)]Fpo|z; C(w,x)] ) (6.62)

where w is a point on the straight line connecting x and z’. Note that for
a straight line the correlator is independent of w.

In the case of an Abelian gauge theory the parallel-transported field strength
is identical to the untransported one since the gauge matrices U in equation
(6.61) are complex numbers and cancel. Then (6.60) is the familiar Stokes
theorem.

6.7 Stochastic-vacuum model

In this section we present a model which can be applied to evaluate func-
tional integrals approximately[265,266]. It was originally formulated in
Euclidean field theory, but it can easily be continued from Euclidean to
Minkowski space and thus be applied to high-energy scattering. The essen-
tial assumption of its most radical and phenomenologically useful version
is that the nonperturbative behaviour of QCD can be approximated by
a Gaussian stochastic process (6.13) with the field strengths as stochastic
variables, that is as integration variables in the functional integral. This
assumption already yields one of the most striking features of QCD, namely
confinement. A derivation of confinement in the framework of the model not
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only yields an important result, a relation between the confining potential
of two heavy quarks and the correlators (6.62), but also is a good demon-
stration of the techniques necessary to apply the model to high-energy
scattering.

We now state the assumptions of the model. For motivations and details we
refer to reviews[267-269,244]. The principal assumption, that the nonper-
turbative behaviour of QCD can be approximated by a Gaussian process
in the field strengths as in (6.13), can be expressed by the equation

(WiC)) = <trPeXp ( — ig/SFW[x,C(w,x)]dU“l’)>

A exp ( - %gz< /S do" do""2 tr F [z, C(w, 2)]F po 2/, C’(w,x/)]>).
(6.63)

To come from (6.13) to (6.63) one has to insert for ¢ the field strength
F,, and for J(z) a distribution which vanishes everywhere except on the
surface S. The inverse kernel K ! corresponds to the correlator of the field
strengths.

In order to come from the representation (6.55) of the Wilson loop to the
one containing the field strengths F,,,, we have made use of the non-Abelian
Stokes theorem (6.60). This introduces a path ordering, but since the trace
is symmetric the path ordering of the integrals in the exponent of the second
line of (6.63) plays no role. The assumption of a Gaussian process includes
that all higher correlators can be expressed by the two-point correlator. If
the points xj ...x4 are ordered according to the surface ordering then for
the four-point correlator, we have for example,

(F(21)F(22)F(23)F (24)) = (F(21)F (22))(F (23)F (4))
+ (F(21)F(23)) (F (22)F (24))
+ (F(21)F(24))(F(22)F (23))  (6.64)

with F(z;) = Fp,., (25, C(w, x;)). The Gaussian approximation can be con-
sidered as the first step of the linked-cluster or cumulant expansion[270].
Higher cumulants describe the deviation from factorisation. Most of the
general results of the model are valid beyond the Gaussian approximation
only if the cumulant expansion converges.

F F F
F F F

Were it not for the path C(w, x), which in general is not part of a straight
line connecting x and z’, we could directly insert (6.47) into (6.63). So we
make the additional assumption that a reasonably-chosen reference point
does not influence the results too strongly. A reasonable choice of the posi-
tion is in the minimal plane spanned by the border C' of the loop of (6.63)
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Figure 6.9. Contributions of the typically non-Abelian structure D (k = 1) and
of Dy (k = 0) to the nonperturbative part of the static quark-antiquark potential
calculated from the stochastic-vacuum model

or, more generally, at a distance which is not great compared with the di-
mensions of the loop. For an unreasonable choice the Gaussian factorisation
is no longer plausible.

If this strong assumption is made we can insert (6.47) into (6.63) and cal-
culate the static potential using the relation (6.56) expressed through the
field strength rather than through the potentials. Before we come to details
we can show easily that the area law of the Wilson loop follows from (6.63)
under the assumption of a finite correlation length of the correlator. Let
the dimensions of the loop C' be large compared with the correlation length.
Performing the integration over da;w in the exponential of the second line
of (6.63) one obtains K (¢?F F)a?, where K is some number independent of
x. The remaining integration over do, then yields the area of the minimal
surface whose border is the loop C.

A detailed analysis of (6.63) shows that the two different tensor structures
in (6.47) give rise to very different behaviours of the potential. Only the
term proportional to D, which is specific for a non-Abelian gauge theory,
yields a linearly rising potential. The typical behaviours of the potential
with k = 1, to which only D contributes, and of the potential with x = 0,
to which only D; contributes, are given in figure 6.9.

We only quote the string tension oy, the asymptotic slope of the linear
potential, resulting from that calculation:

2FF
= D .
o, = 4 v / d2? (6.65)

The numerical values (6.52) from lattice calculations yield o, = 0.17 GeV 2.
Given the numerical uncertainties, especially of (¢? F F), the agreement with
the phenomenological value[271,272] 0.18 £+ 0.02 GeV? is surprisingly good,
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and supports the assumption of Gaussian factorisation. Another strong
point in favour of Gaussian factorisation is that in various representations
of SU(3) the expectation value of the Wilson loop is proportional to the
eigenvalue of the Casimir operator of the representation[273,274]. Also, the
spin structure of the potentials can be evaluated in the model and comes
out to be in agreement with experiment.

Unfortunately Gaussian factorisation at the matrix level as implied by
(6.64) is not sufficient for the evaluation of two loops which will be essential
for high-energy scattering. Therefore in the following we make the even-
stronger assumption of Gaussian factorisation for the colour components of
the field strength tensor, which is our final input to the model:

( PR E{F ) = FUE? ) FSF{ ) + ¢ FOURS ) F§2Fj )
R ) B ) (6.66)

where Fj" stands for Fjj, [z;); C(w,2(;)]. Under the assumption that the
dependence of the correlators on the path can be neglected,

(g2 Py (z;C(w, z)) Fga(m'; C(w, ")) :) = %(Wme,po(iL‘ ) (6.67)

where D0 is given by (6.47). The factorisation in the colour compo-
nents leads to some technical difficulties in the evaluation of a single Wilson
loop which have to be controlled by a technical prescription as explained
in [275,244]. With this assumption one can calculate the gauge-invariant
field distribution of a static quark-antiquark pair[275,276]. This is done
by evaluating the product of two loops, a plaquette for the squared field
strength and a large loop representing the static quark-antiquark pair. The
results for the field-energy density due to the presence of a static quark-
antiquark pair are displayed in figure 6.10; (a) is the pure Coulombic part,
(b) includes the nonperturbative part. The formation of a nonperturbative
string is clearly visible. The result in figure 6.10(b) compares favourably
with numerical calculations[277] made in SU(2) lattice QCD.

We summarise the main features of the model.

e In order to obtain the area law for the Wilson loop it is necessary
to assume that the field strengths F,, rather than the potentials A,
have Gaussian correlators.

e The model yields confinement only for a non-Abelian gauge theory like
QCD but not for QED. In order to obtain confinement in an Abelian
theory monopoles must condense. For an Abelian theory without
monopoles the inhomogeneous Maxwell equations imply x = 0 and
hence a vanishing string tension according to (6.65).
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Figure 6.10. Energy density in GeV fm~3 of a qq pair. The unit in the horizontal
directions is the correlation length. The separation of the qq pair is 9 correlation
lengths. (a) Colour-Coulomb contribution alone with oy = 0.57 and (b) including
the nonperturbative contribution.

e In order to obtain the string tension (6.65) we have used the minimal
surface bordered by the Wilson loop in evaluating the integral in
(6.64). The assumption of vanishing higher cumulants is thus not
independent of the choice of the surface.

e If the model is extended from a matrix factorisation to one in the
colour components of the field strength (6.59) one can also calculate
the product of two or more loops, and especially the density of the
gauge invariant field strength squared Y, (E%)?, 3°,(B%)?. One then
obtains a string-like distribution of the field energy, figure 6.10(b).
The total field energy obtained in this way is fully consistent with
the potential and fixes as =~ 0.6 in the nonperturbative region[275].
This implies that the scale which separates the perturbative from the
nonperturbative regime is around 1 GeV.

6.8 Renormalons

In this section we discuss the relation between the perturbation series and
some nonperturbative contributions, the so-called renormalon terms. This
is also relevant for giving a more precise meaning to condensates. As a
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concrete example consider the correlator function of two vector currents as
in (6.32), in particular for the case of QCD with one massless quark flavour,

d -
2y _ 2 2 2

D(Q7) = —127°q dti]'_‘[(q ) Pee?

for large positive Q2, where II(¢?) is as in (6.35). In renormalised per-
turbation theory we can calculate the expansion of D(Q?) in powers of

as = ag(Q):

(6.68)

D(Q*) = f(as) ~co+ cras +coa + -+ . (6.69)

The series (6.69) is most probably not convergent but only an asymptotic
series for as — 0. This means the series in (6.69) is divergent for every
as # 0. We indicated this by the symbol ~ in (6.69). The series in (6.69)
is the asymptotic series of f(«y) if for every n =0,1,2,...

O}jTO(O‘S)_n[f(QS) = Sp(as)] =0 (6.70)
where

Sp(ag) = Z crak (6.71)
k=0

is the nth partial sum. The behaviour of ¢, for large k is estimated[278] to
be
cr < k! (6.72)

For finite g the partial sums (6.71) typically give an increasingly better
approximation of f(as) up to some value 7 which depends on ag. Forn > n
the Sy, (as) deviate more and more from f(as).

We note that f(as) and f(ag) + Ce=%®, where ¢ > 0, have the same

asymptotic expansion for ag — 0. Inserting the leading behaviour (6.20) of
as(Q) for large @ we find

A2 cBo/(4m)
e—c/as(Q) <QQ) i (6.73)
Thus, as we have stressed several times in this chapter, in principle pertur-

bation theory can tell us nothing about power corrections, that is nonper-
turbative contributions.

Nevertheless, with the help of further hypotheses we can build a bridge
between perturbative and some nonperturbative terms. For a review see
[278]. Let us assume that f(«s) can be represented as an integral

flas) = 1/000 dXx f(A)e Mes, (6.74)

(o4
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Figure 6.11. Integration path in the Borel plane for (6.74)

Here f()\) is called the Borel transform of f(a,) and the complex A-plane
is the Borel plane. To study the properties of the ansatz (6.74) we take a
simple example which is encountered in the calculation below of D(Q?):

. (1 +b)

fo(A) = (1= o)t (6.75)

where \g > 0 and b is a non-negative integer. We take the integration in
(6.74) to run along the curve C' as shown in figure 6.10, that is below the
pole at A = Ag.

The function f5(\) has a convergent power series expansion for |A| < g

L1 +n+0)
Z)\ Do (6.76)

On the other hand, inserting (6.75) into (6.74) and performing successive
partial integrations gives

n T'1+k+0b
Zak(+ + b)

fb(ozs):k_o o (cws) (6.77)
Rn( (cts) / dx D (e Mes, (6.78)

From (6.77) we see easily that f(«s) has the asymptotic expansion

i RLA+Ek+D) 1+k+b) (6.79)

(Ao

where the coefficients grow factorially. If we stop the expansion at the nth
term, we have a remainder R, (o) in (6.77). We can estimate R, (as) from

the contribution to the integral in (6.78) from the neighbourhood of the

n+1()

pole of fb as

Ry (o) oc e 70/, (6.80)

We see from this simple example that the asymptotic series (6.79) leads
us to expect a singularity at A = A\¢ in the Borel plane which will yield a
nonperturbative term in (6.77) proportional to e=*0/®s. There will always
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Figure 6.12. Contributions to the renormalon in the Borel transform of the func-
tion D of (6.68)

be an ambiguity due to the arbitrary choice of the path shown in figure
6.11.

It is plausible that in QCD the situation is similar to what we found in
our example. If in the two-loop contributions to the correlator function of
two vector currents (6.68) the strong coupling g is replaced by the running
coupling g(k), where k2 is the square of the momentum of the emerging
gluon (see figure 6.12), one does indeed encounter[279] a singularity in the
Borel plane at

Ao = 87/ 0. (6.81)

If the leading logarithmic contribution to the running coupling (6.20) is

inserted,
47 1

Q=5 Toa@2/n%)

the singularity is a pole. This pole on the positive real axis is called an
infrared renormalon pole. Inserting the running coupling a4(Q) and the
value (6.81) for A\g into (6.80) one obtains a power correction proportional
to Q4. Tt is clear from our example that this power correction corresponds
to the nonperturbative term in the expansion (6.77) of f(as) and must in
general depend on n. That is, the power-suppressed term depends on how
many terms are included in the perturbative expansion. But we should
stress that in general we have no guarantee that further nonperturbative
terms, unrelated to the perturbation expansion, are absent. Since power
suppressed terms are governed by condensates, see section 6.3, the contribu-
tion of resummed perturbative terms will influence the numerical values of
these assumedly nonperturbative contributions. We have pointed out these
ambiguities and the necessity of a truncation of the perturbative series in
the discussion at the end of section 6.3.

(6.82)

The renormalon considerations give us confidence that the parametrisation
of physical quantities with a partial sum from the perturbative expansion
plus some power corrections makes sense. Such an analysis applies to quan-
tities for which one can make an operator product expansion and thus one
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has a theory of power corrections, but also to other quantities. This is
very useful in practice. Renormalon techniques have been used to calculate
power suppressed corrections to high-energy scattering, for instance to the
structure functions and to event shapes in jet production[280,281].

In QED one expects singularities on the negative A-axis in the Borel plane
(ultraviolet renormalons). In that case the integral in (6.74) can be per-
formed without problems. This does not necessarily imply that the re-
sulting finite expressions representing the summation of all orders of the
renormalised perturbative expansion are sound and satisfactory from the
physics point of view. This was investigated a long time ago in a soluble
model field theory [282]. It was found that the summed renormalised per-
turbative expansion leads to a theory containing negative norm states which
clearly is unacceptable. Simple arguments [283,284] and results of lattice
simulations[285] suggest that also in pure QED the summed renormalised
perturbative expansion will contain pathologies.
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Hard processes

Modern high-energy physics may be said to have begun with the deep-
inelastic electron-scattering experiments at the Stanford Linear Accelerator
in the late 1960s. In these experiments, an electron is made to collide with
a proton; the electron radiates a virtual photon +*, which strikes the proton
and breaks it up, as is shown in figure 7.1. Similar experiments have since
been performed, at progressively higher energies. Some of these instead
have been with muon beams, and there have also been related experiments
with neutrino beams. The highest energy achieved so far has been at the
electron-proton collider HERA in Hamburg.

In this chapter we describe the phenomenology and the theory of deep-
inelastic lepton scattering. The theory relates it to various other semi-hard
processes and brings together perturbative QCD and Regge ideas.

7.1 Deep-inelastic lepton scattering

Figure 7.1 describes deep-inelastic electron or muon scattering. We see that,
effectively, it explores the scattering of the virtual photon on the proton,
so as to form a system X of hadrons. Factoring off a v* flux from figure
7.1, we may identify the remaining factor as the v*p cross section. Figure
7.1 is well-defined but, as one may adopt different definitions of a v* flux,
the precise definition of 7P is a matter of convention, except for the case
of real photons; see (7.6). Whatever definition is used, the optical theorem
relates the total v*p cross section, summed over X, to the imaginary part
of the forward virtual-Compton amplitude; see figure 7.2. It is conventional

160
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Figure 7.1. Electron-proton scattering: the electron radiates a virtual photon ¢
which strikes the proton p and breaks it up, forming a system X of hadrons

SR

p p
Figure 7.2. Forward virtual-Compton amplitude; see (7.3)

to introduce the variables

@ _ 4

= . 1
2v 4 p.k (7.1)

Q°=—-¢ v =pq x
Then Q2 > 0and 0 < x < 1. The variable z was first introduced by
Bjorken[286]. Many authors define instead mv = p.q, where m is the proton
mass. The centre-of-mass v*p energy is conventionally called W, so that
W? plays the same role for v*p scattering as s does for a purely hadronic
process. In terms of the variables (7.1),

wW? = Q> (1 - 1> + m?. (7.2)

X

In most of the experiments so far, the proton is unpolarised, so the imag-
inary part of the v*p forward amplitude must be averaged over the two
possible proton polarisations r. It is conventional to define

W (p,q) = 13 > (p, 7| J*(0)| X )(X[J"(0)|p, ) (27)38* (p+q—Px) (7.3)
r X

where J# is the electromagnetic current. This normalisation is such that
the imaginary part of the forward Compton amplitude T (q,p;q,p) of
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(2.63), averaged over proton polarisations and evaluated at ¢> = 0, is
2nWH (p, q). Because the electromagnetic interaction conserves parity, one
finds[287,27] that WH¥(p, q) may be decomposed into two independent am-
plitudes F(z, Q%) and F(z,Q?), called structure functions. They are con-
ventionally defined by

W (p,q) = — (9" + qqu)Fl(w,Q2)

Q?
1 v v
Z(pH s 14 v 2
+ V(p + 2t )(p + 2t )Fz(x,Q ) (7.4)
In terms of these structure functions, the differential cross section is
d’o B dra®

2 m’
=—— (1 -y) A +tay'FL — =
dedy  xyQ? (( )+ g Fy Q?
Although there are certain problems in extracting Fy(z, @?) and Fy(z, Q?)
separately from the data, it is usual to plot data for Fy(z,Q?). Electro-
magnetic current conservation requires that ¢, WH” = 0 = WH"q,, with the
consequence that, at fixed W, Fy vanishes linearly with Q% when Q% — 0.
The real-photon cross section is

m2y2Fg). (7.5)

42
2
Q Q2:0

For non-zero )2, the definition of the photon flux is ambiguous, but ¢ ?
is most simply defined by the same formula. Other definitions in common
use[288,289] multiply (7.6) by functions of v and Q? that are equal to 1 at
Q? = 0. For non-zero Q?, the photon may be polarised longitudinally as
well as transversely. We may define cross sections o*%*p and az*p in terms
of the transverse and longitudinal polarisation vectors, whose forms in the
proton rest frame are given in (2.65). There is a similar ambiguity with the
definitions of these cross sections, but the ambiguous virtual-photon flux

cancels in their ratio

P —

Fy (7.6)

B Uz*p Fy(z,Q%) (m2 n 1 ) 1

_ L _ mwo_— 7.7
or? Fi(z,Q*)\ v 2z (1)
With the convention of (7.6),
* 4l
VP _
or v+ 2zm2
s, A2
olP=""p, (7.8)
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WOl

(a)

Figure 7.3. Parton-model description of figure 7.2. (b) is a part of (a), corre-
sponding to the disconnected part of the lower amplitude. For large Q?, the part
(b) dominates.

where
vz

Fr=F— 227
L 2T Uy oem2 !

(7.9)

The virtual photons in figure 7.2 couple to the hadronic component of
the electromagnetic current, which is composed of contributions from each
quark flavour and is given in (2.62). That is, each photon couples to a
quark-antiquark pair as is shown in figure 7.3a. In the framework of the
parton model, when Q? is sufficiently large the part of figure 7.3a that
dominates is figure 7.3b, which involves just the disconnected part of the
lower amplitude, so that both currents couple to the same quark flavour.
This property survives perturbative-QCD corrections to the parton model.
One writes

Fy(z, Q%) = g(au(z, Q) + zu(x, Q%)) + §(zd(z, Q) +wd(z, Q%))
)+

+g(@s(z, Q%) + w5(x, Q%)) + §(xc(z, Q%) + 2e(x, Q%)) +
(7.10)

The functions u, @, d, d, . . . are called quark and antiquark distribution func-
tions. The factors x are conventionally included in their definitions for his-
torical reasons: in the parton model the functions are interpreted as quark
densities. The factors 4 and 1 5 are the squares of the corresponding quark
and antiquark charges

A striking discovery at HERA has been the rapid rise of ¢7"P with W? at
even quite small fixed values of Q?; see figure 7.4. If one parametrises the
rise as an effective power

o(v*p) ~ F(Q%) (WAHN@) (7.11)

then the power A(Q?) is found to be significantly greater than the value that
is familiar in purely hadronic collisions which, as we have seen in section 3.1,
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Figure 7.4. Data[290] for 7 7, defined by (7.6), at various values of Q?, together
with the real-photon data of figure 5.1

is just less than 0.1. The value of A\(Q?) has been extracted[291] by the H1
collaboration from their data and is shown in figure 7.5, from which it can
be seen to increase with Q2 and reach about 0.4 at the highest values that
have been measured.

When W2 > Q?, x is small and, according to (7.2), W2 ~ Q?/z. Then the
effective-power behaviour (7.11) corresponds to

Py(z,Q%) ~ f(Q}) 2@, (7.12)

When they extracted A(Q?) from their data, to make the plot of figure
7.5, H1 assumed that the value of A\(Q?) at small z is independent of
at each Q2. While the data are compatible with this assumption, they do
not require it and it does not have theoretical justification. In particular,
the two-pomeron model described in section 7.4 has significant variation of
A(Q?) with z, as is seen in figure 7.6.

Even before the HERA measurements, there were predictions[6,222] that
A(Q?) would be large at high values of Q2. Such predictions arose from
two different equations of perturbative QCD: the DGLAP equation and
the BFKL equation. In the following we review the application of these
equations and explain why it has since been realised that the predictions
are not as clean as initially had been hoped.
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Figure 7.5. The effective power A\(Q?) of (7.11) extracted from H1 data[291]
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Figure 7.6. Data[291] for the effective power of 1/z at Q% = 2.5, 15 and 60 GeV?2.
The horizontal lines correspond to the values plotted in figure 7.5 and the solid
lines to the two-pomeron fit described in section 7.4.

7.2 The DGLAP equation

The DGLAP equation is named after its authors: Dokshitzer, Gribov, Li-
patov, Altarelli and Parisi. A full account of it may be found in textbooks,
for example [287,222]. The equation is derived from perturbative QCD and
therefore is valid at sufficiently large Q2. It enables one to calculate how the
quark and antiquark distribution functions vary with Q? at each value of
x, at least provided that z is not too small. Examples of lowest-order con-
tributions to the Q? evolution of quark and gluon distributions are shown
in figure 7.7. The first diagram describes a quark or an antiquark emerging
from the proton and radiating a gluon before it absorbs the virtual photon.
The second diagram shows a gluon emerging from the proton and chang-
ing into a quark-antiquark pair; one of the pair then absorbs the photon.
This second type of process brings in another distribution function, the
gluon distribution function g(x, @?). The third diagram contributes to the
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Figure 7.7. Examples of lowest-order contributions to quark and gluon evolution

Q? variation of the gluon distribution function: after the emission from the
proton of a parton, either a quark or an antiquark (or a gluon), it undergoes
perturbative interactions and so transforms into the gluon under study.

When @? is much larger than all the relevant quark masses, the gluon distri-
bution affects the Q2 variation of all the quark and antiquark distributions
equally, and the Q? variation of the gluon distribution itself receives equal
contributions from all the quark and antiquark distributions. That is, the
gluon distribution’s evolution is coupled to the singlet quark distribution,
which is the sum of the sum of the quark and antiquark distributions:

q(z,Q*) =u+a+d+d+s+5+ctet .. (7.13)

The number of heavy-quark terms that should be included depends on the
value of W. So the relevant form of the DGLAP equation introduces the
two-component quantity

we-(EF) o
It reads 9
Q* jganlr. Q) = / 4= P(z,a5(Q%) u(z/z, Q). (7.15)

Here, P(z,a5(Q?)) is a 2 x 2 matrix, called the splitting matrix; it is cal-
culated from perturbative QCD.

In order to apply the DGLAP equation, one should first choose some
starting value Q3 of @Q* and fit the parton distributions there to experi-
mental data, as functions of x. These functions cannot be calculated from
perturbative QCD, but the DGLAP equation, together with assumptions
about the form of the gluon distribution, determines how they change as Q*
increases. The resulting agreement with experiment at higher values of Q?
is impressive[292,293]. Tf[294] one starts at some fairly small value Q2 of Q?
with parton distributions that are rather flat in z at small x, then an appli-
cation of the DGLAP equation results in distributions that rapidly become
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steeper as Q2 increases, in good agreement with experiment. However, this
application is controversial. It does not seem safe to apply a perturbative
equation for choices of Q3 as small as 1 GeV? or less, as is sometimes done.

At the time of writing, the use of the DGLAP equation at small x is the
subject of much discussion. It is necessary at present to expand the elements
of the splitting matrix P(z, as(Q?)) in powers of a and to truncate the
expansions after two terms. The experimental data fit quite well[295] with
the double-logarithmic rise

) 8 1 Q?

Fy(x,Q%) ~ exp (\/50 log . log log Q%) (7.16)
calculated long ago[296] from the lowest-order approximation. Here, [y is
the first coefficient of the QCD fS-function; see (6.19). One can understand
that (7.16) may be a good numerical approximation to F5(x, Q%) when z is
small but not too small. However, it is surely unsafe when z is very small,
as we explain below.

7.3 The BFKL equation

The BFKL equation is named after its authors: Balitsky, Fadin, Kuraev
and Lipatov[297,298]. A full account of it may be found in [6].

The BFKL equation is not applicable unless  is small and Q? large but not
too large. Originally, it was hoped that with it one might use perturbative
QCD to calculate the effective power \(Q?) that parametrises the rise (7.11)
or (7.12) of Fa(z,Q?) at small z. It gave values of A(Q?) close to 3, which
is approximately what experiment finds at high Q2. This led to talk of a
second pomeron, the hard pomeron, with a A\(Q?) that might be calculated
from perturbative QCD. However, it has since been realised that this cal-
culation is almost certainly invalid. Apart from concerns that the approx-
imations used to derive the BFKL equation do not take sufficient account
of energy conservation[299], it is not correct to suppose that the equation
enables A\(Q?) to be calculated from perturbative QCD alone[300]. While
it is conceivable[301,302] that there is no such problem with purely-hard
processes such as v*y* collisions at very high @?, for semi-hard collisions
such as v*p the BFKL equation inevitably receives important contributions
from uncalculable nonperturbative effects.

The most primitive form of the BFKL equation is a lowest-order version,
which also takes a fixed coupling o, and ignores quarks. It reads

0 0
09, Q) = o g0, Q%) + oy [ A K(QAK)g(a k). (77)
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Figure 7.8. Generalised gluon ladders summed by the BFKL equation

Crudely speaking, the equation inputs a nonperturbative distribution g(o)
and erects on top of it a sum of gluon ladders with 1,2,3,... rungs: see
figure 7.8. Its complete description is very much more complicated than
this; for example, the vertical lines in figure 7.8 are actually not elementary
gluons, but are rather Reggeised so as to sum all terms that have leading
behaviour in ajlog s.

The function K (Q?, k?) is called the BFKL kernel. Because it does not
depend on any fixed mass scale its eigenfunctions are simple powers:

[k K@K = K (M)(@) (7.18)

and hence (7.17) simplifies if we apply a Mellin transform to it. Define the
double Mellin transform with respect to = and Q2

s = [Cara [T a2 @) M @@t (719)

so that IN M
2 —-N 2\M

g, @) = [ S [ T2 @M gV, ) (7.20)
where the N and M integrations are along lines in the complex planes of
the two variables, in each case parallel to the imaginary axis. The initial
locations of these lines must be chosen such that the = and k? integrations
in (7.19) converge. For the M integration this depends on the details of the
behaviour of g(z, Q?) for both small and large Q?, but for the N integration
one may initially take a line that has Re N large and positive; this is
because, while the k2 integration in (7.19) has no upper limit, z is integrated
only up to 1. We cannot simply insert the representation (7.20) into the
BFKL equation (7.17), because the BFKL equation is applicable only at
small = while it is evident from (7.19) that the definition of g(N, M) involves
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all values of x. So we must first separate g(/N, M) into a part described by
the BFKL equation and a remainder that is important only when x is not
small:

g(N, M) — gBFKL(N, M) 4 gremainder(N, M) (721)

In particular, the rightmost singularity in the complex N-plane, which gives
the dominant behaviour of g(x, Q?) at small x, is present in gBF¥L(N, M)
but not in gremander( N, M). Then

NgBFRY(N, M) = NgO(N, M) — a, K (M) g®"™“(N, M). (7.22)

Evaluating K (M) to lowest order in «; gives|6]

K (M) = 2 (26(0) = (M) — (1 — 1)) (7.23)

where (M) = I"(M)/T(M). Unfortunately, this expression for K (M)
receives[303,304] a huge correction in next-to-leading order in a,. It is not
known beyond this order, but one must strongly suspect that it is illegal to
expand it as a power series in . Work is in progress to try to overcome
this problem|[305-307]. At the very least, some resummation is needed,
but there is as yet no consensus about what is the right approach. If it
were valid simply to ignore the corrections to (7.23), a simple calculation|6]
would give for the effective power defined in (7.11)

MQ?) = (120 /7) log 2. (7.24)

The calculation is too simple for a number of reasons[299], if only because
it supposes that the coupling o, does not run with Q2. Nevertheless, with
a reasonable value of ay it gives a value of A\(Q?) between 0.4 and 0.5.
As we explain in section 7.4, the data show the need for a contribution to
Fy(x,Q?) corresponding to such a value, but because of all the problems
with the BFKL equation this is probably a coincidence.

If one similarly ignores quarks in the DGLAP equation (7.15) and defines
1
Pyg(N,as) = / dz 2N Pyy(2, as) (7.25)
0
the equation becomes

Mg(NvM):PQQ(Naas)g(NvM)' (7.26)

While initially the N integration in (7.20) is to be taken along a line in the
complex N-plane parallel to the imaginary axis with Re IV large positive, we
may move this line to the left until we encounter the rightmost singularity
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(a) (b) (©

Figure 7.9. N-plane integration contour: (a) initially to the right of a pole; (b)
moved past the pole; (c) moved past a branch point

of g(N, M). If the singularity is at N = € and is a simple pole, as in figure
7.9a, we may move it past the pole and pick up the pole residue, figure
7.9b. In this case, the leading behaviour of g(x, Q?) at small z is a simple
power ¢, multiplied by some function of Q?. If the singularity is a branch
point, moving the contour past it picks up a discontinuity across the branch
cut attached to the branch point, figure 7.9¢, and the power of x is divided
by some function of log = whose precise form depends on the nature of the
branch point. For values of M and N at which gB" :(N, M) diverges, the
BFKL equation (7.22) tells us that

N = —a,K(M). (7.27)

This is true if the divergence is generated by perturbation theory, so that
g9 is not divergent, and it does not matter whether it is a pole or a more
complicated singularity. Because g(M, N) diverges also at these values of
M and N, the DGLAP equation (7.26) gives

M = Pyy(N, o). (7.28)
Putting these two conditions together, we find[308]
N = -, K(Pyy(N, ay)). (7.29)

With the form (7.23) for K (M), this gives a splitting function Pyy(N, ay)
for which the first two terms of an expansion in powers of s are usually
used in phenomenological applications[292-294)].

But these two terms, and all subsequent terms in the expansion in powers of
ag, are singular at NV = 0, and this apparently leads to the small-x depen-
dence of zg(x,Q?) rapidly becoming very steep as Q2 increases. However,
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Figure 7.10. The function K (M) of (7.23)

the expansion is illegal near N = 0: it is fairly easy to establish that the
solution of (7.29) gives a splitting function Py (N, o) which is not singular
at N = 0. The function K (M) is plotted in figure 7.10. To solve (7.29)
we need the value(s) of M at which a line of height —N/a; intersects the
curve; when N = 0 this gives a pair of values that are complex, but finite.
Mathematically, the solution has properties similar to those of the function

N —/N? —q, (7.30)

for which the expansion in powers of ay is

Qs a?

5N _ 3N3 + - (7.31)
Every term in the expansion is singular at N = 0, but the expansion is
valid only for N2 > a, and the complete function is not singular at N = 0.
The lesson is that making the expansion is dangerous, and if possible one
should use the complete solution[309] to the equation (7.29) for Py, (N, c).
However, (7.29) is valid only if the coupling s is taken to be fixed, when
really it should be made to run with Q2. More seriously, the expression
(7.23) for K(M) is correct only up to the first term of an expansion in
powers of ag, and this expansion too is dangerous because the next-to-
leading term in the expansion is huge[303,304]. Work on these difficulties
is continuing[310-312]. However, as we show in section 7.6, if one combines
the DGLAP equation (7.26) with the Regge approach described in the next
section, an expansion of Pyy(N, ;) in powers of o does become useful for
the calculation of the evolution at small z.
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7.4 Regge approach

A powerful approach to the small-z data for F5(x, Q?) is to extend the Regge
phenomenology developed in chapter 3. Regge theory is not supposed to
be a competitor with perturbative QCD, but to coexist with it, and to
be applicable when W? is much greater than all the other variables, in
particular when it is much greater than Q2. According to (7.2), when z
is small W2 ~ Q?/x, so the condition that W2 > Q2 is just that » < 1,
however large Q% may be.

The simplest assumption is that the relevant singularities in the complex an-
gular momentum plane are simple poles. From (2.3) and (7.19) the Mellin-
transform variable N introduced in the last section is closely related to the
complex angular momentum [: the correspondence is

Neol-1 (7.32)

so that this assumption is equivalent to assuming that the relevant singu-
larities in the complex N-plane are simple poles. This assumption may
be not literally correct, but it turns out to give an excellent description of
the small-z data[194]. Because of the kinematic factors involving v that
multiply F» in its definition (7.4) in terms of W#¥ it may be shown that a
Regge trajectory a(t) contributes a power (W?2)®0)=1 or z1=(0) to F}. The
argument is similar to that in section 2.8. So, according to the fits of sec-
tion 3.1, we expect to find terms 799 and xo 45 in the small-z behaviour
of Fy, corresponding to soft-pomeron and reggeon exchange. But these are
not sufficient to describe the rapid rise with 1/x seen in the data at small
z and large Q2. Another term z~ is needed, with ey ~ 0.4. We call this
N-plane or [-plane singularity the hard pomeron. This does not explain
what is its dynamical origin: maybe it is perturbative QCD, though, as
we explained in section 7.3, initial hopes that it might be derived from the
BFKL equation now seem unlikely to be realised.

So the simplest fit to the small-z data corresponds to

Bz, Q%) ~ Y f(@Q . (7.33)

1=0,1,2

Here, the i = 0 term is hard-pomeron exchange, ¢ = 1 is soft-pomeron
exchange, and i = 2 is (fa,a2) exchange. Only even-C-parity exchanges
are allowed. Regge theory gives no information about the form of the three
coefficient functions f;(Q?), beyond that they are analytic functions. Also
we have seen that, because 07? is given by (7.6), at fixed W the function
F, vanishes linearly with Q2 at Q> = 0. This is guaranteed by gauge
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Figure 7.11.  Fits to the coefficient functions fo(Q?) and f1(Q?) of (7.33) extracted
from H1 and ZEUS data. The black points are for ¢g = 0.36 and the white points
are for eg = 0.5.

invariance. If we assume that each term in (7.33) has this property, then
fi(Q%) ~ (@71 (7.34)

near Q%> = 0. One might hope that perturbative QCD will determine how
the three coefficient functions behave at high @2, but we explain in section
7.6 that so far the theoretical difficulties described in the last section allow
this only for the hard-pomeron coefficient function fo(Q?). Figure 7.11
shows[313] how fo and f; vary with Q2 if we fit (7.33) to the data at
each Q?, including values of = up to 0.02. This provides a guide on the
likely functional forms of the coefficient functions. The f;(Q?) can then be
parametrised with suitable functions, whose shapes resemble the data points
in the plots and which include a number of parameters. These parameters
and the power €y may then be varied[313] so as to give the best fit to all
the small-z data for Fy(z, Q?) together with the data for ¢7P. This results
in the value

€0 = 0.437 (7.35)
with
2\1+€g
2) = 0.0015 (@) 7.36
fo(@) (1+Q2/9.11) 2% (7.36)
and
2 €1
A(QY) :0.60(H_Q622/()5£))1+ . (7.37)
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The fit was made[313] imposing €¢; = 0.081 and ez = —0.45 as in (3.6) and
using only data with 2 < 0.001 and therefore Q? < 35 GeV?.

If one wishes to extend the fit to larger values of x, it is not safe just to use
the simple powers (7.33): they will be modified by unknown factors which
ensure that Fy(z, Q?) vanishes at each Q? when  — 1. The dimensional-
counting rules[314,315] would require both the soft and the hard-pomeron
contributions to behave near z = 1 as (1 —x)", and the (/f2, a2) contribution
as (1 —z)3. Although it is not clear that these rules are valid, and there
is no theoretical information about how these factors should behave away
from z = 1, it is probably a better approximation to include them than to
omit them altogether. So (7.33) becomes[313]

By, Q%) = fo(@) 2~ (1=2) + £1(Q) = (1-2) + f5(Q%) &~ (1—a2)*

(7.38)
If we expand the factor (1 — z2) we find terms z~(©2=2) z=(©2=%)  which
are what we expect from meson daughter trajectories; see figure 2.13. Like-
wise, expanding the factors (1 — )7 gives contributions which we interpret
as resulting from daughters of the pomerons. Figure 7.12 shows that then,
although the parameters were fixed using only data with « < 0.001 and
Q? < 35 GeV?, the fit is surprisingly good out to much larger  and all the
way from Q2 = 0 to 5000 GeV?2. The choice of (1 — z2)3 for the (fo,as)
term, rather than simply (1 — x)3, is guided[313] by data[316] for the dif-
ference F¥(z,Q?) — F&(z,Q?) between the structure functions for a proton
and a neutron target, which corresponds just to as exchange.

Having concluded that the data for F5 require a hard-pomeron component,
it is necessary to test this with other data. The hard pomeron is seen
clearly in the charm component of F5. This describes events in which a D*
particle is produced, which are used to extract the contribution F$(z, Q?) to
the complete Fh(x, Q?) from events where the v* is absorbed by a charmed
quark. That is, they measure the part F§(z, Q?) of Fy(z, Q?) corresponding
to the ¢ and & terms of (7.10). The data[318] for F§(x, Q%) must be treated
with some caution because the experimentalists have to make a very large
extrapolation to compensate for limited acceptance. Nevertheless the data
have the striking property that, over a wide range of Q?, they behave as a
fixed power of x:

F5 (2, Q%) = fo(Q*)z™ (7.39)

with € &~ 0.4: see figure 7.13. It seems, therefore, that F§(z,Q?) at small =
receives a contribution from the hard pomeron and that the soft-pomeron
contribution to it is negligibly small. This is a natural consequence of cer-
tain dipole models described in chapter 9. Even more surprisingly, the
data are consistent with the hard-pomeron contribution to Fy(z,Q?) be-
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Figure 7.13. Data for F§(z, Q%) from Q? = 1.8 to 130 GeV?. The curves are the
hard-pomeron component of the fit to Fy(x, Q?) shown in figure 7.12, normalised
such that the hard pomeron is flavour-blind.
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Figure 7.14. Two-pomeron fit to Fy(x, Q?) at various values of Q2 (thick curves),
with two-loop unresummed perturbative-QCD fit[317] (broken curves)

ing flavour-blind([313]: F3(z,Q?) is close to 2 of the hard-pomeron part of
F2 (:Ua QQ)

The arguments that are used to derive the Froissart bound (1.68) do not
apply to the real and virtual-Compton amplitudes. Nevertheless, many
authors have invoked the bound to deduce that some sort of saturation must
occur at small z, that is the DGLAP evolution equation (7.26) receives an
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Figure 7.15. Data for ¢”?. The upper curve is the extrapolation to Q2 = 0 of the
curves in figure 7.12; the lower curve omits the hard-pomeron term.

additional quadratic term[319], as we discuss in section 9.4. It is sometimes
argued that there is a limit on how large the parton density can become
within a finite radius of the proton, but we have already explained at the
end of section 3.1 that this radius can grow without limit and, in connection
with figure 3.3, that there is an ambiguity over what should be thought of
as being “inside” the proton and what rather should be viewed as part of an
exchange. So we maintain that, while saturation very possibly may occur,
this is not a consequence of the Froissart bound, as we have explained in
section 2.8, and there is no reason to suppose that the fits (7.38) and (7.39)
break down at any experimentally-accessible values of .

For the ranges of x and Q? where they overlap, the two-pomeron fit and
conventional fits based on two-loop unresummed perturbative QCD agree
with the data equally well. However, they no longer agree when they are
extrapolated to smaller values of x, as is seen in figure 7.14.
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10 W (GeV) 100
Figure 7.16. Data for 077. The lower curve is the soft-pomeron/reggeon curve of

figure 5.3; the upper curve has an additional hard-pomeron term. The data are
explained at the end of section 5.1.

7.5 Real photons: a crucial question

Because the data of figure 7.12 include a point at extremely low Q?, it
should be reliable to extrapolate these data to Q% = 0. This extrapolation
is the upper curve shown in figure 7.15 and, at /s = 200 GeV, is about 20
ub higher than the curve shown in figure 5.1. That is, at this energy, the
fits with and without a hard-pomeron component differ by about 10%. The
errors shown on the data in figure 7.12a are purely statistical; there is an
additional systematic error of about 10% at the lowest Q2. So at present
it is not possible to decide whether the hard pomeron is present in the o"?
data, though it seems likely.

There is also uncertainty with the data for 077 from LEP (see section 7.7).
We have seen figure 5.3 with data from the L3 and OPAL collaborations
and the prediction obtained by applying factorisation to the ¢ and oPP
curves in figures 5.1 and 3.1, with no hard-pomeron component. The data
from L3, particularly the upper set, may require such a component. Figure
7.16 shows an example of how adding it in might change the fit. The hard-
pomeron component is the Q2 — 0 limit of a fit to the photon structure
function Fy described in section 7.7.

This is an important question. Is the hard pomeron already present at
Q? =0, or is it rather generated by perturbative evolution? If it is there
already at Q? = 0 it presumably arises because the photon has a pointlike
component, since if it is present in the pp total cross section it is very small.



7.6 Perturbative evolution 179

7.6 Perturbative evolution

We saw in section 7.3 that the conventional approach to perturbative evo-
lution of the proton structure function Fy(z,Q?) breaks down at small x.
We also saw in section 7.4 that at small  Regge theory with the inclu-
sion of a second pomeron, the hard pomeron, gives a very good description
of Fy(x,Q?) and of its charm component F§(x,Q?). The Regge approach
and that of perturbative evolution are very different. We now show that
perturbative evolution governs how the hard pomeron’s contribution to the
structure function increases with Q2. It is found[320] that the parametrisa-
tion of the hard-pomeron coefficient function fo(Q?) of (7.38) agrees very
well with what is obtained from DGLAP evolution, over a large range of
Q?. As yet, we are not able to apply perturbative evolution to the soft
pomeron.

First write the singlet DGLAP equation (7.15) as

—u z, Q%) = / dzP(z,05(Q?)) u(z/z, Q%) (7.40)

where P is the splitting matrix as before, ¢t = log(Q?/A?) and u(z, Q?) is
defined in (7.14). Write the Mellin transform with respect to z

u(N,Q?) = /1 dz 2N ta(z, Q%) (7.41)
0
and define
P(N, as(Q?)) = /0 dz NP (2, s (Q2)). (7.42)
Then 5
praioAl Q%) = P(N, a5(Q%) u(N, Q%) (7.43)
A power contribution f(Q?)z~ to Fy(x,Q?) corresponds to a pole
£(Q*) f4(@%)
N (@) = (02 (7.44)

in u(N,Q?). With four active quark flavours and a flavour-blind hard
pomeron, f,(Q%) = 2 fo(Q?). We find[321], on taking the residue of the
pole at N = ¢ on each side of the Mellin transform (7.43) of the DGLAP
equation,

D1@) = PV = 0,0, (@) 1(@°). (7.45)

If we include four flavours of quark and antiquark in the sum in (7.13), then
at Q% = 20 GeV? the singlet quark distribution Zf(Qf+(jf) ~ 0.09527 at
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Figure 7.17. (a) Next-to-leading-order evolution with A = 400 MeV of the hard-
pomeron coefficient fo(Q?) (solid curve) and the fit (7.36) to the data (broken
curve). (b) Evolution of the gluon structure function zg(x, Q%) at = = 0.01.

sufficiently small x. We showed in section 7.4 that the charmed-quark com-
ponent Fy of F is apparently governed almost entirely by hard-pomeron
exchange at small z, even at small values of Q?, and that, within the ex-
perimental errors, its magnitude is consistent with the hard pomeron being
flavour-blind. According to perturbative QCD, the charmed quark origi-
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Figure 7.18. Gluon structure function zg(z,Q?) at (a) Q% = 20 and (b) 200
GeV2. In each case the thick line is the distribution as described in the text
and the thin lines are the limits extracted by conventional next-to-leading-order
analysis of HERA data[328,324].

nates from a gluon in the proton, and[322] the two distributions are propor-
tional to each other to a good approximation over a wide range of z and Q2.
This implies that the gluon distribution also is hard-pomeron dominated.
The conventional approach is correct if x is not too small, because it does
not then probe the splitting matrix at z = 0, which is where its expansion in
powers of oy is illegal. We assume that at z = 0.01 and Q2 = 20 GeV? the
value of g(z, Q%) extracted by the HERA experiments is reasonably close to
the correct value. At Q% =20 GeV? and x = 0.01, a next-to-leading-order
fit[323,324] to the combined ZEUS and H1 data gives zg(z, Q?) = 5.7+0.7.
Other authors[325-327] find much the same value. This is 8 + 1 times the
hard-pomeron component of the singlet quark distribution.

Although an unresummed perturbation expansion of the splitting matrix
P (N, as) is not valid[321] for small values of N, we need P(NV,a;) at N =
0.437, that is far from 0, so it is reasonable to hope that resummation is
not needed. The numerical values of the elements of the splitting matrix
P (N, as) are known[222] in one and two-loop order, so it is straightforward
to integrate (7.45). At the energies being considered it is necessary to use
four flavours throughout as the charm contribution is active. The beauty
contribution is so small that its omission has a negligible effect.

The result of integrating the differential equation (7.45) for the singlet quark
distribution is shown in figure 7.17a, where the solid curve is the result of
the two-loop-order perturbative QCD evolution according to (7.45) and the
broken curve is the Regge fit to the data described in section 7.4. The ratio
of the gluon distribution to the hard-pomeron component of the singlet
quark distribution is taken to be 8.0 at Q% = 20 GeV?. Figure 7.17b shows
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Figure 7.19. ~** scattering

how the gluon distribution

zg(z, Q%) = fg(Q2)afE° (7.46)

evolves. Provided that one chooses A such that as(M2) = 0.116, which is
the HERA value[323,324], there is little difference between the leading-order
and next-to-leading-order results.

As we have seen in section 7.2, the conventional approach to evolution
expands the splitting matrix P(NV, as) in powers of as. Because an unre-
summed expansion that needs the splitting matrix at small N makes the
splitting function larger than it really is, a gluon distribution of a given
magnitude apparently gives stronger evolution than it really should. That
is, the conventional approach will tend to under-estimate the magnitude of
xg(z, Q?) in certain regions of (z, @?) space. This is verified by the results
for the evolution of zg(x, Q?) obtained from integrating (7.45). Figure 7.18
shows the proton’s gluon structure function at two values of Q?, according
to the solution of (7.45), which does not use the splitting matrix at small
N, and compares it with what is extracted from the data by conventional
means.

We cannot apply a similar analysis to the soft pomeron, because this would
need the splitting matrix P(N, as) at N = 0.08, which is too small for a
expansion in powers of az to be meaningful. As we have explained in section
7.4, we do not yet know how to perform the necessary resummation.

7.7 Photon-photon interactions

In high-energy ete™ interactions some of the electrons and positrons do
not annihilate or simply scatter electromagnetically, but are scattered by
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radiating virtual photons which then interact to produce a hadronic final
state X as shown in figure 7.19. That is, the reaction is eTe™ — ete™ X
where X is some hadronic state. For convenience we consider three distinct
cases:

e “untagged”, when both the electron and the positron scatter through
a small angle and neither is detected after the interaction; in nearly
all events both photons are then almost-real

e “single-tag”, when either the electron or the positron scatters through
a sufficiently large angle to be detected; this corresponds to a highly
virtual photon scattering on an almost-real photon

e “double-tag”, when both the electron and the positron are detected;
this leads to the interaction of two highly-virtual photons.

Of course these three cases are not distinct in any fundamental sense, and
there is a smooth transition between them.

Let k1 and ko be the four-momenta of the initial leptons and ¢; and go the

four-momenta of the two photons. In analogy with the definitions (7.1) for
deep-inelastic ep scattering we define

nhE T ()
and ) )
x] = il x9 = @ (7.48)
2q1.p2 2g2.p1
where the photon virtualities are Q? = —q2, i = 1,2. The squared energy of

the v*~* pair in its centre-of-mass frame is W?2 = (q1 + q2)? ~ y1y25, where
s = (k1 + ko)? is the squared energy of the initial pair of leptons in their
centre-of-mass frame. With this definition of the variables, Q? ~ sz;y;.

The cross section for eTe™ — eTe™ X depends on the angle ¢~5 between the
lepton scattering planes in the centre-of-mass frame of the virtual photons.
If we integrate over ¢ we obtain[329]

dyy dyp dQ2dQ2 ~ \2r
+ Pl (1, Q) Phos (2) " (QF, @3, W)
+ PVL/e* (yl) qu/ﬂ/le (y27 Qg) ULT(Q%) Qg7 WQ)

+ Pl (11) P (y2) 075 (QF, Q3, W%)

d4
: (a)2(Pf/e—m@%P$/6+<y27c2§>a"<@%,@§,w2>

1
Q1Q3

(7.49)
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where
1+ (1—-y)? 2m2y
'y/e(y Q ) y - Q2
1—
Py/e( ) = 27. (7.50)

The cross sections 0™ (Q?%, @3, W?) may be defined to be the total cross
sections for the process v*(Q?)v*(Q3) — hadrons; the indices 4,j = T, L
denote the polarisations of the virtual photons as transverse or longitudinal
in their centre-of-mass frame. The quantities

o QQ ’3}6( QQ) and QWQQP’Y/E( ) (751)

may be regarded as the transverse and longitudinal photon-flux factors,
though, just as with ¢7"P, the separation of each term of (7.49) into a flux
factor times a cross section is not unique when the photons are not both
real. Since real photons are only transversely polarised, the cross sections
carrying an L index vanish in the limit Q? — 0. When both photons are
real, that is Q? = Q3 = 0, only one term survives:

o (W?) = oTT(0,0, W?). (7.52)

In the case of one virtual and one real photon it is customary to rewrite

the cross sections in terms of structure functions, just as in deep-inelastic
lepton-nucleon scattering, and think of the real photon as the target particle

whose structure is being probed by the virtual photon. If we take photon 1
as the probing photon and photon 2 as the target photon, then analogously
o (7.3) it is conventional to define the tensor W as

WH(p,q 422 (g2, €| J*(0)| X)(X|J"(0)|g2, ) (27)°6* (g1 + g2 — Px)

(7.53)
where the sum is over the two possible transverse polarisations of the tar-
get photon. In analogy with (7.4), one defines photon structure functions
F{ (z,Q7%) and Fj(z, Q1) by

WILLU<$7 Q%) — (g/,él/

v
A1 91\ 2
o + 75 ) Fi (. Q1)

Q7
(a2 (B at ) B @) (50
7 0 gp)

with v = ¢1.g2 and * = Q?/(2v). The factor 872 has been extracted in
this definition, to take account of the fact that the target photon must first
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interact electromagnetically before the hadronic system X is created, so
that then the structure functions describe the purely-hadronic part of the
interaction. With the definition (7.51) of the virtual-photon flux factors,

y_ YV 1T/ A2 2
U= 12a° (Q1,0,W7)

-9 (™" + o) (7.55)
2 7 4n2q ' ’

These definitions of the transverse and longitudinal cross sections are similar
to those we gave for ep scattering, that is (7.8) and (7.6) generalised to
¢> # 0. When both photons are on shell

2
47roz7

Q2 "7

o’ =

o (7.56)

in direct analogy with (7.6).

In practice the target photon is not exactly real, as its parent lepton is
scattered through a small finite angle. Although this angle is generally not
measured, an upper limit 05" can be defined experimentally in the centre-
of-mass frame of the initial lepton pair, and it is necessary to integrate up
to this limit. When this is done the cross section for eTe™ — eTe™X can
be written as

o dra?

= 1- Y1 F’y xl?Qz
deydy| o . 191 Q3 (( B2 2

+ 21yt (21, Q1)) £ e (92, 05™) dyo (757)

with

Ey(1 —12)
melY2

%fv/e(yg, gmax) = (1 + (1 — yo)?) log ( 02”““) —1+ys. (7.58)
The quantity f,/.(y2,05'*) dya is the number of quasi-real target photons,
with 05'®* the maximum allowed scattering angle for the associated lepton
and with y9 in the range yo to y2 + dys. As yo is not measured the exper-
imental cross section is an integral of (7.57) over g9, or equivalently over
the v*v centre-of-mass energy W. In practice W can be determined by
measuring the final-state hadronic energy in the reaction. For a given W

we can rewrite (7.57) in terms of the ey — eX cross section as
d*o 2
dx dy

4o

yseX W((l —y)F) + xy°FY) (7.59)

which is exactly similar to the form (7.5) for ep scattering.
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Figure 7.20. Quark-box contribution to ¢ 7"

When both photons are nearly on mass shell the cross section becomes:

d*o = 0o (W) £ (1, 07 £ (2, 05) dyy o (7.60)

ete~—ete X

The experimental cross section now involves an integral over y; and s,
and the vy centre-of-mass energy can again be obtained by measuring the
final-state hadronic energy in the reaction.

The high-energy data for ¢77 are shown in figure 5.3 together with the
prediction assuming factorisation of the soft pomeron and of the C' = +1
reggeon exchanges in ¢77 and oPP. As we have said, the figure suggests
that the predicted energy dependence is insufficiently strong to match the
data, indicating the possible need for the more rapidly-rising hard-pomeron
component. We have seen in section 2.8 that photon cross sections can have
contributions which are not present in hadron-hadron collisions, because
photons do not appear in the intermediate states in the ¢-channel unitarity
equations. Writing equations analogous to (2.28) for vp amplitudes and to
(2.29) for v+ amplitudes we just have the two constraints

W _ AP
2 1+ p(t) AP
t)(A’Yp>2
AP =AY = py AP Ay — PO 7.61
1 2 p(t)A["Ag 1+ p(t)APP ( )
Here, p(t) is as defined in (2.27). The first equation shows that it is possible
to have a singularity in both A]” and AJ? which is not present in hadronic
amplitudes. This could be the hard pomeron observed at HERA. The sec-
ond equation allows two kinds of singularities. Firstly the yp singularity

will result in a double v+ singularity, that is a vp cross section rising like a
power of v may be reflected by an additional logarithmic factor in the rise
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Figure 7.21. Data from OPAL[330-332] (black points), L3[333,334] (open points)
and ALEPH[335] (crosses) for the photon structure function. The Q? values are
approximately 2, 5, 10 and 18 GeV2. The dotted lines are without the hard
pomeron and the solid lines with a hard pomeron contribution included.

of the vy cross section. The equations (7.61) allow a singularity for which
both the position and the residue are independent of hadronic thresholds,
and so may perhaps be calculable in perturbation theory. As this singu-
larity cannot be a usual moving pole, because that would correspond to
the existence of a bound state which would therefore after all be present in
purely-hadronic amplitudes, it may be a candidate for the BFKL pomeron.
However that is not the only possibility. The quark-box diagram of figure
7.20 is unique to v*v*, v*vy and 7 interactions and corresponds to a fixed
pole: see section 2.8 and compare with figure 2.14. Its contribution to the
cross section decreases as W2 for large W, up to a logarithmic factor.
As a fixed pole, it is additional to reggeon exchange and both contribu-
tions must be included in a description of 677. The quark-box contribution
to the total 7y cross sections can be calculated exactly[329], but there is
some uncertainty in applications because it depends on the choice of quark
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Figure 7.22. ~vy — charm: data from the L3 collaboration[336] with a fit using a
hard pomeron and a reggeon component which are also shown separately

masses. If either or both of the photons have high virtuality there is little
ambiguity since the masses of the light quarks can be neglected, and those
of the higher-mass quarks chosen at a suitable value. However the ambi-
guity is relevant for Q%, Q3 less than about 1 GeV2. The uncertainty in
077 arising from the sensitivity to different Monte Carlo simulations used
for unfolding detector effects was discussed in section 5.1 and illustrated in
figure 5.3. Because of this it is not clear what the real energy dependence
is.

As for the real v+ cross section, it is possible to calculate the photon
structure function Fy (z, @?), using factorisation for the soft-pomeron and
reggeon contributions to the +*p and pp cross sections and including the
known box diagram. The result of this calculation is shown by the dashed
lines in figure 7.21. It clearly lies below the data at small z and large Q2,
so it is natural to add a contribution from the hard pomeron. The simplest
assumption one can make for the hard pomeron is that its contribution has
a Q2 dependence the same as for the proton structure function Fb, with
the normalisation adjusted to fit the data. Typical results of the combined
calculations are shown as the solid lines in figure 7.21. Clearly these data
do not yet provide a sensitive test of the hard-pomeron contribution. Ex-
trapolating the fit of figure 7.21 to Q% = 0 GeV? gives the result shown as
the solid line in figure 7.16. We return to the two-pomeron description of
Fy(x,Q?) in section 9.5 in the context of the dipole formalism.

Strong energy dependence is seen in the cross section for charm production
in vy interactions at high energy. The L3 data[337] are shown in figure
7.22, with a fit using a hard pomeron and the contribution from the box di-
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agram. An equally good description of these data can also be obtained[338]
in perturbative QCD with a suitable choice of the photon’s gluon distri-
bution and of the mass of the charm quark. The two descriptions are
indistinguishable over the present energy range. Note that the description
of the photon structure function shown in figure 7.21, when extrapolated to
Q? = 0 and assuming the hard pomeron is flavour blind, under-estimates
the hard-pomeron contribution to charm production in v collisions by a
factor of nearly 3.

Perturbative QCD also provides a good description[339] of the photon struc-
ture function F). Analogously to (7.10), F) can be written as a sum over
quark and antiquark distributions, and it satisfies an evolution equation
similar to (7.15). The only substantive difference from the proton case is
that full account must be taken of the box diagram. It is possible[339] to
make a parameter-free QCD prediction of F). The input parton distribu-
tions are separated into hadronic and pointlike contributions. Vector-meson
dominance is used to relate the hadronic ones to the known[340,341] quark
and gluon distributions of the pion. There is an intrinsic ambiguity in
this as it is not clear whether one should take a simple incoherent sum
or a coherent sum. In [339] a coherent sum was taken, thus maximising
the u-quark component. It is assumed that the pointlike contribution for
light quarks is generated entirely by the evolution equations and that the
heavy quark contribution is via the box diagram and photon-gluon fusion,
v*g — hh. The resulting parameter-free predictions are in good agreement
with the data.

In contrast to F at present energies, 077" is expected to be sensitive to
the hard pomeron. First consider the soft pomeron, for which factorisation
gives

ol QW) QR W)

ol (R Q3 W) =
1 ( 1 2 ) 0_117P(W2)

(7.62)

where az*p and o” are the soft-pomeron contributions to the v*p and pp
total cross sections. In the approximation of Bjorken scaling at large @Q?,

the soft-pomeron contribution behaves as

* 1 W2 €1
U? p(QQa Wz) ~ @(@) . (7.63)
Also
2. e
oPP ~ (K) (7.64)
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Figure 7.23. 077" at Q3 ~ Q3 ~ 16 GeV? from L3 (black points[342]) and OPAL
(open points[343]) with the calculation of the box diagram of figure 7.20

so that the factorisation (7.62) gives

Y'Y O2 02 TW2) S5 )H%E( w2 )E
7 (@) (Q%Q% Q1Q2/
Thus the characteristic feature of the soft-pomeron contribution to the total
v*4* cross section is its rapid decrease with increasing Q% or Q3. The
same is true of the reggeon contribution. On the other hand[302], for large
virtualities the perturbative contribution to ¢ behaves like 1 /@Q?, where
Q? = max{Q?,Q3}, up to logarithmic terms. This follows from a simple
dimensional argument. In perturbation theory with massless quarks, the
only dimensioned quantities in forward scattering are W2 and Q? as no
internal scale appears. So for fixed Q?/W? the cross section has to be
proportional to 1/Q?.

(7.65)

The use of v*v* interactions as a probe of the BFKL pomeron was first con-
sidered in [301,302]. Because the BFKL formalism is so uncertain, there
have been estimates[344-347] based on various models of the hard com-
ponent in y*p scattering. All agree, as expected, that the soft-pomeron
and reggeon contributions are already small at even quite modest photon
virtualities and that the v*4* cross section is dominated by the box con-
tribution over most of the available energy range. Data [343,342] are given
in figure 7.23. It is only the highest-energy point that disagrees with the
box contribution. We have explained in sections 7.3 and 7.4 that if a hard-
pomeron component is indeed found in v*~* collisions, it is very probably
not associated with the BFKL equation.



7.8 Exclusive vector-meson production 191

7.8 Exclusive vector-meson production

Exclusive electroproduction of vector mesons, v*p — Vp, offers a variety of
insights into the diffractive mechanism. Choosing different vector mesons,
and varying the photon virtuality Q? and the momentum transfer ¢, allows
one to move from the primarily-nonperturbative regime to the primarily-
perturbative regime, and to explore kinematical regions where neither is
dominant. Data are available for p, w, ¢, J/1, ' and T production. Fur-
ther, simple two-body decays such as p — 777~ and ¢ — KTK~ allow a
helicity decomposition of the amplitudes.

We saw in section 5.3 that the exclusive processes yp — pp and yp — ¢p are
well described by conventional exchanges. But for yp — J/1 p this is not
the case; in particular, as is seen in figure 7.24a, the total cross section rises
significantly more rapidly than can be ascribed to soft-pomeron exchange.
As for yp — ¢p, we expect from the OZI rule[190-193] that the exchanges
p,w, fa,as do not couple. If we include hard-pomeron exchange as well as
the soft pomeron, the amplitude is

1.
T(s,t) = iFy (1) Gypp(t) Y Ap(afps)*mO-lem2imer = (7 66)
1=0,1

Here Fi(t) is the proton’s Dirac form factor, G/, (t) is the coupling to the
v J/v vertex, ap, is the classical soft-pomeron trajectory and

apy(t) = ap,(0) + o/pt (7.67)

is the hard-pomeron trajectory. We expect G/, (t) to be slowly varying
over the range of ¢ for which data are available, and it is sufficient to take
it as a constant. The differential cross section, figure 7.24b, shows little or
no shrinkage, so the slope of the hard-pomeron trajectory amp,(t) is smaller
than op , assuming that it is linear in ¢. The fit to the H1 data[348] in
figure 7.24 is with ap, (0) = 1.44 and o/p = 0.1 GeV~—2. The coefficients in
(7.66) are given by

Ap, =0.016 Ap, =0.17 (7.68)

with the cross section normalised such that do/dt = |T'(s,t)|? in ub GeV~2.
Although the soft-pomeron contribution is appreciably smaller than the
hard-pomeron term at the highest energy for which there are data, inter-
ference is still very important.

Given that the exclusive process yp — J/v p includes contributions from
hard-pomeron exchange, so also surely do vp — pp and vp — ¢p. However,
in the case of these lighter vector mesons, soft-pomeron exchange is much
larger and is dominant.
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Figure 7.24. ~p — J/v¢ p: H1 data[348] for (a) the total cross section and (b) the
differential cross section. The fits are (7.66) with ap,(0) = 1.44 and o/p = 0.1
GeV~2.

We have seen in section 7.4 that the contribution of the hard pomeron to
Fy(z, Q%) becomes relatively more important as Q2 increases. It is natural
to expect that the same should be true for exclusive vector-meson pro-
duction. The hard pomeron probably also becomes more important with
increasing momentum transfer |t|. The exclusive production of p° mesons
is the reaction for which most data exist. We have seen in section 5.3 that
for real photons and for momentum transfers [t| < 0.5 GeV? the data are
in remarkable agreement with Regge theory, when one includes fs, as and
soft-pomeron exchange. However, the high-energy data for [¢t| > 0.5 GeV?
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Figure 7.25. ~vp — pp: total cross section and differential cross section at /s =
71.7 GeV (lower-t data[349]) and 94 GeV (higher-¢ data[350]). The lower curves
correspond to soft-pomeron and fs5,as exchange; the upper curves include also
hard-pomeron exchange.

require an additional contribution. The data are consistent with this being
the exchange of the hard pomeron[180]. We have seen in section 7.4 that the
coupling of the hard pomeron to quarks seems to be flavour-blind. So, in
order to relate the strengths of the hard-pomeron couplings in vp — J/¢'p
and vp — p%p we need just to include wave-function effects. We argued in
section 7.5 that the hard pomeron couples mainly to the pointlike compo-
nent of the photon. This in turn implies that in vp — Vp the strength of
the hard-pomeron coupling depends on the magnitude of the vector-meson
wave function at the origin and the relevant quark charges; therefore it is
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Figure 7.26. ~vp — ¢ép: total cross section[351] and differential cross section at
Vs =T1.7 GeV (lower-t data[352]) and 94 GeV (higher-t data[350]). In each case
the upper curve is the fit with hard and soft-pomeron terms and the lower curve
is the soft-pomeron term.
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Figure 7.27. Cross section[353,348] for v*p — pp at (a), from top to bottom,
Q?=2,3,5,7,11 and 20 GeV? and (b) at W = 75 GeV

proportional to \/T.+.- /My . This implies that for yp — p°p we should use
Ap, = 0.036. Adding such a hard-pomeron term to the amplitude (5.12)
gives[180] the upper curves in figures 7.25, from which it is clear that the
hard-pomeron contribution is small at small ¢.

We may perform a similar analysis for ¢ photoproduction. As before, the
flavour-blind coupling of the hard pomeron to quarks can be used to specify
its contribution uniquely. For vp — ¢p this gives Ap, = 0.014. We know
that vector-meson dominance is not a good approximation for reactions
involving the ¢ and that wave-function effects are important, so the nor-
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Figure 7.28. (a) Effective trajectory and (b) forward slope parameter for v*p —
pp. Data from H1 (black points)[354,355,348] and ZEUS (crosses)[356,353]

malisation of the soft-pomeron contribution can be determined only from
the data. For the vertex function that couples the soft pomeron to the ~ ¢
vertex we use a form that probably resembles the elastic form factor of the
o:

1

Gp=—".
1—t/mg

(7.69)

As for the J/1 any contribution from fo,as exchange can be neglected.
Fitting the soft-pomeron coupling to the data yields Ap, = 1.49 and the
results are shown in figure 7.26.

As @Q? increases the hard-pomeron component should become increasingly
important relative to the soft-pomeron component and the total cross sec-
tion should increase more rapidly with increasing energy. The cross sections
for p¥ electroproduction[353,348] at various Q? are shown in figure 7.27. If
the intercept a.g is extracted from the rise of the cross section with energy,
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Figure 7.29. Two-gluon exchange mechanism for v*p — V p

there is an indication that it does increase with increasing Q?, as shown
in figure 7.28a. Also, as Q? increases the differential cross section do/dt
should become less steep, reflecting the increasing importance of the hard
pomeron with its smaller trajectory slope oz}PO. This is seen in the forward
slope parameter b = b(s,t = 0), defined in (3.23), which is shown in fig-
ure 7.28b as a function of Q2. Its value decreases rapidly from about 10
GeV™2 at Q> =0to 5 to 6 GeV~2 for Q? > 10 GeV?. The latter value
is expected just from the form factor of the proton, which suggests that
the v* — p° transition vertex is essentially independent of ¢. It is apparent
from the energy dependence of the integrated cross section that, even at the
highest energies and highest values of @ at which data are now available,
the hard pomeron does not dominate the cross section at small |¢t|. Two-
gluon-exchange models of p® electroproduction incorporating perturbative
and nonperturbative effects[357,358] agree with this.

The two-gluon-exchange mechanism of figure 7.29 relates exclusive photo-
production and electroproduction of the J/1 to the gluon structure function
of the proton. The upper part of the diagram is calculated from perturba-
tive QCD, while the lower part is related to the proton’s gluon structure
function and so is nonperturbative. The same mechanism is supposed to ap-
ply to electroproduction of the p and ¢ at sufficiently large Q2. The photon
dissociates into a gq pair which then scatters on the target. The probability
that the gq pair recombines into a vector meson is determined by the pro-
jection on the meson wave function. The photon dissociation is described
by the photon wave functions introduced in section 8.6, where it is shown
that transverse photons will dominate at small @2, but for Q% > m?, where
m is the mass of the charm quark, longitudinal photons will dominate. The
wave function of a vector meson is constructed in analogy to the photon
wave function. In the nonrelativistic limit it can be assumed that the quark
and antiquark are weakly bound in comparison with their mass and that
their relative momentum is small. This means that the relative transverse
momentum kp is approximately zero and that the longitudinal momentum
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Figure 7.30. Data[363,364] for o /o7 in (a) yp — J/¢p and (b) vp — pp

fraction z of the quark is approximately the same as that of the antiquark.
This also means that the mass of the vector meson is approximately the
sum of the masses of the constituent quark and antiquark, that is for the
J/v we have M/ ~ 2m.. In this simplified approach one can write the
vertex function that couples the c¢ pair to the J/v as

OV (2, k) = C6(z — 3) 6 (kr) (7.70)

and the constant C' is obtained by using the same vertex function to cal-
culate the leptonic decay width 'Y, _ of the vector meson[359,360]. The
complete expression for the forward cross section for exclusive vector-meson
production is then[361,362] approximately

doV 16T, M3 w3 o2 Q?
= = —_ete j ) : 1+ ) (7.71
dt ’t:tmm 3a(Q? + M2)* ‘(Hp)a wp 9w, Q )‘ ( +M3) (7.71)

where zp = (Q*+M32)/(Q*+W?), Q? = %(Q2+M\2/), W is the v*p centre-
of-mass energy, g(z, Q?) is the gluon structure function of the proton and
p = Re A/Im A is the relative contribution of the real part of the amplitude.
The approximation

T 0
A=—zp—ImA .72
Re 23:11:8me (7.72)

is often used though if, as is the case, the gluon distribution rises steeply
with 1/z at small z, it would be more accurate to calculate p using the
signature factor ¢ of (2.18), with (a — 1) the W? effective power rise of
the cross section.

The first term in the last bracket of (7.71) gives the transverse cross section
or and the term Q2 /M‘Q/ gives the longitudinal cross section o;. So a
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Figure 7.31. Cross section[363] for v*p — J/¢ p at Q% = 3.5 GeV? (upper points)
and 10.1 GeV? (lower points)

specific prediction of this simple model is that oz /or = Q?/MZ. The data
for o, /o7 for J/1 electroproduction are shown in figure 7.30a and are not
incompatible with a linear rise. Using more realistic wave functions slows
the predicted rate of rise[365,357]. The ratio or,/or for p electroproduction
does not follow the linear rise, as can be seen in figure 7.30b. This ratio in
fact is very sensitive to the choice of the vector-meson wave function, and
provides the strongest constraint[357] of all data on p electroproduction.

The rise with energy of the total cross section is predicted by (7.71) to be
related to the rise of (g(zp,Q?))? with 1/xp. The data shown in figure
7.31 for J /1 electroproduction are compatible with this.

Another feature of the simple formula (7.71) is that it is of the form
I'Y,._ My times a universal function of (Q? + MZ). Figure 7.32 shows
that, if the cross sections for p,w,¢ and J/v electroproduction, and for
J /1 photoproduction, are plotted against (Q? + M2), divided by the num-
bers 9:1:2:8 associated with the quark charges and wave-function symme-
try factors, they do seem to lie on a single curve[348]. However, this is
not compatible with (7.71) and indeed it is somewhat mysterious, because
when these quark-charge factors are removed experiment finds that FZ o
is rather constant: see figure 7.33. So (7.71) would predict that one should

obtain a single curve only if one also divided the cross section by My .

We have explained that the derivation of (7.71) uses a very simple vector-
meson wave function. More realistic calculations find that the cross section
is very sensitive to the wave function[357,366,367]. This uncertainty affects
the absolute normalisation, but has little effect on the energy dependence
of the cross section. However, the latter is subject to a different source of
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Figure 7.33. Data for FZ+6_ with the factors 9:1:2:8:1 removed. Note the sup-
pressed zero on the vertical scale.

uncertainty, as the scale which enters the structure function is in general
not linked to the hard scale in a simple way. With a suitable choice of scale
and structure function it is possible to obtain a satisfactory description of
the forward differential cross section at high energy. A typical result[368] is
shown in figure 7.34, which also includes the two-pomeron curve of figure
7.24a; note the different curvature. It can be seen that at low energy
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Figure 7.34. Data for J/¢ photoproduction; the solid curve corresponds to the
two-pomeron fit (see figure 7.24a), and the thin curve to a calculation[368] of (7.71)

the perturbative-QCD predictions under-estimate the cross section, and it
is necessary to include nonperturbative effects[357,365]. Models combining
perturbative and nonperturbative effects are frequently formulated in terms
of the cross section for scattering of the gg pair on the target, the dipole
cross section. These models are described in chapter 9.

The choice of the vector-meson vertex function has a considerable impact
on the t dependence and the Q? dependence of the electroproduction of
vector mesons. What is not so immediately apparent is that the choice also
affects the relative strengths of the soft and hard-pomeron components and
how these vary with Q2. On the basis of the factorisation theorem[369],
exclusive vector meson production can be considered as three separate pro-
cesses: the fluctuation of the virtual photon into a ¢g pair; the interaction
of the ¢ pair with the proton; and the formation of the vector meson
from the ¢¢ pair which naturally involves the vector-meson vertex function.
Two-gluon-exchange models also provide a convenient framework for com-
bining nonperturbative and perturbative contributions at the amplitude
level. This approach has been developed[370,357] in a simultaneous study
of p, ¢ and J/v electroproduction and of J/¢ photoproduction. The per-
turbative gluons are described by the usual perturbative propagator and
the gluon flux obtained from the unintegrated gluon density or from the
model of [371]. A specific nonperturbative propagator[372] is used for the
nonperturbative gluons and the gluon-proton interaction is treated by the
nonperturbative model[7] described in section 8.1. The dynamics of the
exchange is governed by two parameters, one for the nonperturbative term
and one for the perturbative term. These parameters are the same for each
of the p, ¢ and J/1. The only freedom in going from one vector meson to
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another is a parameter pr which is related to the “size” of the meson in its
rest frame. The wave function is assumed to be Gaussian:
2
p
d(p*) =N exp( — = ). (7.73)
The model gives a good global description of all the data, reproducing the
combinations of the soft and hard pomerons determined phenomenologi-
cally. The role of wave functions is explored further in chapters 8 and 9.

An important aspect of p¥ electroproduction is the measurement|[364,373]
of the density-matrix elements from the p°-decay angular distribution. The
density-matrix elements provide tests of s-channel helicity conservation and
of the assumed dominance of natural-parity exchange. (Natural parity is
defined in section 2.5.) The pY-decay angular distribution for unpolarised
leptons is given in terms of the density-matrix elements pg) in (E.3), and
as bilinear combinations of the helicity amplitudes in (E.8). As the present
data do not separate the longitudinal and transverse cross sections, the
measured quantities are the r& of (E.6). The p%-decay angular distribution
then has the form

W (cos .0, v) =

S —108) + 3(3r05 — 1) cos® 6 — V2 Re {4 sin 26 cos ¢
— % sin? § cos 2¢

— €cos 21 (r}; sin? @ + r{y cos® 6 — V2Re 710 sin 26 cos ¢
—ri_sin? @ cos 2¢)

— esin 24 (V2Im 72, sin 20 sin ¢ + Imr?_; sin” @ sin 2¢)

+1/2€(1 4 €) costp (13 sin? @ + 15, cos® 6

— V2Rerfysin 260 cos ¢ — r_; sin? 0 cos 2¢)

+1/2¢(1 + €) sinyp (vV2Tm S sin 260 sin ¢
+ Im79_ sin” @ sin 2¢) (7.74)

where € is the polarisation of the virtual photon. For the HERA data
(€) ~ 0.99.

From (E.15) and (E.6) we see that the asymmetry P, between natural and
unnatural-parity exchange is

O'N—O'U

PUZO-N+JU

= (1+eR)(2ri_1 —7d0) (7.75)
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ri_, —Im r§_, Re 19, —Im 7§,
ZEUS | 0.334 £0.025 | 0.331 £0.023 | 0.142 £ 0.013 | 0.141 £ 0.006
ZEUS | 0.098 +£0.023 | 0.135+£0.039 | 0.142 +£0.011 | 0.136 £ 0.011
H1 | 0.1224+0.019 | 0.119£0.021 | 0.146 = 0.010 | 0.140 £ 0.009
Table 7.1. s-channel helicity-matrix elements in p® electroproduction[364,373]

showing that (7.77) is satisfied. The first ZEUS entry is from the low-Q? data, the
second from the high-Q? data; see the text.

where R is the ratio of the longitudinal to transverse cross sections. The
asymmetry is found to be compatible with 1. This implies that natural-
parity exchange dominates in the data, at least for transverse photons.
The measurement of the corresponding asymmetry for longitudinal photons
requires two different values of e.

For s-channel helicity conservation all matrix elements become zero, except
five:

roa iy, Im iy, Rerdy, Im 7§, (7.76)
and they are not all independent. They satisfy
ri_y=—Im r?_;, Re rj; = —Im 7%, (7.77)

Of the remaining density-matrix elements only one, 73, differs significantly
from zero within the present measurement precision. The ZEUS data cover
two ranges of @2, 0.25 GeV? < Q? < 0.85 GeV? and 3 GeV? < Q2 < 30
GeV2. The corresponding energy ranges are 20 GeV < W < 90 GeV and
40 GeV < W < 120 GeV, and both samples extend up to |[t| = 0.6 GeV?.
The H1 ranges are 1 GeV? < Q% < 60 GeV?, 30 GeV < W < 140 GeV
and [t| < 0.5 GeV2. The values found for rj,, averaged over the complete
kinematical ranges, are 0.051 4+ 0.021, 0.095 + 0.031 and 0.093 + 0.029.
The variation with @2, W and ¢ is shown in figure 7.35. The 7§, term is
proportional to the interference between the helicity-non-flip amplitude Ty
for longitudinal photons, and the helicity-single-flip amplitude Tp; for the
production of longitudinally polarised p° mesons from transverse photons.
The s-channel-helicity-conserving relations (7.77) are well satisfied by the
data which are given in table 7.1.

Relative to the dominant helicity-non-flip amplitudes T1; and Ty, Tp1 is
small. From (E.6), (E.7) and (E.8),

. VR Ty
00 1 + eR ’Tn‘

(7.78)
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Figure 7.35. Data for the 75, matrix element for v*p — pp from H1 (black
points)[364] and ZEUS (open points)[373]

where the term |Tp;|? has been neglected relative to |711|? in the denomina-
tor (see (E.8)) and it is assumed that the amplitudes Tyy and Tp; are both
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purely imaginary. Then, with € ~ 1,

o1 N 701 - 1+R
VIT11)? + [Tool? |T11|vV1+ R 2R

for which the experimental value is 7.7 & 1.6% averaged over the present
Q? domain.

Non-conservation of s-channel helicity has been considered[374,375] in two-
gluon-exchange models. The non-conservation effects arise entirely from
the v — gqq — V part of figure 7.29. Thus although the calculations were
performed for perturbative gluon exchange the results are also applicable
to models with nonperturbative gluon exchange. It is found that the only
significant deviation from s-channel helicity conservation is in the density-
matrix element r{,, and the calculated value is in excellent agreement with
experiment[373].

(7.79)

7.9 Inclusive vector-meson photoproduction

We have seen in section 7.9 that there is evidence for the hard pomeron in
exclusive photoproduction yp — Vp of vector mesons, most notably for the
J/1¢ but also at large momentum transfer ¢ for the p and ¢. It has been
suggested[376,377] that inelastic diffractive vector-meson photoproduction
vp — VX at large momentum transfer ¢ should be more sensitive to the
hard pomeron than exclusive photoproduction. Preliminary data have been
presented for the p, ¢ and J/v.

If the momentum transfer is sufficiently large the use of perturbative QCD
is justified. Then the cross section may be factorised into the product of
the parton distribution functions of the proton and the parton-level cross
sections:

d;%(’”’ = VX) = (gl [t) + G, [t) — do * (vag — Vay)
!

+ g(z, Itl) (79—>Vg) (7.80)

where g(z,|t|) and g¢(z, |t|) are the gluon and quark parton distribution
functions, which are summed over flavour f and evaluated at Q% = |¢|. It
then remains to choose a model for the exchange and for the vector-meson
wave functions.

A good simultaneous description of the preliminary p, ¢ and J/¢ data
has been obtained[378] using the leading-log BFKL pomeron for the ex-
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Figure 7.36. Theoretical curves[378] for large-t photoproduction of p (upper
curve), ¢ (dashed curve) and J/¢ (thick curve)

change[376,377] and treating the vector-meson wave functions in the non-
relativistic limit (7.70). This is an oversimplification as it allows production
only of transversely polarised mesons. There is evidence in the data for
production of longitudinally polarised mesons, although the contribution is
small. The calculation involves only two parameters: the strong-coupling
constant ay, which was taken to be fixed, and the scale for the energy vari-
able in the logarithms, which was taken to be SMZ + v|t| with 3 and ~
common parameters for all vector mesons. Acceptable fits are obtained for
as ~ 0.2 and 8 ~ v =~ 1.0. Typical results are shown in figure 7.36.

In contrast to this succcess, modelling the exchange by two perturbative
gluons provides only a qualitative description of the J/v¢ data and a very
poor one of the light mesons[378]. This failure results from a dip in the
predictions at t = —M‘Q, where the two-gluon-exchange amplitude vanishes.
It is only because this value of ¢ is outside the range of the data for the
J /1 that the prediction of the two-gluon-exchange model looks reasonable.
As the BFKL amplitude does not have this zero the dip must be filled by
corrections to the two-gluon-exchange approximation, such as the resum-
mation of the two-gluon amplitude to include virtual corrections and the
addition of rungs.

It is certainly premature to conclude that these preliminary data support
the BFKL pomeron, as the calculations are subject to many uncertainties.
A complete description should use a running coupling a,, but we do not yet
know how to incorporate it into the BFKL approach. How much more com-
plicated than two-gluon exchange must the colour-singlet exchange be to
describe the data? Do we need the full complexity of the BFKL pomeron?
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How sensitive are the results to the choice of the vector-meson wave func-
tions? Does a more realistic choice generate the same predictions as the
non-relativistic model? How much constraint is put on the wave functions
by the cross section for longitudinal vector mesons? What is the energy
dependence as a function of ¢, and what is the ¢t dependence as a function
of energy? There are many questions, theoretical and experimental, still to
be answered.

7.10 Diffractive structure function

In section 3.3 we introduced the formalism that describes soft diffractive
events, which are events in hadron-hadron scattering in which one of the
initial hadrons appears in the final state having lost only a very small
fraction £ of its initial momentum. Ingelman and Schlein[8] suggested that
it would similarly be useful to consider v*p interactions in which the initial
proton loses only very little momentum fraction £&. That is, the hadron b in
figure 3.16 is replaced with a v* which has been radiated from an electron.
It is found that the diffraction dissociation contributes about 10% of the
small-z deep-inelastic scattering events. Such events are examples of what
are known as hard diffraction events.

The cross section for single diffraction dissociation in deep-inelastic scat-
tering, ep — eXp, defines a diffractive structure function F2D(4) (B,Q%,&,1):

d*o 4o y?
== (1-y+ 5
dedtdedy — zyQ 2(14 R(z,Q%&,1))

VB (3,Q%¢,1) (T81)

where x and y are the usual variables of deep-inelastic scattering, given in
(7.1), and R is the ratio of the cross sections for longitudinal and trans-
versely polarised photons. The variables £ and ¢ in (7.81) are the ones
customary in diffraction dissociation, see figure 3.16, and § = z/¢ is the
fraction of the exchanged object’s momentum carried by the struck quark.
¢ is often instead called xp. The centre-of-mass energy of the v*p system

is W +/Q%(1/x — 1) and the mass M of the system X is M ~ /Es. The
formula is analogous to (7.5), when F is eliminated through (7.7). The

determination of FZD @ (8,Q% &,t) is not sensitive to the choice of R for
small y, so it is customary to set & = 0 or to estimate an error on FQD @

by determining it at the two extremes R = 0 and R = oo.
One may define[379], in analogy with (3.43),

By Y(8,Q%.61) = DVt B (8,Q% 1) (782)
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Figure 7.37. Diffractive electroproduction factorised as in (7.82)

with DT/%(t, ) defined in (3.44), and regard FJF' (3, Q?,t) as the structure
function of the pomeron. It is assumed, though it is difficult to prove theo-
retically, that FZP (8,Q%?,t) obeys perturbative evolution equations similar
to those for a hadron structure function. If this is valid, although mea-
surement of F2D ) (8, Q% ¢, ) directly corresponds only to the quark struc-
ture function of the pomeron, from its Q? evolution one may extract also
the pomeron’s gluon structure function. Notice that the interpretation of
FF(B,Q% t) as the structure function of the pomeron does not depend on
the pomeron being a particle — indeed, it is not — but it makes sense because
of the Regge factorisation. See figure 7.37. However, this factorisation is
only plausible when ¢ is rather small; otherwise there will be reggeon ex-
changes additional to the soft pomeron, and adding in their contributions
spoils the factorisation. Further, there is the possibility, which seems to be
supported by experiment, that there is also a significant contribution from
hard-pomeron exchange, so factorisation is of doubtful validity for all values
of £, even if it is valid for the hard and soft-pomeron exchanges separately.

To determine t unambiguously requires the detection of the recoil nucleon
and measurement of its momentum[380,349]. However this is not always
possible, so[381,382] the process being studied is in effect ep — eXY. As
t is not measured, results are quoted in terms of the diffractive structure
function F2D(3) (B,Q%,€), the integral of F2D(4) over t. This complicates
comparison with theoretical models and, as the range of of mass of the
unknown system Y is different in different experiments, for example my <
1.6 GeV in [381] and my < 5.5 GeV in [382], it is difficult to compare
experiments directly.

We consider first the ep — eXY data and the structure function F2D @),
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Figure 7.38. H1 data[381] for the diffractive structure function FQD(?’) at = 0.65
and Q? ranging from 7.5 to 45 GeV?

Although there is no theoretical justification for it, it is usually assumed
that the structure function of the pomeron is independent of ¢, in which
case the factorisation (7.82) can be used at fixed 3, Q? to find the effective
pomeron intercept from D¥/e(t,¢). The ZEUS data[382] on their own are
compatible with a single exchange and, if this is assumed, the effective
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pomeron intercept is found to be aeg = 1.127 £ 0.0097003. However, this

result is dependent on the assumption that there is no contribution from
reggeon exchange. The absence or presence of reggeon exchange cannot be
inferred from these data as they are mainly at values of ¢ which are too
small to provide the necessary sensitivity. The H1 data[381] some of which
are shown in figure 7.38, extend to larger values of ¢ than do the ZEUS
data and show clearly that a reggeon term is required. That is, one has to
replace (7.82) with something like

FPW(8,Q%,¢,t) = DY/ (1,6)FF (8, Q) + D™/*(t, &) F(8,Q?)
+ 2D (1, €)\ FF (5.Q2 D FH(8,Q?) (7.83)

though the square-root term is extremely model-dependent. The interfer-
ence flux D!(t,&) is obtained from the pomeron and reggeon fluxes with
the signature factors as we explained after (3.47). The quantity ¢; may
be thought of as the degree of coherence. H1 made[381] two fits to their
data for the two extremes of no interference, c; = 0, and “full” interference,
cr = 1, with ap(0), ar(0), ' (8,Q?), FF¥(8,Q?%) as free parameters. It
was assumed that the slopes of the pomeron and reggeon trajectories are
the standard values for the soft pomeron and reggeon found in hadronic
interactions and the flux factors D¥/%(t,¢), D™/%(t, £) were chosen to have
the simplified form

DP/a(t,g) o eb’Pt 51—20@3(15)
DR/a(t,f) x ebRt 51720@3(15) (784)

with bp = 4.6 GeV~2 and b = 2.0 GeV~? taken from hadron-hadron-
scattering data. The fits were made for y < 0.45 to exclude any significant
contribution from the longitudinal cross section. The result for the effective
pomeron intercept is not affected by the choice of ¢y, being aeg = 1.200 +
0.017£0.011 £0.032 for ¢y = 0 and aeg = 1.206 +0.022 +0.013 £ 0.033 for
cr = 1. The errors are respectively statistical, systematic and an estimate
of the model dependence. It is the inclusion of the reggeon term in the H1

analysis which results in aeg for the pomeron term being larger than that
obtained from the ZEUS data.

The effective intercept found in the fit to the H1 data is comparable with
that found in deep-inelastic scattering over the same Q? range, 4.5 GeV? <
Q? < 75 GeV?, as can be seen from figure 7.5. This suggests a similar
interpretation. That is, one should include both the soft and the hard
pomeron in the fit.

The reggeon contribution is best studied by selecting values of € sufficiently
large to suppress the pomeron contribution. Recall that for a single-reggeon
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Figure 7.39. HI data[380] for forward proton production (black points) and neu-
tron production (crosses) at (z,Q?) = (0.00010,2.5), (0.00033,4.4), (0.00104, 7.5)
and (0.00329,13.3)

exchange the differential cross section for forward baryon production as a
function of € at fixed t is proportional to €172 where a(t) is the appro-
priate trajectory. Thus at small ¢ the cross section behaves approximately
as 1 for soft-pomeron exchange, &Y for the leading reggeon trajectories
and & for pion exchange.

The region of large ¢ has been studied[380] by H1, detecting the forward
baryon at pr < 200 MeV using a forward proton spectrometer and a for-
ward neutron calorimeter. The ranges of £ covered are 0.12 < ¢ < 0.27
for the proton data and 0.1 < & < 0.7 for the neutron data. The data
are all at very small 8, 8 < 0.01. As these data are not diffractive it is
convenient to use the notation FQF B® Lather than F2D @ of (7.81). For the
neutron data with 0.1 < & < 0.3 the shape of the cross section as a function
of &, averaged over t, suggests that the average value of «/(t) is consistent
with zero. Although one might be uneasy about extending the theory to
such large values of &, nevertheless this is naively the expectation from
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pion exchange. It is not surprising that pion exchange should dominate
the neutron data, as we have seen in chapter 3 that the p and ay trajec-
tories are coupled weakly to the proton. It has been estimated[383] that
the contribution to forward neutron production from p and as exchange is
an order of magnitude smaller than that from pion exchange. Assuming
factorisation analogous to (7.82), replacing the pomeron flux by the known
pion flux and the pomeron structure function by the known pion structure
function[384,385], gives[386] a good parameter-free description of the data.
The data and the fit are shown in figure 7.39.

If pion exchange were the only contribution to FQF B for some range of £

then we would expect FZF BM) heasured with forward neutrons to be twice
that obtained with forward protons. This is not found to be true. The
forward-proton structure function is everywhere larger than the neutron

(3), which is

one. The data are shown in figure 7.39. This figure plots FQFB
FQF B®) integrated over t. The curves are the charged-pion-exchange contri-
bution[380] to the forward-neutron structure function and clearly provide
an acceptable description of these data. The leading-proton data do not
depend strongly on £ and are consistent with the dominance of a trajectory
with «(0) ~ 0.5, for which the fs is the natural choice. Recall that the
pion-exchange contribution to the forward-proton data is half that to the
forward neutron data. As ( is so small in the F2F BM data there is little

overlap with the FQD ®) measurements, so the structure function of fy is
unknown and the data are insufficient to determine it. Assuming[380] that
FJ = FJ, adding a pomeron contribution (which is significant only at large
2) with[387] Ff = (0.026/0.12) Ff and including the pion-exchange term
provides an acceptable description of the data.

A global fit to the H1 and ZEUS F2D(3) data has been performed[388],
including contributions from pomeron exchange with the pomeron inter-
cept as a free parameter, together with reggeon exchange and higher-twist
terms[389-391], although the latter do not make a significant difference to
the results. It was assumed that the reggeon structure function has the
same Q? and 3 dependence as the pion structure function and interference
between the pomeron and reggeon was not included. The pomeron’s quark
and gluon structure functions were parametrised at the scale Qg =3 GeV?
and evolved to higher Q? using next-to-leading-order DGLAP evolution
equations. The results confirm those of the earlier H1[381] and ZEUS[382]
analyses. The pomeron structure functions extracted from the two data sets
are very different, which is not surprising as there is a significant reggeon
component in the fit to the H1 data and effectively none in the fit to the
ZEUS data. The principal conclusions from the analyses[381,388] of the H1
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(x) (b)

Figure 7.40. pp collisions with a very fast proton in the final state: production of
(a) a high-Pr jet pair and (b) W boson.

data are that the gluon density of the pomeron is very much larger than
the quark density, and that the gluon density is very much flatter, as a
function of 3, than is the gluon density of the proton as a function of zx.
An alternative solution in which the gluon density is strongly peaked near
B =1 cannot be excluded but is less favoured.

However it is not clear what significance one should attach to the pomeron
structure function. If the effective pomeron in these fits is in fact a combina-
tion of the hard and soft pomeron, as its effective intercept would indicate,
then the picture is much more complex.

The Ingelman-Schlein suggestion|[8] mentioned at the beginning of this sec-
tion was first tested[392] at the CERN pp collider, where events were found
with a very fast proton or antiproton in which a pair of high-py jets is
also produced. Similar experiments have since been performed at the Teva-
tron[393]. High-pp jet production is calculated using the structure functions
of the incident particles, so these special high-py jet production events in-
volve a structure function of the proton for the emission of a quark or a
gluon with also a very fast proton or antiproton in the final state. See figure
7.40a.

Similarly, W production has been observed at the Tevatron with a very
fast proton or antiproton in the final state[394], which one might expect to
calculate from the Drell-Yan mechanism, figure 6.1, using a similar structure
function, as is shown in figure 7.40b.
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(a) (b)

Figure 7.41. Diffractive dijet and trijet production

(a) (b)

Figure 7.42. Diffractive jet production: (a) resolved-pomeron and (b) resolved-
photon mechanisms

Comparison of the rates of occurrence of the various types of hard diffractive
events does not support the notion of factorisation. We have already said
that this is not surprising if a combination of the soft and hard pomerons
is involved. But there is also another possibly-significant source of factori-
sation breakdown, which is soft initial and final-state interactions in the
processes of figure 7.40. There is no reliable theory of these, though some
authors believe that they give a very large contribution[395,396].

7.11 Diffractive jet production

In principle the pomeron-parton interaction can best be studied in the
deep-inelastic diffraction-dissociation reaction v*p — Xp, when the proton
emerges very fast and the system X is composed of two or three jets. Dijet
events may be visualized as the dissociation of the photon into a quark-
antiquark pair, one of which may then scatter elastically on the proton,
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so giving two jets emerging at high momentum transfer; see figure 7.41a.
As the production of high-pr final states by this processs is strongly sup-
pressed[397,398] and the invariant masses Mx produced tend to be small,
it is expected that for large values of Mx or pr contributions due to the
radiation of a gluon become important, leading to trijet events, as in figure
7.41b for example. For trijet events the variable zp is defined by

ap = B(1+3/Q%) (7.85)

where § is the invariant-mass squared of the two highest-pr partons. Anal-
ogously to 0 for the case of the lowest-order diagram, figure 7.41a, zp is
the longitudinal-momentum fraction of the pomeron which takes part in
the hard interaction of figure 7.41b.

In practice the situation is not nearly so clear. Trijet events with one low-
pr jet cannot be separated from genuine dijet events. In addition to the
direct reaction of figure 7.41a, significant contributions arise from the re-
solved pomeron of figure 7.42a, from the resolved photon of figure 7.42b,
and from both. These involve either the structure function of the pomeron
or photon or both. Thus it is expected that dijet events will typically
exhibit a structure where, in addition to the reconstructed jets, the sys-
tem X contains hadronic energy with transverse momentum below the jet
scale. This is evident in the data[399]. Only a fraction of the available
energy of the X system is contained in the dijet system or, equivalently,
the squared dijet invariant mass M%, is considerably smaller than M% on
average. The differential dijet cross sections are shown in figure 7.43 as
functions of Q?, PTiet, Mx, W, B and . W is the v*p centre-of-mass en-
ergy; the transverse momentum is measured relative to the v*p axis and
PTijet = %(ijetl + ijetg) is the mean dijet transverse momentum. The
histograms are the predictions[399] from a resolved pomeron, reggeon and
photon model, using the parton distributions of the pomeron and reggeon
obtained in the analysis[381] of FQD ®) evolved to a scale Q? + p% and with
the pomeron effective intercept and slope fixed at the values found in that
analysis. These predictions use the “flat” gluon distribution which provides
a better fit to the data than does the “hard” distribution. The result of
varying the effective intercept of the pomeron is illustrated in the last of the
figures 7.43, where the solid histogram is for intercept 1.08 and the other
is for intercept 1.4. If the effective intercept is varied, a best fit is found
with aer(0) = 1.17 £ 0.03 £ 0.067093 which is compatible both with the
result found in [381] and with the standard soft-pomeron intercept. The
errors are respectively statistical, systematic and an estimate of the model
dependence.

The dijet cross sections are sensitive to differences between phenomenolog-
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Figure 7.43. Diffractive dijet production[399]: Q% pr, Mx, W, 3 and ¢ distribu-
tions. The histograms are described in the text.

ical models which all give reasonable descriptions of FQD ®) In addition to
favouring the flat gluon distribution of the pomeron over the hard one, the
data also pose difficulties for other models. The soft-colour model[400-402]
is not able to reproduce simultaneously the overall dijet rate and the shapes

of the differential cross sections.

The saturation model[403,404], which

takes into account only kp-ordered configurations, describes the shapes of
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Ne

Figure 7.44. C = —1 exchange in v*v* — 1. + 1.

the jet distributions but under-estimates the overall cross section. However
if strong-k7 ordering is not imposed[405,406] then the data are reasonably
well described if a cutoff of 1.5 GeV is imposed for the gluon transverse
momentum.

7.12 The perturbative odderon

In section 7.3 we have discussed the summation of the perturbative-gluon
ladder diagrams of figure 7.8, which give C' = +1 exchange. In the leading-
logarithmic approximation the result of this summation is obtained by solv-
ing the BFKL equation. It is natural to ask about C' = —1 exchange in a
similar context, that is the perturbative odderon, a perturbative analogue
of the phenomenological odderon introduced in section 3.10.

As an example consider the reaction

Y(Q%) + 7 (Q%) = Me +1e (7.86)

at high energy, with photons of virtuality Q2 > 1 GeV?. The pseudoscalar
cc bound state 7. has mass m,,, ~ 3 GeV and C' = +1. Clearly we must have
C = —1 exchange in the ¢-channel in this reaction, as indicated in figure
7.44. Since Q? and my, are large, a perturbative analysis of (7.86) should
be applicable. In leading order in a; the exchange in figure 7.44 consists
of three perturbative gluons in a colour-singlet C' = —1 state. To see how
this arises, first consider the colour-neutral states of two and three gluons.
From two gluon-potential matrices (6.4) we can construct one colour-singlet
operator

Pau(@,y) = Tr (Ax(2)Au(y))
= 3A5(x) AL(y) Sap- (7.87)
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Figure 7.45. Ladder diagrams contributing to the perturbative odderon

Under charge conjugation
Ay(z) — —AT(2) (7.88)

which leaves the operator Py, (z,y) invariant. The exchange of two pertur-
bative gluons in a colour-neutral state is described by the free-field corre-
lation function

(OIT Py (@, y') Pau(w,9)[0). (7.89)
The C-parity of the exchange equals the C-parity of Py, that is C' = +1.

In a similar way we can analyse the colour-singlet exchange of three pertur-
bative gluons. With three gluon-potential matrices we can construct two
colour-singlet operators

Prup(®.y,2) = =i Tr ([Ax(2), Au(y)]Ap(2))
= 1 faneAS () AL (y) A (2) (7.90)

and

Onpp(,y,2) = Tr ({Ax(x), Ap(y)}Ap(2))
= 3danc A3 () A () Ap (2). (7.91)

The constants fyp. and dgp. are defined in appendix B. Using (7.88) we see
that Py, has C' = +1 and O,,, has C'= —1. The correlation function

<0|T OX,u’p’ ($/7 y,a Z,) O)xup(wa Y, Z)|O>
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evaluated in free-field theory gives perturbative three-gluon exchange in
the colour-singlet C' = —1 state, that is odderon exchange, to lowest order
in as. In reaction (7.86) this exchange leads to a constant cross section
for large s. In Regge terminology it corresponds to a pole which, at least
until higher-order corrections are included, is fixed at | = 1. Clearly we
expect corrections from higher orders, for example from ladder diagrams
as shown in figure 7.45, to produce a moving pole. The equation summing
up these ladder diagrams in the leading-logarithmic approximation[407,408]
has been solved[409] with the result

3as
A0y (0) = 1 — 0.2472 222, (7.92)

s

Taking as = 0.20 as an example gives ag,,, (0) = 1—0.05, that is an inter-
cept slightly less than 1. In contrast, the intercept of the BFKL pomeron
was found in leading order to be ap,., (0) ~ 1.5 using the same value of
o, as in section 7.3. Another solution of the equation has been found[410]
which gives a perturbative-odderon intercept exactly equal to 1. It was also
found that the solution corresponding to (7.92) decouples in the reaction
(7.86). Nevertheless one can deduce from these calculations that to lead-
ing order in g there is one odderon pole with intercept at [ = 1 and at
least one, maybe even a whole family[410], of odderon poles with intercepts
slightly below [ = 1. Of course, as for the pomeron case, nonleading terms
may be large and change the perturbative-odderon intercepts substantially.

A number of high-energy reactions have been proposed[411,412] for de-
tecting the perturbative odderon, for example 'y(*) +p — n.+ p and
v+~ — M+ M at |t| > 3 GeV?, where M stands for a pseudoscalar
or tensor meson. In all cases three-gluon exchange is the leading perturba-
tive contribution. Since it is clear that the exchange of three gluons occurs,
the real issue is that of how to observe the special effects associated with the
gluon-gluon interaction in the ladder diagrams of figure 7.45. This will not
be easy, as we can see from the example of diffractive 7. photoproduction,
v+ p — 1.+ p. In two lowest-order calculations the total cross section was
estimated to be[148] o ~ 11 pb and[413] o &~ 47 pb. Summation of the
leading logarithmic terms leads[414] to the estimate o ~ 50 pb, which is
essentially the same as the larger lowest-order estimate.

The theoretical and experimental status of the perturbative odderon are
reviewed in [411] and [412].
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Soft diffraction and vacuum structure

In this chapter we discuss an approach whereby soft diffractive phenomena
are treated from a microscopic point of view starting from the scattering of
the hadrons constituents, that is quarks and gluons, and we relate scattering
phenomena to properties of the QCD vacuum. We have argued in chapter 6
that in QCD total cross sections are essentially nonperturbative quantities.
Thus it is quite natural to think about a possible connection between the
nontrivial vacuum structure of QCD, which is a typical nonperturbative
phenomenon, and soft high-energy reactions.

8.1 The Landshoff-Nachtmann model

The Landshoff-Nachtmann model[7] seeks to understand some features of
diffractive phenomena in hadron-hadron scattering in terms of the exchange
of two nonperturbative gluons between quarks. It was shown that this
model is capable of reproducing the additive-quark rule for total cross sec-
tions[89,415-417], which we introduced in chapter 3. If one calculates two-
gluon exchange in QCD perturbation theory, one does not obtain such a
result[418,298]. By making detailed assumptions about the nature of the
wave functions of mesons and baryons, it is possible to obtain the additive-
quark rule for total cross sections from perturbative two-gluon exchange
[419,420]. However, this perturbative exchange of two gluons gives the
elastic hadron-hadron scattering amplitudes a singularity at ¢ = 0 and does
not reproduce the t dependence found in experiment. The observed ¢ depen-
dence is rather related to the elastic form factor and is obtained naturally
when one makes the pomeron couple to single quarks like an even-signature
isoscalar photon.

219
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Thus in this section we will study a model containing one quark field ¥ (x)
and one Abelian gluon field whose potential and field-strength tensor will
be denoted by A, (x) and F,,(x) = 0,A,(x) —0,Au(x). Let the Lagrangian
be

L=2Ly+ L (8.1)
where B ~ ~
Lo = La+ 517" 0up — (807" ¢) — mapy (8.2)
and -
= —g Ay, (8.3)

The term Lg is the pure “gluon” part of the Lagrangian which will not
need to be specified explicitly, except that we will assume it to contain
interaction terms producing a gluon condensate in the vacuum, in analogy
to what apparently happens in QCD. The interaction term £’ contains
a coupling constant g which, contrary to the QCD case, can be varied
independently of the pure-gluon interaction in this Abelian model.

We consider the quantum theory of the quark and gluon fields in the Dirac
picture with only £’ as perturbing Lagrangian. To zeroth order in £’ or g
we have the Ly theory describing a free quark field and a self-interacting
gluon field. We suppose the Ly theory to be quantised in Feynman gauge,
for example by the method of Gupta and Bleuler. Our basic assumptions
are now as follows.

Assumption 1. It makes sense to split the complete gluon propagator of
the £y theory into a perturbative part A, and a nonperturbative part Ap,
summarising the vacuum-condensate effects:

(0T (Au(2) Ay (0)|0) = igu Ap(2?) + igum Anp(z?). (8.4)

Here we define the perturbative part of the gluon propagator as the expec-
tation value of the T-product of two gluon potentials in the perturbative
vacuum state:

iguVAp(xz) = (0]T(Au(2) A1 (0))|0) pert- (8.5)

The nonperturbative part in (8.4) can be identified with the expectation
value of a nonlocal condensate (see section 6.5):

i Anp(22) = (0] = A, (2)A,(0) : [0). (8.6)

We assume that for small distances (z — 0) the perturbative part domi-
nates over the nonperturbative one in (8.4) and that for large distances the
opposite is true.
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Assumption 2. We assume factorisation of higher-point functions of the
gluon field, for instance

(OIT (A (21) Aps (22) Apug (23) Apiy (24))10)
= (O[T (A, (1) Apiz (22))[0) (O] T (Apg (3) Ay (24))10)
+ all other pairings. (8.7)

This assumption again is made for simplicity: it will allow us to develop
a model which reproduces the experimental facts. With these hypotheses
the Feynman diagrams of the full theory described by £ can be constructed
from the following elements:

e free quark propagators and external lines
e quark-gluon vertices from £’ of (8.3), that is corresponding to —igy*

e gluon lines corresponding to the sum of the perturbative and nonper-
turbative propagators of the gluon field.

Renormalisation of this theory is straightforward and from now on we as-
sume that it has been carried out.

We study now the nonperturbative gluon propagator and its Fourier trans-
form:

(O] : AH(:B)A,,(y) 1 |0) = iguvAnp((m - y)z)

4
= —ig / @k ik p (k?) (8.8)
e (2m)t np

which leads to the correlation function

4
O Frul@)Piyl)  10) = =i [ Se 0Dy, 17

X (k,uk)\gup - kl/k)\gup - kukpgu)\ + kl/kpg,u)\) (89)

for the field strengths. Note that the analyticity structure of Dpp(k?) and
the ie prescription are as usual, since the starting point was a time-ordered
product (8.4). Setting x = y in (8.9) we make contact with the analogue of
the gluon condensate (6.38) for this Abelian theory:

d*k
(2m)*

M = (0] ¢*Fu(@)F*™ (1) :10) = ~ig® [ 55 6K Duy(i?)

_ _92/ (‘ZI; 6K2 Dyp(—K2) (8.10)
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where the ie prescription has allowed us to make a Wick rotation so that
the four-vector K in the last line is Euclidean, k> — —K?2. We see that
a finite gluon condensate requires Dpy,(—K?) to vanish faster than (K?2)~3
for large K2, which we will assume to hold in the following.

Gluons in QCD are supposed to be confined and we assume the same to hold
in this Abelian model. So on-shell gluons do not propagate, which implies
that the gluon propagator must be less singular[421] than 1/k? for k2 — 0.
Since in this case the gluon propagator for small k2 is, by assumption,
dominated by Dpp(k?), we find from (8.9)

/fmm:axwagmww

= _ian(kQ) (kukkgup - kz/k)\g,up - kukpgu/\ + k’ukpg/m)‘k:o
=0 (8.11)

which in the domain picture would be interpreted as zero correlation of the
nonperturbative fluctuations of the gluon field in different domains. We
shall find that experiment indeed requires Dy, (k?) to be finite at k? = 0
and we will formulate this here as our third basic assumption:

Assumption 3. Dyp(k?) is finite for k2 = 0.

The gluon correlation function (8.8) may be regarded as the nonperturba-
tive propagator and will play a central role. We find it convenient to write
it as
M4

9*Dyp(K?) = —?CaﬁF(kZaQ) (8.12)
where M, is defined in (8.10), F' is a dimensionless function and a is a
parameter of dimension length. Inserting (8.12) into (8.10), we see that F'
must satisfy

1 o0
672 /0 dz 22F(—z) = 1. (8.13)
To define a, we require also
1 o0
8?/0 dz (F(=2))? = 1. (8.14)
Inserting (8.12) into (8.9), we get
2
v r—Y
<mfmwwwwm:wfﬁdﬂ) (815)

where

f<i>:5/é:ﬁ”“WﬁF%%% (8.16)
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Figure 8.1. Exchange of two nonperturbative gluons between two quarks; (a)
direct exchange and (b) crossed diagram.

is again a dimensionless function with f(0) = 1. Compare (8.10) and (8.14).
From (8.15) we see that the parameter a is a measure of the correlation
length in the vacuum.

We now explore the consequences of our assumptions first for quark-quark
and then for hadron-hadron scattering, assuming that hadrons exist in this
model as bound states of quarks and antiquarks as in QCD. Since diffractive
exchange corresponds to the exchange of vacuum quantum numbers, in
particular C' = 41 and colour singlet, it corresponds to at least two gluons,
so we will concentrate on two-gluon exchange in the following.

Consider then the diagrams of figure 8.1. Since we are concerned with small
momentum transfer ¢ = ¢2, say [t| < 1 GeV?, the long-distance nonpertur-
bative gluon propagators are involved. There will also be a contribution
from the perturbative propagators, but by assumption this is relatively
small. Because it is simpler, we calculate the imaginary part of the quark-
quark scattering amplitude, to which only the diagram of figure 8.1a con-
tributes. The other diagram, figure 8.1b, in which the two gluons cross one
another, contributes only to the real part. Because the exchange is C' = +1,
or even-signature, we may readily calculate the complete amplitude from its
imaginary part; see (3.25). In fact, the diagram of figure 8.1b just cancels
the real part of the diagram of figure 8.1a, so that in this approximation
the amplitude is purely imaginary.

In this section we sketch the calculations of the diagram of figure 8.1a. More
details of this calculation are given in [7]. With the labelling of figure 8.1 the
momentum transfer ¢ is transverse to both p and p/, so that t = ¢ = —q%.
We use the standard technique[33] of writing the loop momentum k& as

b — yp'

— 4+ 4k .1
2I/+2V+T (8.17)
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where v = p.p/ = %(s+ %t —2m?). When we put the two intermediate-state
quark lines on shell, as is required for the calculation of the imaginary part
of the diagram, we find that x = —y ~ k%p — %qu. Because, according to
our assumptions, Dyp(k?) falls off rather rapidly when k? becomes large,
the loop integration is dominated by values of k?p much less than order v.
Hence we may approximate the numerator of the Feynman integral:

Yy =k)Y)Q (Y700 +E) %) = W vp )@ (v v ). (8.18)

We may verify that if we perform the traces necessary to calculate either
elastic scattering or the total cross section, then for v > |¢| the result is the
same as if we were to replace (8.18) with

vy, @ yH. (8.19)

This is just the type of coupling of quarks to the pomeron which seems
to be supported by experiment, as we explained in section 3.2. In the
Abelian-gluon model the pomeron couples like a C' = +1 isoscalar photon.

The two é-functions that put the intermediate quarks on shell make the
integrations over the longitudinal components of k trivial. The result is
that figure 8.1 yields the imaginary part

Y @ Y Gra? I(a?t) (8.20)
where (see (8.12)) the dimensionless constant G2 is
G* = tMla (8.21)

and the dimensionless function I is

2
I((ZQt) = %(ZQ/ (d2’f)T2F(—a2(kT + %QT)Q) F(—az(kT — %qT)Z). (822)
It is easy to see that I is indeed a function of a®t, with I(0) = 1 accord-
ing to the second condition of (8.14). The constant G? may be regarded
as the expansion parameter: contributions to the quark-quark scattering
amplitude that involve additional gluons will have a structure that differs
from (8.20) in that they have higher powers of G2, together with some large
logarithms. Note that the integral in (8.22) converges at kr = £3qr since
F(0) is finite according to assumption (3), whereas a free-gluon propagator,
F(k?) o< 1/k?* for k* — 0, would lead to an infrared divergence. Also we
have seen that a finite value for the gluon condensate requires the function
F(—z) to fall off faster than 272 for z — oo, so that the integral (8.22)
converges rapidly for |kr| — oco. Hence the approximation (8.18) is justi-
fied and the ensuing properties (8.19) and (8.20) of the pomeron-exchange
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amplitude find their physical origin in this finite value of the gluon conden-
sate, that is in a fundamental property of the vacuum in this Abelian-gluon
model.

Consider now the two-gluon-exchange term in hadron-hadron scattering,
figure 8.2. If, as in figure 8.2a, the two gluons couple to the same quark in
each hadron, the imaginary part of the amplitude is again given by (8.20)
with an extra factor (F1(t))? to take account of the hadron wave functions
(see section 3.2), where Fj(t) is the C' = +1 isoscalar elastic form factor of
the hadron. However, if in either or both of the hadrons the gluons couple
to two different quarks as in figure 8.2b, then the loop momentum £ has
to pass through at least one hadron wave function. So the integral (8.22)
becomes modified. At ¢ = 0 it is now given by

2
1a? / (d2 f;; (F(—a’k%))? V(—R%k3) (8.23)
where V' is a hadron wave function or a product of two of them. Presum-
ably the scale R contained in V is the hadron radius. In section 3.2 we
have argued that the pomeron seems to couple to single quarks, indicating
that this contribution to the amplitude is relatively unimportant for light
hadrons. The way to achieve this is to impose the condition

a? < R? (8.24)

so that the integral (8.23) is approximately

2 [ d*k a? 2 [o©
La*(F(0)) / eV () = S (F(0) /O dzV(—z). (8.25)
It is reasonable to expect that the last integral converges. Also, F'(0) should
be finite by assumption (3), for otherwise the two-gluon-exchange terms
would give the hadron-hadron scattering amplitude a singularity at ¢ = 0.
This is not allowed by the usual arguments of analyticity and unitarity.
Indeed, we have seen in chapter 1 that the scattering amplitude is an ana-
Iytic function of ¢ for t < m?, where m is the mass of the lightest hadron
or hadronic system which can be exchanged in the ¢t-channel. Usually this
lightest hadron is the pion. We conclude that, because of (8.24) and the
factor a?/R? in (8.25), it is preferred that in each hadron the two gluons
couple to a single quark.

Put in more physical terms, what we have found is that in this very simple
model two quarks can exchange a nonperturbative gluon only if they pass
within distance a of each other, where a is the correlation length associated
with the vacuum. If @ is much less than the hadron radius R, it is unlikely
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Figure 8.2. Two-gluon exchange in nucleon-nucleon scattering. Examples of dia-
grams with exchange of two gluons (a) between the same quarks and (b) where in
one nucleon the gluons couple to separate quarks.

that two quarks in a hadron will satisfy this condition, so that it is most
likely that only one quark will participate in the scattering.

We summarise the main results of this section so far. We have investi-
gated high-energy diffractive quark-quark and hadron-hadron scattering in
a model where quarks are coupled to Abelian gluons which we assumed to
form a gluon condensate as in real QCD. We argued that for small-¢ elastic
scattering the exchange of nonperturbative gluons should give the domi-
nant contribution. We calculated quark-quark scattering with exchange of
two nonperturbative gluons and found for the invariant T-matrix element
for large v

(a(p3)a(pa)|Ta(p1)a(p2)) ~ i(@(ps)v*u(pr)) (@(ps)yuu(ps)) Gla® I(at).
(8.26)

From this the optical theorem gives the spin-averaged total quark-quark
cross section:

o™ (qq) ~ 2G*a>. (8.27)

These results are consistent with a dimensional analysis of the diagrams of
figure 8.1. Each gluon propagator together with the coupling to the quarks
gives a factor G2a?; see (8.12) and (8.21). One factor a? is cancelled by
the loop integral which is dominated by small k¢ for these nonperturbative
gluons, leading in total to the factor G*a? in (8.26) and (8.27).

For nucleon-nucleon scattering we considered the diagrams of figure 8.2.
The gluon lines, together with the vertices for both types of diagram, figures
8.2a and 8.2b, give a factor G*a? in the amplitude. The loop integration,
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however, gives a factor 1/a? for the diagrams of type figure 8.2a and a factor
1/R? for diagrams of type figure 8.2b. This leads to a relative suppression
factor a?/R? for diagrams where the gluons do not couple to the same
quark in a hadron. Here the assumption that the correlation length a of
the vacuum is much smaller than the hadron radius R is crucial.

Thus we have shown in this section how in this Abelian model some prop-
erties of the pomeron arise which are similar to those observed in real
hadron-hadron scattering: the vector-like coupling to quarks of (8.20) or
(8.26), the additive-quark rule and the constant cross section (8.27) to low-
est order in G2. The interesting feature of the Landshoff-Nachtmann model
is that it provides a quantitative connection between high-energy diffractive
reactions and properties of the nonperturbative vacuum. The model has
been applied phenomenologically to various reactions, for example to dijet
production in diffractive virtual-photon-proton collisions[372].

There have been two interesting theoretical developments concerning the
model. The first assumes that in real QCD the simple formulae discussed
above also hold and all the nonperturbative aspects of quark-quark and
hadron-hadron scattering are determined by the gluon propagator, which
can then be calculated in lattice gauge theory in a given gauge. The results
obtained in this way compare quite well with phenomenology[422]. The
second one tries to extend the model to higher orders in the coupling using
the BFKL techniques described in section 7.3, summing gluon ladders but
inserting now the nonperturbative propagator. This leads to an energy
dependence of total cross sections which is closer to experiment than the one
obtained from gluon ladders with perturbative propagators, but is still far
from being satisfactory[6]. Of course in the real world quarks are coupled to
non-Abelian gluons. In the following sections we will describe attempts to
deal with this essential complication. We will see that in an approximation
scheme for QCD suitable for high-energy scattering, some of the results are
similar to the ones obtained in this section for the Abelian model, but some
are different. This is explained in section 8.5.

8.2 Functional-integral approach

In this section we discuss high-energy hadron-hadron scattering using a
functional-integral representation[423,244] of the parton-parton scattering
amplitudes. Consider as an example the elastic scattering of two hadrons

hi 4 hy — hy + ho (8.28)

at high energy and small momentum transfer. We look at reaction (8.28)
imagining that we have a microscope with resolution much better than
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1 fm for observing what happens during the collision. Of course, we should
choose an appropriate resolution for our microscope. If we choose the reso-
lution to be much too good, we see too many details of the internal structure
of the hadrons which are irrelevant for the reaction considered and we miss
the essential features. If the resolution is too poor, we see too few details
and the same is true.

A series of simple arguments based on the uncertainty relation has been
used[423] to estimate the appropriate resolution. Let 7 = 0 be the time in
the centre-of-mass system at which the hadrons h; and ho have maximal
spatial overlap. Let %7’0 be the time when, in an inelastic collision, the first
hadrons produced appear. It may be estimated from the Lund model of
particle production[424,158] that 79 ~ 2 fm. Then the appropriate resolu-
tion, that is the cutoff in transverse parton momenta kp of the hadronic
wave functions to be chosen for describing reaction (8.28) in an economical
way, is estimated to be

k3 < 3v/s/m0 (8.29)

where /s is the centre-of-mass energy. Modes with higher kp can be as-
sumed to be integrated out. Then it is argued[423] that over the time
interval

_%7—0 S T S %7’0 (830)

the following can be assumed:

e the parton state of the hadrons does not change qualitatively, that is
parton annihilation and production processes can be neglected

e the partons undergo only soft elastic scattering and so travel on
almost-straight lightlike world lines.

The strategy is first to study soft parton-parton scattering. The relevant
interaction will turn out to be mediated by the gluonic vacuum fluctuations.
We have argued in section 6.2 that these have a nonperturbative character.
In this way the nonperturbative QCD vacuum structure will govern the
high-energy soft hadronic reactions. Once we have solved the problem of
parton-parton scattering we have to fold the partonic S-matrix with the
hadronic wave functions of the appropriate resolution (8.29) to get the
hadronic S-matrix elements.

We now give an outline of the various steps in this programme, in which we
use standard methods of quantum field theory like the reduction formula
and the path-integral formalism. The reader who is interested only in the
final result may go to section 8.4.
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Consider first quark-quark scattering:

q(p1) + q(p2) — q(p3) + q(pa)- (8.31)

Of course, free quarks do not exist, but let us close our eyes to this at the
moment. We should calculate the scattering of the quarks over the finite
time interval (8.30) of length 79 ~ 2 fm. We assume that 2 fm is long
enough to use the standard reduction formula of Lehmann, Symanzik and
Zimmermann to relate the S-matrix element for (8.31) to an integral over
the four-point function of the quark fields. With this we get

(3,4[5(1,2) = (q(ps3, 53, a3) q(p4, 54, a4)|S|q(p1, 51, a1) q(p2, s2, az2))
= (3,4/1,2) + 2, / d*zy dao das diay

— —

P74 (py) (i7.0 2y, — mE) @ e 730(p3) (1.0 2, — ML)

x(0|Tq(x4)q(x3)q(x1)q(x2)|0)

x(i7.02, + mE)u(pr)e™ P @ (i7.04, + mE)u(pz)e 2.
(8.32)

Here ¢(x) is the unrenormalised quark field, Z; is the quark wave-function
renormalisation constant and mf the renormalised quark mass. In (8.32)
spin and colour indices are not written out explicitly.

We can represent the four-point function of the quark fields as a functional
integral; see section 6.1. With the shorthand notation ¢(x;) = ¢q(j), we get

(0]Tq(4)q(3)q(1)q(2)[0)
_ 7 / DADgDG o(4)g(3)a(1a(2) exp (i / &' Locn(a))
(8.33)
where

Z= / DADgDG exp (i / d'z Lacn (). (8.34)

The QCD Lagrangian (6.1) is bilinear in the quark and antiquark fields.
Thus the functional integration over g and ¢ can be carried out immediately.
After some standard manipulations we arrive at

OTg(@)a3)a(0)a@[0) = [ DA exp (=i [ d'e Lo (B, (@)F¥(2))
X Hdet[—i(i’y’\D)\ — mg + i€)] (%Sp(él, 2;A)%SF(3, 1;A)— (3« 4))

(8.35)
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Here Sp(j, k; A) = Sp(xj, xk; A) is the unrenormalised quark propagator in
the given gluon potential Ay(x). This propagator satisfies

(iv.Dy — my) Sp(z, y; A) = =6 (x — y). (8.36)

Functional integrals as in (8.35) will occur frequently further on. Let F'(A)
be some functional of the gluon potentials. We will denote the functional
integral of F'(A) by

(F(A)a = [ DAFA) e (=i [ dle Lir Ry, 0))
x H det[~i(iv* Dy — mq + ie)]. (8.37)

Here the product runs over all active quark flavours. Gauge-fixing and
Faddeev-Popov-determinant terms are included in the measure DA.

We insert (8.35) into (8.32) and get
(3,41S11,2) = (3,4[1,2) — Z,2(ME (AM(A) = (B = 4)a  (838)

where, with £k = 3,4 and j =1, 2,

~>

; / d'w d'y P u(py) (iv.0, —my)

Sp(a,y; A)(i7.0y + mPyulpy)e ™V, (8.39)

Mi;(A

The term ME ML, on the right-hand side of (8.38) corresponds to the
t-channel-exchange diagrams of figure 8.3a. The second term, in which
the roles of the quarks 3 and 4 are interchanged, corresponds to the u-
channel-exchange diagrams of figure 8.3b and should be unimportant for
high-energy, small-¢ scattering; thus we neglect it. For the scattering of
different quark flavours it is absent anyway. So

(3,4]S]1,2) 2 (3,4]1,2) — Z (M3, (A)M5(A)) a. (8.40)

We can interpret ./\/lgj(A) as the scattering amplitude for quark j going to
k in the fixed gluon potential Ay (z). To see this, define the wave function

U @) = [ d'y Se(e,ys A) (0.0, + mDulp)e ™7 (8.41)
which satisfies the Dirac equation with the gluon potential Ay (x):

(iv.D — mg)¢y, (z) = 0. (8.42)
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Figure 8.3. (a) t-channel and (b) u-channel exchanges in quark-quark scattering

We use the Lippmann-Schwinger equation for Sg:

Sp(z,y; A) = S%O) (x —y) — /d4z Sg,)) (x — 2)(g7.A(z) — dmg)Sr(z,y; A)

(8.43)
where Sg)) is the free-quark propagator for mass m2 and dmy = mf —my
is the quark mass shift. Inserting (8.43) and (8.41) into (8.39) gives, after
some simple algebra,

ME(A) = [ da émriap)(g7.Ale) - mg)uh (@) (8.44)

This represents Mf . in the form a scattering amplitude should have: a
complete incoming wave is folded with the potential and the free outgoing
wave. However, there is a small problem. The wave function wll;; (x) defined
in (8.41) does not satisfy the boundary condition which we should have for
using it in the scattering amplitude, that is it does not go to a free incoming
wave for time 2% — —oo. The wave function 1/1;‘?(56) with this boundary
condition is obtained by replacing the Feynman propagator S¥ in (8.41)
with the retarded one S™'. The function w;?t (x) satisfies (8.42) and

;jt(a:) ~u(pj)e”Pi* for 2" — —oc0. (8.45)
It has been shown[423] that in the high-energy limit the replacement of
w;; () with w;‘;_t () in (8.44) can indeed be justified if the gluon potential
Ax(z) contains only a limited range of frequencies. This leads to

Mi(A) = Mi§(A) = / d*z e T u(py) (97 Alx) — Smg)vp (x).  (8.46)
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We summarise the results so far. At high energy and small ¢ the quark-quark
scattering amplitude can be obtained by calculating first the scattering of
quark 1 going to 3 and quark 2 going to 4 in the same fixed gluon potential
Ax(z). The corresponding scattering amplitudes M5*(A) and ML (A) are
given in (8.46). Then the product of these two amplitudes is integrated over
all gluon potentials with measure given by the functional integral (8.37);
this gives the quark-quark scattering amplitude (8.40). Our further strategy
is to continue making suitable high-energy approximations in the integrand
of this functional integral, which finally is evaluated using the methods of
the stochastic-vacuum model.

In the following it will be convenient to choose a coordinate system for the
description of reaction (8.31) where the quarks 1, 3 move with high velocity
essentially in the positive 23 direction, the quarks 2, 4 in the negative 23
direction. We define the light-cone coordinates z+ = 2% + 2% and in a
similar way the + components of any four-vector. Then we have for the
+ components of the four-momenta of our quarks p;4 — oo, pj— — 0 for
j=1,3and py_ — o0, pxr — 0 for k = 2,4.

8.3 Quark-quark scattering amplitudes

We must now solve the Dirac equation (8.42) for an arbitrary external gluon
potential Ay(x). Of course, we cannot do this exactly. But we are interested
only in the high-energy, small-¢ limit. This suggests using a semiclassical or
WKB-type approach, which is well known in quantum mechanics; see for
instance [425,426]. This does indeed work, but it is not as straightforward
as one would at first think, since the Dirac equation is of first order in
the derivatives, whereas the semiclassical expansion is easy to make for a
second-order differential equation. What was done in [423] was to make an
ansatz for the Dirac field ¢} (z) in terms of a “potential” ¢;(z):

¢;§t(x) = (i7" Dy + my) b (). (8.47)

Thus the problem for the Dirac field is essentially reduced to a scalar-field
type of problem which is handled more easily.

Now it is fairly straightforward to obtain the semiclassical approximations
for ¢;(z) and @D;‘j_t (z). Take j = 1 as an example, that is the quark coming

from the left with large p;y. The final formula for 1) et

o () Teads

Upit(x) = V_(zg,2-,x7) (1+ O (1/p1y)) e P u(p) (8.48)
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Figure 8.4. Projection on to the (z°, 2%) plane of the world lines of the quarks 1
and 2 moving at high velocity in positive and negative 2% directions in Minkowski
space

where
o 1- T+ / /
V_(zy,z_,x7) =Pexp ( — 5ig da’y A_(2y, 2, XT)). (8.49)

As usual P means path ordering. When the quark comes in, it picks up a
non-Abelian phase factor, just the ordered integral of the gluon potential
matrix A_ along the path. V_ is a connector, as introduced in section 6.5,
for a straight lightlike line z_,xp = constant, running from —oo to z; see
figure 8.4. In a similar way we obtain, for the quark coming in from the
right with large po_,

b (2) = Vi (g, 22, x7) (1 + O(1/p2- ) )e” P u(ps) (8.50)

where
Vi(z4,x_,x7) =Pexp ( - %zg/ dal A+(x+,:c/_,xT)). (8.51)

Here the integral runs along the line z, x7 = constant. A solution for 1/

p1
and ;;gt as series expansions in powers of 1/p14 and 1/pa_, respectively,

has been obtained to all orders[427].

We can now insert our high-energy approximations (8.48) and (8.50) for

;,‘fz () into (8.46). The resulting integrals are easily done and we get for

large p14 and ps+

MEEH(A) ~ i(SsS’Sl,/p3+p1+/da:, d*xp (V,(oo, T_,XT) — 1)

az,al
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X exp (%i(pg —p1)+x— —i(p3 — pl)T.xT). (8.52)
In a similar way we obtain for large po_ and p4_
MG (A) ~ i85, 557/Pa—Da— /dy+ d*yr (V+(y+, 00, Y1) — 1)

X exp (%’i(p4 — pg)_y+ — i(p4 — pg)T.yT>. (8.53)

a4,a2

We have written out the spin and colour indices with s; = :l:% and q; =
1,2, 3.

Now we can insert everything into our expression (8.40) for the S-matrix
element and use translational invariance of the functional integral. This
finally gives

<3>4|S|17 2> = <3>4|17 2) + i(2ﬂ)46(p3 +ps—p1— p2)<3,4|T‘1, 2>

<3¢4|T‘172> =2 p3+p1+p4—p2—533,51654,32ZJZ/dQZT eiqT'ZT

X <(V_(oo,0,zT) - 1) (V+(O,oo,0) - 1)@4’a2>A.

(8.54)

asz,a1

Here ¢ = p1 — p3 = ps — po is the momentum transfer, which in the high-
energy limit is purely transverse, ¢> — —qTQ. The formula (8.54) has also
been obtained[428] using different techniques.

We still have to calculate the wave-function renormalisation constant Zy, in
(8.54). This can be done by considering a suitable matrix element of the
baryon-number current % >4 4(x)y"q(x), which is conserved and, therefore,
needs no renormalisation. The result is[423]

Zy =+ (tr V_(c0,0,0)) 4. (8.55)

We summarise the results obtained so far. The quark-quark scattering
amplitude (8.54) is diagonal in the spin indices. Thus we get helicity con-
servation in high-energy quark-quark scattering. For large pi+, p3+, pa—
and ps— we can write the spin factor in (8.54) as

2\/ P3+P1+P4—-P2— 683,81 684,82 ~ (1283 (p3)7uu81 (p1))(ﬁs4 (p4)’)/uu52 (p2))'
(8.56)
This v# ® v, structure was postulated for high-energy quark-quark scatter-
ing in the phenomenological-pomeron model; see section 3.2. Thus, at first
sight, the results of the present section seem to pave a road from QCD to
the phenomenology of the soft pomeron described in chapter 3. However,
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Figure 8.5. Two lightlike lines on which the string operators Vi in (8.54) are
evaluated. Their correlation function governs quark-quark scattering at high en-
ergies.

as we will see below, things do not turn out to be so simple when we go
from quarks to hadrons.

We now study the result (8.54) in more detail. As already emphasised in
section 3.2, one should not be misled and interpret the v# ® 7, coupling in
(8.56) as indicating a Lorentz-vector that is purely-spin-1 exchange between
the quarks. Indeed, a study[423] of quark-antiquark scattering shows that
the amplitude (8.54) has both C-even and C-odd-exchange contributions.
The C-even part corresponds to the pomeron and this is not a spin-1 ex-
change, but the coherent sum of spin 2, 4, 6, ... exchanges. The C-odd part
corresponds to the odderon and this is indeed a purely-spin-1 exchange.

The quark-quark scattering amplitude (8.54) is governed by the correla-
tion function of two connectors or string operators Vi associated with
two lightlike Wilson lines, figure 8.5. The first numerical evaluations of
(8.54) using the methods of the stochastic-vacuum model were performed
in [429,430]. However, it turned out that quark-quark scattering was cal-
culable from (8.54) for Abelian gluons only. Indeed, the results of the
Landshoff-Nachtmann model described in section 8.1 are easily reproduced
in this way[423]. For the non-Abelian gluons difficulties arise, associated
with our neglect of quark confinement. A solution[430,58] is to consider
directly hadron-hadron scattering, representing the hadrons as qg or qqq
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Figure 8.6. Reaction (8.57) in the overall centre-of-mass system

wave packets. We will see below how this is done.

8.4 Scattering of systems of quarks, antiquarks and gluons

Consider now the scattering of systems of partons. As an example we study
the scattering of two gg pairs on each other:

(a(1) +q(1) + (¢(2) + 2(2) — (a(3) + a(3)) + (¢(4) + q(4)) ~ (8.57)

where we write q(i) = q(pi, $i,a:), q(7') = q(p}, s, a), with p;, s;,a; and
P}, sk, a; the momentum, spin, and colour labels for quarks and antiquarks;
see figure 8.6. We suppose that the momentum components p;4, p; 4 are
large for ¢ odd and p;_, p;_ are large for i even. The transverse momenta are
supposed to stay limited. Of course, the reduction formula can be applied
to the reaction (8.57). We have to be careful to keep disconnected pieces
because finally such pieces become connected through the wave functions.
The further strategy is completely analogous to the one used in section 8.2
for deriving (8.32) to (8.40). Just as we dropped the u-channel-exchange di-
agrams there, we drop now all terms which are estimated to give a very small
contribution to high-energy small-momentum-transfer scattering. These
terms are characterised by large momenta of order of the centre-of-mass
energy +/s flowing through gluon lines, leading to suppression factors of
order 1/s. Keeping only the t-channel-exchange terms and performing all
the steps as done in sections 8.2 and 8.3 for quark-quark scattering leads
finally in the high-energy limit to a very simple answer for the S-matrix
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element corresponding to reaction (8.57):
(3,3,4,4'|8]1,1',2,2") ~
(((B]1) — 2, MES(A)) (B1) = 2 M'51(A))
x ((412) =iz, eret(A)])(<4'|2>—ZZ¢1M’Z?;(A))>A- (8.58)

Here MISH(A) and Mg (A) are as in (8.46) and M'%}, (A) and M55 (A)
are the corresponding amplitudes for the scattering of antiquarks by the
gluon potential Ay(z). We have, with S™ the retarded Green’s function
for quarks in the gluon potential Ay (z),

M/ret ( ~ —/d4.%' d4y e_ipj/’x?_)Q?j)(i’Y.g;g _ mé%>sret(x,y; A)

X (17.0y + mf)v(pk/)eipk"y (8.59)

where (K, 5') = (3',1") or (4,2').

In the high-energy limit the scattering amplitudes (8.59) can again be ob-
tained in the semiclassical approximation. Indeed, we can just use the
C-invariance of QCD to get

/ret
M 3,1, ~ Z(Ss/ sl\/M/dx d $T V* (OO xr_ XT) — 1)ag,a’l

x exp (3iph — ph) 4 —i(Ph — P)rxr)  (860)

and a similar expression for M'§s (A). In section 8.2 we have argued that

over the time interval (8.30) we can neglect parton production and anni-
hilation processes. For the scattering over such a time interval we should
have an effective wave-function renormalisation constant Z, = 1, since the
deviation of Zy, from 1 is just a measure of the strength of the quark split-
ting processes, ¢ — q+G etc; see section 7.2. In the calculation of Z in the
framework of the stochastic-vacuum model, one does indeed find Zy, = 1,
showing the consistency of this approach with the simple physical picture
of section 8.2. With this result we see from (8.58), (8.53) and (8.60) that
in the S-matrix element (8.58) the (k|j) and (k'|j') terms cancel with the
1 terms in M} (A) and /\/l’ret (A).

This leads us to the following simple rules for obtaining the S-matrix ele-
ment in the high energy limit. For the right-moving quark (1 — 3) we have
to insert the factor

Sq+(3’ 1) = 653,81vp3+p1+ / dx_ d2$T V_ (007 r—, XT)ag,al

X exp ( i(ps — p1)+x— — i(p3 — Pl)T-XT)- (8.61)
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For the right-moving antiquark (1’ — 3’) we have to insert

Sge (3.1) = b/ ph s / d— *wr V(00 2, XT)aj af
x exp (Li(ph — ph)s— — i(Ph — h)rxr). (8:62)

For the left-moving quark (2 — 4) and antiquark (2’ — 4’) we have to
exchange the + and — labels everywhere in (8.61) and (8.62). Finally we
have to multiply together the factors Sy+, Sz+ and integrate over all gluon
potentials with the functional-integral measure (8.37) to get

(3,3,4,4'|8)1,1,2,2") = (S;4(3,1)S3+(3,1')S,-(4,2)S7- (4, 2")) a .
(8.63)
Going from quarks to antiquarks corresponds just to changing from the
fundamental representation (3) of the colour group SU(3) to the complex-
conjugate representation (3*), as we see by comparing (8.61) with (8.62).

These rules can be generalised in an obvious way to the scattering of ar-
bitrary systems of quarks and antiquarks on each other. Here we always
suppose that we have one distinct collision axis and that one group of par-
tons moves to the right with large momenta, the other group to the left.
The transverse momenta are supposed to stay limited.

It has been shown[244] that these rules can also be extended to any gluons
that participate in the scattering. One simply has to change the colour
representation in (8.61) from the fundamental to the adjoint one. In detail
one finds that for a right-moving gluon making the transition 1 — 3, the
factor

Sa+(3,1) = 65351 /P31P1+ / do_ d*zp V- (T, X7 )ag,01
X exp (%i(P?, —p1)+7- —i(p3 — pl)T-XT) (8.64)

has to be inserted into the S-matrix element. Here ji, j3 are the spin
indices, which are purely transverse, ji1, j3 = 1,2. a; and as are colour
indices with a1, as3 = 1,2,...,8, and V_(z_,x7) is the connector for the
adjoint representation of SU(3):

V_(r_,x7) = Pexp( - %zg/ dry G (:U+,:c,,xT)Ta)
(Ta)bc = —i fabe- (8.65)

For a left-moving gluon we have again to exchange + and — labels in (8.64).

In sections 8.5 and 8.6 we will go from parton-parton to hadron-hadron
scattering. Our strategy will be to represent hadrons by wave packets
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of partons, where we make simple anséatze for the wave functions. Then
the partonic S-matrix element will be constructed by the rules derived in
this section, leaving us with functional integrals of the type (8.63). These
will be evaluated using the stochastic-vacuum model, suitably continued to
Minkowski space-time.

8.5 Evaluation of the dipole-dipole scattering amplitude

As has been stressed in section 6.2, purely-perturbative methods cannot
explain the essential parameters of soft high-energy scattering. We must
at present have recourse to models. In section 8.1 we have presented such
a model which lacks, however, an essential feature of QCD, namely the
non-Abelian structure. We now apply the stochastic-vacuum model to
high-energy reactions. This model, introduced in section 6.7, describes the
vacuum structure in the quenched approximation, in which internal quark
loops are neglected. In applying the model to high-energy scattering we
also use the quenched approximation to set the fermion determinant in the
functional integral (8.37) to 1.

Our starting point is (8.63), where the scattering matrix is expressed as
a functional integral over line integrals along quark paths. Using (8.61),
(8.62) and (8.56) we can write the part describing the (3, 1)-quark system
and the (3',1")-antiquark system as

S¢+(3,1) Sz (3, 1) = /dCC_ dae’ d*axr dzx’T
Usy (p3>ei(%p3+x7 ~Parxr) Yy Usy (pl)e—i(%pux, —P1i7-XT)

=, (0 e~ (GP1+e =Pl X'T) o p o3P @ —PhrX'T)
Xvs/l(pl)e 2 1T vy Usg(pg)e 2P3 ¢ 3T

az,al

X Th_I,I;O <<P exp ( — %z’g /_227; dry A_(z4, O,XT)>)

X (P exp ( - %g /2;2T dry A_(z4,0, x’T))) ) >A (8.66)

al,ag
where we have used the hermiticity of A, and the translational invariance
of the integrals.

To ensure that the quark and antiquark which travel along parallel lightlike
lines asymptotically form a colour singlet, we have to connect them with a
Wilson line at x4 = 27" in the transverse direction,

1
Pexp ( - %ig/o d\ A7 (2T,0,x7 + (X7 — x7). (X7 — XT)) (8.67)
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and an analogous expression at —27', and finally the trace has to be per-
formed. The Wilson lines of the quark scattering amplitude Sg4(3,1) and
the antiquark amplitude Sz (3',1’) in (8.66), together with the lines (8.67),
form a Wilson loop W[C4]. Analogously, the loop W[C_] is constructed
from S,—(4,2) and S3-(2/,4"). The four corners of C'; have the light-cone
coordinates

(=2T,0,x7), (2T,0,x7), (2T,0,x%), (—2T,0,x%) (8.68)

where xp and x/. are the transverse coordinates of the quark (3,1) and
antiquark (3',1’), and T goes to infinity. Correspondingly we have for C_

(_2Ta 07YT)7 (2T>O>yT)7 (2T7 Ovya"')v (_2T7 an’{r) (869)
where yr and y/. are the transverse coordinates of the quark (4,2) and
antiquark (4/,2).

We introduce the relative and centre coordinates:

Ri=xr—-xp Xi=x7+zR;, 0<2 <1
Ro=yr—yr Xo=yr+zRs 0<z<1.
(8.70)

The quantity z; will later be identified with the longitudinal momentum
fraction of the quark. The impact vector b is defined through

b =X, — X,. (8.71)

With this definition the t-dependent scattering amplitude can be obtained
as a two-dimensional Fourier transform with respect to the impact param-
eter.

The basic element of the scattering matrix for colour-singlet quark-antiquark
dipoles is the expectation value of two loops,

s(WiCwIC-])
sWCL)z(WIC-])

S(b,1,2) = (8.72)

where 1 stands for Ry, z; and 2 for Ro, 2z0. The denominator is the loop
renormalisation constant that replaces the quark-field renormalisation
(8.55). We will discuss later how we come from the dipole amplitudes
to hadronic scattering or electroproduction amplitudes by integrating over
light-cone wave functions.

Our next step is to calculate the expectation value by applying the stochas-
tic vacuum model. We again use the non-Abelian Stokes theorem to express
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Figure 8.7. Wilson loops formed by the paths of quarks and antiquarks inside
two mesons

the line integrals over the colour potential in the loop by a surface integral
over the field strength. The reference point w must be common to both
surfaces bordered by the loops C+ and C_. We choose it at Xgo + %b. As
the surface S; emerging from the loop Cy we choose the sliding sides of a
pyramid with the loop C as basis and the point w as apex; see figure 8.7.
The same holds analogously for S_.

Before we apply it to high-energy scattering the stochastic-vacuum model
must be translated from Euclidean space-time, in which it is naturally for-
mulated and can be compared with lattice calculations, into the Minkowski
continuum. Fortunately it turns out that the details of the continuation are
irrelevant and that in high-energy scattering we need the invariant functions
D and D of the correlator only in the Euclidean region[268]. The continua-
tion of the correlators is made in the following way. Introduce the Euclidean
Fourier transform of the Euclidean-space-time correlator

iD(K*) = / d*z D(2?) et (8.73)

The correlator functions Dy (k?) in Minkowski momentum space coincide
with D(—k?) for space-like k and are analytically continued to time-like
vectors k. The full correlator in Euclidean space is then obtained by using
the correlator functions Dj;(k?) and replacing &, with the Minkowskian
metric tensor g,
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(: gQFl‘jl,(:U;C(w,m) Fgg(m';C(w,wl) )=

15ab<gQFF>A/d4k e—ik.(:v—y)((g Gvo — Guo Gy ) K Zf)M(kg)
96 (2m)4 wo po9vp
D1y (K?
+ (_gygk”kp T gypk/‘kg - gMPkaU + guokukp)(l - /i) 'lej\g?())
(8.74)

After this choice has been made, all functional integrations can in principle
be performed. Before we go into details, we make two remarks which facili-
tate further calculations. In the evaluation of a single loop, say (W[C4]) 4,
only the expectation value (ef F},;(z, w)ef F,p(y,w))a occurs, where e is
the lightlike vector (1,0,0,1), and i,k = 1,2 are indices of the trans-
verse plane. These correlators are zero by virtue of the tensor struc-
tures given in (8.74) since g1+ = g—— = g+; = 0. Note that z.y =
%:U+y, + %x,er — x7.y7. Therefore in W[C4] only the unit term con-
tributes, leading to

(tr W[C4])a = (tr W[C_])a = 3. (8.75)

This does not contradict the area law in Euclidean space-time, since the
area of a loop with lightlike sides becomes zero in Euclidean metric. The
denominator in (8.72) equals 1, as anticipated in the discussion following
(8.55). In the same way only terms from different pyramids contribute to
the expectation value in the numerator of (8.72).

Secondly we show that in the end we need the fundamental correlator only
for space-like k, that is in the region accessible directly in Euclidean metric.
Applying Stokes theorem as discussed above we obtain for the dipole-dipole
amplitude

S(b,1,2) = %<tr exp ( — z'g/‘S do?” Fw,)
+
X tr exp ( - ig/S da“”FW)>A. (8.76)

Using Gauss’s theorem one can transform the surface integrals over the four
sliding surfaces S; of each pyramid into a volume integral over the interior
of the pyramid minus a surface integral over its basis. If this is done it
is easily seen that in the surface integral Sy in (8.76), based on the loop
with lightlike sides 2% = 23, we have a distribution §(z — 23), and in the
S_ integral we have 6(z’® + 2/®). Together with the exponential from the



8.5 FEwvaluation of the dipole-dipole scattering amplitude 243

X3) X5

/ X / Xy

X2) L X()
-
X1 X1

Figure 8.8. Wilson lines describing a baryon path in the three-body picture. The
line from z;) to mzi) represents the path for the quark labelled i. The line from

xp, to ), is the path for the central point of the baryon.

Fourier transform in (8.74) we thus have in (8.76) the integration
/Oodxo da® dz'” da® 5z — :ﬂo)é(:v'g + :C'O)ei(ko(‘ro73”/0)7’“3(137:”,3)). (8.77)
—o0

This integration yields a factor (27)286(k° — k3) 8(k® + k) and hence the
correlator D 1 (k%) is evaluated only for space-like vectors with k% = k3 = 0,
that is in a region where the Euclidean and Minkowski definitions of the
correlator coincide.

For the treatment of baryons in QCD two pictures are adopted, a genuine
three-body configuration and a diquark picture. In the latter the baryon is
described as a “meson” where the diquark replaces the antiquark. In the
three-body picture the baryon is described as shown in figure 8.8. There
are three quark paths leading from z(; to :L‘/(Z»), i = 1,2,3. The coordi-
nates xj, and ) refer to the central point of the baryon. The paths from
zp, to z(;) and z) to m’(i) must ensure that the baryon is a colour singlet
under local gauge transformations. This is done by parallel-transporting
the colour from the quark positions z(; to zp, and coupling the colours
antisymmetrically in the form

75 €abe Daa (Th, 2(1)) Doy (2h, T(2)) Pecr (Th, 2(3) (8.78)

where ¢, o are the components of the Wilson lines defined in (6.43). An
analogous factor occurs at the end. It turns out that the diquark picture
is not only much simpler to treat both algebraically and numerically, but
also that it leads generally to somewhat more consistent results.

The formalism set up in the previous sections allows us to calculate the
scattering matrix in terms of the correlator (8.74) using the assumptions of
the stochastic-vacuum model. The most straightforward way is to expand
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the exponentials in (8.76), yielding
S(b,1,2) =
2
1 —4 K _ 1,2 w
9<tr(1 zg/g+da Fu —39 ([S+d0 FW) + )

X tr (1 - ig/S do"™F,, — %92(/8 cla”“)‘F,.iA)2 4. )>A (8.79)

where 1 = Rj,21 and 2 = Rg,29. We use factorisation in the colour
components of the field-strength tensor (6.59) and, recalling (8.75) and the
discussion below it, we notice that the first nontrivial nonvanishing term
is the one where two field-strength tensors come from each loop and hence
the correlators have arguments from different loops:

1
S(b,1,2) = ot (A2 tr(AAD)

4 78 nle’ PO nle uv b 2N nl)
><<<g /S+ do" F, /S_ do"™" Fy /S+ do""F,, /S_ do F”/\>A)
4.

(8.80)

where the dots represent products of more than four field-strength tensors.
Inserting the correlator and parametrising the surface integrals finally leads
to

S(b,1,2) =1 - ix*(b,1,2) (8.81)

with

x(0,1.2) = o (¢*FF) (Ixr.yr) + (. ¥5) — e, i) — I y7)-

96
(8.82)
Using the special form of the correlators (6.50) we obtain
! 2 1
I(x7,y1) = %WH/O dv(\’UYT —x7[* Ka(A™ " |org — x7])
+ |yr —vxr|? Ko\ yr — vrl!))
+ (1= R)mN|yr — xr? Ks(\ " yr — x7) (8.83)

with A = 37/(8a). If the exponentials in (8.79) are expanded further the
next nonvanishing term will contain the expectation value of six gluon fields.
It contains a C-even and a C-odd contribution. The C-odd contribution is
symmetric in colour and therefore path ordering of the colour matrices is
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no restriction and the expectation value can be evaluated in a way similar

to before. The result for the leading C'-odd contribution is
91 3

R

The C-odd contribution corresponds to odderon exchange; see section 3.9.

A more refined method has been developed[431], in which the main idea is

to interpret the product of the two traces of 3 x 3 matrices (generators of

SU(3) in the fundamental representation) as one trace tre in the product

space of the two fundamental representations of SU(3); that is try acts in
SU(3) ® SU(3). So

Sc—_1(b,1,2) = (8.84)

S(b,1,2) = § try <exp < —ig Js, da“”Fﬁ,,(%)\“ ® 1))

X exp ( —ig /S, do"™ Fi,(1® %)\C))>A . (8.85)

The two exponentials commute in the product space and we can write the
right-hand side of this equation as a single exponential:

S(b,1,2) = & try <exp ( —ig [ do™ FW>>A (8.86)

where the surface integral extends over the surfaces Sy and S_, and F,
takes its values in the product algebra of SU(3) ® SU(3). We can now
make a cluster expansion with stochastic variables from the product algebra
analogous to the one introduced below (6.63) and, neglecting the higher
cumulants in that expansion, obtain again

S(b, 1,2) = étrg eXp(CQ(b,Rl,RQ))

C(b,1,2) = —Lg® [s do#’do™ (B By ) (8.87)

R
In order to evaluate this expectation value, we use the correlator (8.74) and
obtain finally
1. 2.
S(b,1,2) = 2e73'X + Les'X (8.88)
where y = x(b, 1,2) is given in (8.82).
In the following we refer to the first method leading to (8.81) and (8.84) as

the expansion method and to the second method leading to (8.88) as the
matrix-cumulant method. An expansion of (8.88) in powers of x yields

Sb,1,2) =1- 42— Lix3+---. (8.89)

Comparison of this equation with (8.81) and (8.84) shows that the terms
proportional to x? agree, whereas in the leading C-odd contribution there is
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a discrepancy by a factor % This is a consequence of the noncommutativity
of the stochastic variables[270]; the higher cumulants with variables from
the algebra of SU(3) are different from those of the algebra of SU(3) ®
SU(3).

The matrix element for dipole-dipole scattering with momentum transfer q
is then given by

Tyi(s, ¢, R, 21, Ro, 22) = —zz's/d%eiqb(S(b, 1,2) - 1) (8.90)

with t = —q?.

The treatment of three quark loops in a colour-singlet state is analogous,

but technically more involved. We refer to the literature[259,431] for the
corresponding results.

If the parameters of the stochastic-vacuum model are taken to be indepen-
dent of the energy, the resulting cross sections turn out to be independent
of the scattering energy too. This result is not unexpected since also in the
stochastic-vacuum model the fundamental interaction is the vector interac-
tion of the gluon field with the quarks. We shall address later the question
of how to incorporate an energy dependence into the model. At present we
concentrate on a fixed energy scale /s ~ 20 GeV, which is appropriate to
the formalism developed in section 8.2.

A striking feature of the model is the dependence of the amplitude on the
size of the hadrons. The Abelian part of the correlator yields a cross section
independent of the size of the hadrons if this size is very large compared
with the correlation length a of the correlator (6.50). The non-Abelian part,
however, which is responsible for string formation and hence confinement,
yields a hadron-hadron total cross section which increases linearly for large
hadron sizes. In figure 8.9 we show the confining non-Abelian contribution
(k = 1) and the Abelian contribution (k = 0) to the total cross section as
functions of the transverse radius R of one of the quark-antiquark pairs,
with the radius of the other pair kept fixed at 0.7 fm. The saturation of
the cross section for the Abelian part is in agreement with the Landshoff-
Nachtmann model, which indeed turns out to be contained in the treatment
presented here for the case x = 0. The continuing rise of the cross section
coming from the non-Abelian part can be traced back to an interaction of
the gluonic strings between the quark and antiquark; see figure 6.10.

We are not taking into account internal fermion loops. The continuing rise
of the cross section with the size of the hadrons is due to this approximation;
it is related to the unlimited rise of the interquark potential in quenched
QCD; see figure 6.9. We expect that for large dipoles, say larger than 2 fm,
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Figure 8.9. Contribution of the non-Abelian correlator (x = 1) and the Abelian
correlator (k = 0) to the total cross section of two quark-antiquark pairs, one with
fixed radius 0.7 fm and one with radius R.

the increase of the cross section becomes unrealistic.

8.6 Wave functions of photons and hadrons

To come from the dipole-dipole scattering amplitude (8.90) to scattering
amplitudes which are accessible experimentally, one has to represent the
hadrons and photons as superpositions of dipoles of different transverse
sizes R;. A meson or a photon is described by a wave function 1, (R;, z;)
of a quark and an antiquark with relative transverse coordinates R; and
longitudinal momentum fraction z; of the quark. The meson or photon
scattering amplitude is then obtained by integrating the dipole-dipole scat-
tering amplitude T;(s,t,R1, 21, Ra, 22) of (8.90) over all radii, with the
overlap densities of the wave functions as weight:

1
T12-34(s,1) :/d2R1d232/0 dz1dzo1p3(Ra, 21) P1(Ra, 21)
X ¢Z(R2, ZQ) wQ(RQ, 22) Tfi(S, t, Rl, zZ1, RQ, 2’2). (891)

It is a great challenge to construct hadronic wave functions from first
principles. In this section we summarise some practical attempts to ar-
rive at more-or-less plausible expressions. We start with the most model-
independent case, photon wave functions. The photon wave function can
be derived directly in light-cone perturbation theory. We indicate here the
derivation in covariant perturbation theory. Consider a photon with mo-
mentum ¢ and helicity A. If it dissociates into a quark and an antiquark
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with momenta k and ¢ — k, each of mass my, the term

i(y.k+ mf) (—iv.ex)i(y.k —v.q+my)

(k2 —m2 +ie) ((k — q)2 — m3 + ic) (8.92)

occurs in all perturbative expressions. The integration over the internal
momentum k is best performed in light-cone coordinates k+ = kotks, kr =
(k1, k2). The wave function is the vertex function integrated over one of the
variables[432], in this case k_. One sees that the k_ integration contributes
in the high-energy limit ¢, — oo only in an infinitesimal interval around
k_ = 0. This yields for any suitably-behaved function F'(k)

d*k 1
/( ™)1 (k2 —m?% +i€)((k — q)* — m% + ie) F(k)
N / Ay dk_ dz imé(k_)
(2m)*  kp?2+ mff —2(1—2)¢?

F(k) (8.93)

where z is the longitudinal-momentum fraction of the quark, ky = zqy.
The numerators in (8.92) can be expressed through sums over products of
spinors:

v.k+mp = u(k, h)u(k,h)
h

vk —=vq+my = —Zv(q—k, h)v(q —k, h) (8.94)

h

where u(k,h) and v(q —k, k) are spinors for mass my of a quark with
helicity h and an antiquark with helicity h. We insert (8.94) into (8.92)
and absorb the part @(k, h)(—iv.ex)v(q —k, h) in the wave function. The
remaining spinors contribute to the quark and antiquark scattering ampli-
tudes; see (8.56).

After Fourier transformation with respect to k, we arrive at the following
expressions for the quark-antiquark wave functions of photons with polari-

sation A\ and virtuality Q? = —¢?:

V3a
2

’)Y\:O’hjl(Q27 R? Z) = éf(_2z(1 o Z)éh:*B)Q KO(GR)

A=+1,h,] vba (. 4
(% EhhQ? R, 2) =+ 5 ef(ze ¢T(zéh’%5,37_%
(1= )8y 18 1) eKa(eR) +my 5,1#5,%%1(0(61%)) (8.95)

with

€= \/z(l —-2)Q*+ m? . (8.96)
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Here R and ¢7 are the plane-polar coordinates of the transverse separation
R of the quark-antiquark pair, €y is the charge of the quark in units of the
elementary charge, m its mass, and i and h the helicities of the quark and
the antiquark; A = 0 indicates a longitudinal photon, A = +1 a transverse
photon. The functions K; are the modified Bessel functions.

Consider the scattering amplitude (8.91) when particles 1 and 3 are both
photons. The amplitude then involves one of the hadronic densities

py(A=0,Q* R,2) = Y [p)=""MQ* R, 2)

h+h=0

6a 2

= 15 4Q%22(1 - 2)? (Ko(eR))

p'y()‘ = 41, QQ’ R, Z) _ Z yw’)yxz:tl,h,h(QQ’ R, Z)|2

h+h=%+1

6o 2 2
= 05¢ <(z2 + (1= 2)(Ki(eR))” +m}(Ko(eR)) > (8.97)

We collect some mathematical properties of the densities which will be
important for later applications. The asymptotic behaviour of the Bessel

functions for large x, K, (x) ~ /7/(2z) exp(—z), leads to an exponential
decay exp(—R \/4z(1 —2)Q?% + 4m ) of the density for large R. For heavy
quarks the transverse extension is Small enough for confinement effects to
be neglected and to apply perturbation theory even for low values of Q2.
For massless quarks the scale is set by 1/(42(1—2)Q?), and the contribution
from small values of z or (1 — z) leads to a power-like behaviour for large
R. For transverse photons we obtain for large R and large Q>

1
/ de'y()‘ = il’Q27R7 Z) ~
0
(§%6 22 2 ba 22 8§ 1
yrile: R4/ du’ (Ky(u))” = 2 sgr e (899
In the case of longitudinal photons the factor z2(1 — 2)? in the density

suppresses small values of z and (1 — z) and therefore the power-like term
is of higher twist and falls off faster with R:

1
| dzp(x=0.0% R.2) ~
0
6c 22 2 ba 22 256 1
el Q4R6/ dun?(Ko(w) = 375 35 qrre - 89
The singularities of the Bessel functions at the origin

Ko(z) = —log(z) + O(1) Kﬂ@=é+0@) (8.100)
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lead to singularities of the hadronic densities (8.95) which make the integral

1
/dQR/ dz py(A = £1,Q* R, 2)
0

divergent; the transverse photon wave function is not normalisable. This
does not cause problems, since for the evaluation of observable amplitudes
the density is multiplied by the dipole scattering amplitude, which vanishes
for R — 0.

Whereas the photon wave function at high virtualities Q2 can be calculated
by perturbation theory, this is not the case for low virtualities. Often
vector-meson dominance is applied in order to take confinement effects into
account. Another possibility is to introduce a constituent-quark mass as
infrared regulator in the photon wave function. This approach[433] will be
justified in the following.

Consider first a model with scalar photons and quarks. In such a model
the “photon” wave function at high virtualities is given in momentum and
position spaces by:

~ 1
QJZ)’Y(kT) = W
vy(R) = %KO(GR) (8.101)

where € is defined in (8.96). For low values of Q% we expect confinement
to modify these perturbative expressions considerably. The structure of
(8.101) is the same as that of a nonrelativistic quantum-mechanical Green’s
function for the relative motion of a free two-body system with reduced mass
m, continued to negative energies £ = —M:

2 exp(ikrp. m
Go(R,0, M) = / éf; kQ/?Q(:L)Tf& = “Ko(V2mMR).  (8.102)

The quantity e is replaced with v/2mM. In order to impose confinement we
go from the free-particle state to a system bound by a harmonic-oscillator
potential. The harmonic oscillator is a very useful model[250] for QCD, as it
shows both confinement and asymptotic freedom. We therefore investigate
the effects of confinement by comparing the free Green’s function (8.102)
with that of the full harmonic oscillator in two dimensions,

Yr(R)Yz(R)

8.103
(1 +n2+ 1w+ M ( )

Gu(R,0,M) = >

ni,n2
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which can be calculated easily. It turns out that for non-negative values of
M a free Green’s function in which M is replaced with a suitable function of
M yields an excellent fit to the exact Green’s function (8.103) over the rele-
vant range of R. We transfer this to QCD by replacing the quark mass m
with a Q2-dependent effective mass meg(Q?). The function meg(Q?) can
be fixed by a fit to the phenomenologically-known vector-current two-point
function and thus no new parameter is introduced. The linear parametri-
sations

N2 2 2 2
e (Q2) :{ z; +moq (1 — Q%/Q%) 82 § g% (8.104)

can be used[433] with
mog = 0.21 £0.02 GeV  my = 0.007 GeV Q% =1.05 GeV? (8.105)
for the up and down quarks, and
mog = 0.31 £0.02 GeV  my; =0.15 GeV Q3 =1.6 GeV?  (8.106)

for the strange quark. These effective masses replace the quark masses m ¢
in the wave functions (8.95) and the densities (8.97).

The perturbative expressions for the wave functions with a Q?-dependent
quark mass are very economical descriptions of the photon wave functions.
The part where the separation of the quark and antiquark is large describes
what is often called the hadronic part of the photon. The small-distance
part with its singularity at the origin is due to the pointlike coupling of the
electromagnetic current to the quarks and is referred to as the hard part of
the photon. The planar hadronic density of the real photon

1
7 (£1,0,R) = 27TR/ dz p,(A = +1,0, R, ) (8.107)
0

is plotted in figure 8.10. As can be seen from (8.97) and (8.100) the be-
haviour of p(R) near the origin is independent of the effective quark mass.
Radial densities of virtual photons are displayed in figure 9.4.

For hadronic wave functions we have no perturbative expression as a start-
ing point, therefore they are even more model-dependent than the photon
wave functions are at low virtualities. There are ways to calculate the
distribution of the longitudinal momentum (see for instance [434] and the
literature quoted there) but for light quarks the dependence on kp or R is
purely a question of models. Even for heavy quarks the scale for the exten-
sion of the wave function is set by 1/(m o), which for charmed quarks is
of the order of the scale parameter A of QCD and confinement effects are
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Figure 8.10. The planar density p,(+1,0, R) defined in (8.107) of a real photon
(solid line), and the planar density of a meson (dashed line) corresponding to
(8.108) with Ry, = 0.68 fm multiplied by the factor 0.004

by no means negligible. This contrasts with the charm content of a real or
virtual-photon wave function, where one is far away from the mass of the
bound state and the scale is set by the heavy-quark mass directly.

In principle for hadronic wave functions one could start from similar consid-
erations to those for the photon and replace the elementary photon-quark-
antiquark vertex by a Bethe-Salpeter hadron-quark-antiquark amplitude.
With a simple model for this amplitude it has been shown[432] that such
an approach is feasible and leads to factorisation for hard processes. In
practice however, and especially for soft processes, one starts rather from
(8.91) and makes a plausible ansatz for the wave functions (R, z).

The following strategy has been adopted[435] to construct expressions for
hadronic wave functions. The spin structure and polynomial dependence
on z were taken to be those of the simplest corresponding interpolating
field composed of a quark and an antiquark; an exponential z dependence
h(z) suppressing the values near 0 and 1 was introduced following the pre-
scription of [436]. The matrix element T't; of (8.91) depends only weakly
on z, as can be seen from figure 9.2, and therefore hadronic cross sections
depend very little on the exact choice of h(z). The dependence on the
transverse extension of the ground states was approximated by a Gaussian
wave function

Yp(R,z) = exp ( — f}g%) h(z). (8.108)

In the approach described in section 8.5 the hadronic wave function has to
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be normalised:

1
/ dz /d2R|wh(R, AP = 1. (8.109)
0

The S-matrix element for a single particle in this approach is given by

s—/o1 /d2leh(R,z)\2%(W[C]> (8.110)

analogously to (8.76) and (8.91), where C' is a Wilson loop with lightlike
sides and width R. The S-matrix element for a single particle is 1 and
since according to (8.75) (W[C]) = 3, the normalisation condition (8.109)
is a consequence of (8.110). The transverse radius Ry in (8.108) was fit-
ted[259,435,437] to such hadronic properties as the electromagnetic radius
or the electromagnetic decay width. As discussed above, for purely-hadronic
reactions the z dependence is not important and the value of z can be fixed
to % In figure 8.10 we display the planar density 27 R|y,(R)|? for a hadron
with transverse radius 0.68 fm (dashed line). We note the difference be-
tween the hadronic density of the photon and of a typical hadron. It will be
discussed in detail in section 9.2. For baryons the wave function depends
on the position of the three valence quarks in transverse space; see figure
8.8. For practical purposes it is convenient to work in the diquark picture.
In that case the wave function of the baryon is like that of a meson, the
diquark replacing the antiquark.

In another approach[438] one starts from an ansatz for the wave function
Yr(k) in the rest frame of the hadron, and substitutes the dependence of
the relative momentum |k| in the rest frame with light-cone coordinates
according to

k%%—m%

K2 — L)
T (1 - 2)

mj . (8.111)
This approach makes sense only for heavy quarks, or for light quarks if a
constituent mass is introduced. This is because, even if the quarks in the
hadron are confined, the transverse radius of the light-cone wave function
¥ (kr, z) obtained with the substitution (8.111) diverges as z tends to 0 or 1.
Only for a finite quark mass is there a suppression of the wave function near
to z = 0 or 1, such that this divergence does not create problems. We refer
to [357] and [439] for a discussion and comparison of different approaches
for the construction of wave functions. A more sophisticated treatment of
the wave functions[434] would certainly be desirable but would lead to more
free parameters.
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8.7 Applications to high-energy hadron-hadron scattering

In this section we apply the functional approach to hadron-hadron scat-
tering and photoproduction of vector mesons, with the functional integrals
evaluated approximately by the stochastic-vacuum model. In principle the
lattice results for the correlator together with low-energy data are sufficient
to calculate the high-energy dipole-dipole scattering amplitude (8.90), and
it has been shown[440] that this approach leads to qualitatively-satisfactory
results. The facts that the extraction of the gluon condensate (g>?FF) from
lattice data depends crucially on an extrapolation, that the data have finite
errors, and that the model neglects all higher cumulants, make it advis-
able to include some high-energy data in the determination of the effective
parameters. Most applications[435,433,441-443] are based on the diquark
picture of the proton and the expansion method, using a parameter set
which has as input

e lattice data for the forms of the correlators (6.47) and (6.50), including
the value for s

e the relation (6.65) between the gluon condensate and the string tension

e the pomeron part of the total cross section and the logarithmic slope of
the elastic cross section for proton-proton scattering at a centre-of-mass
energy /s = 20 GeV.

In this way the following set of values for the gluon condensate (g?FF),
the correlation length a, the parameter k of the gluon correlator and the
transverse radius of the proton R, were obtained:

(?FF) = (1.26 GeV)* a=0.346fm R, =0.75fm r=0.74 (8.112)

The amplitude T; of (8.90) at ¢ = 0 averaged over all orientations of the
dipoles R1, Ry factorises approximately into the product of two functions
o(R1)o(R2). The total cross sections can be evaluated easily once some
ansatz for the wave functions has been made.

In figure 8.11 we show the hadron-proton cross section from the model
with parameter set (8.112) as a function of the ratio Ry /R,, where R, is
the transverse radius of the proton and R that of the other hadron. The
data points are the phenomenological values for the pomeron contribution
to pp, mp, and K p scattering, given in figures 3.1 and 3.2. The value for the
J/1 p total cross section at /s ~ 20 GeV is estimated from perturbation
theory[444] using a phenomenological gluon distribution, and from .J/¢
photoproduction[445,446] near that energy. As we can see from figure 8.11
the ratio orp : opp = 2 : 3 is a consequence of the model. Also the ratio
OKp : Opp = 0.55 coincides with the phenomenological value 0.55 from the
pomeron contribution given in figure 3.2. The ratio for the pomeron part
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Figure 8.11. Pomeron contribution at /s = 20 GeV to the hadron-proton total
cross section as a function of the hadron size. The curve is a prediction of the
model with the parameter set (8.112).

of the 77 and pp total cross section comes out to orr : 0pp = 0.43 which is
close to the value obtained from o, and o, with the assumption of Regge
factorisation as in (2.32):

I (@)2 ~ 0.44. (8.113)

Opp Opp

The approach does not lead to quark additivity since the cross section
depends crucially on the sizes of the hadrons. This radius dependence is
strong for the non-Abelian term in the (x = 1) correlator shown in figure 8.9.
But from the same figure we see that even the Abelian part of the (k = 0)
correlator, which corresponds to the Landshoff-Nachtmann model, leads to
a distinct dependence on the size of the dipole for typical hadron sizes in the
range 0.5 fm < Rj < 1 fm. This signals that, in this region, contributions
for which the gluons couple to separate quarks in the same hadron, figure
8.2b, still play an important role. Interference effects become negligible only
if the hadron size is really very large compared with the correlation length a.
This is due to the strong enhancement of small exchanged momenta typical
for this nonperturbative model. This may also explain why quark additivity
and the non-Abelian approach yield very similar results. The exchanged
momentum is typically so small that it cannot distinguish between pointlike
quarks with a string and extended constituent quarks.

The matrix-cumulant method introduced in section 8.5 allows an evaluation
of the scattering amplitude for a larger range of ¢t values. The differential
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Figure 8.12. pp scattering at /s = 23 GeV; the solid curve is obtained with
parameter set (8.114). Experimental points are from [62].

cross section do/dt for pp scattering in the energy range /s = 23 to 1800
GeV has been compared[431] with the results obtained with this method.
The calculated values of do/dt depend again on the vacuum parameters
(¢?FF), a and k, and on the s-dependent proton-radius parameter R,(s).
The latter was fixed by requiring do/dt|;—p at each s to be equal to the
value obtained from the phenomenological pomeron discussed in chapter 3.
Then, the vacuum parameters were varied and a reasonable description of
do /dt for the whole energy interval investigated was obtained with

(g*FF) = (1.33GeV)! a=0.32fm R,=087fm =074 (8.114)

Here the value k = 0.74 is a result of the fit to the elastic pp cross section
whereas in (8.112) it is taken from lattice calculations. In figure 8.12 the
differential cross section for elastic pp scattering at /s = 23 GeV, calcu-
lated with the matrix-cumulant method and the parameter set (8.114), is
compared with experimental data.

The quality of the fit to the data in figure 8.12 is not as good as that
obtained with the phenomenological-pomeron approach of [95]. It must
however be kept in mind that in [431] only the pomeron contribution to
do /dt is calculated whereas in [95] the reggeon, Regge cut and perturbative
contributions are included which improve the fit. In [431] the emphasis
was not on obtaining a very good fit, but on trying to give a description
of do/dt, and hence of the pomeron, in a calculation starting from the
QCD Lagrangian (6.1). Taking the proton radius parameter R,(s) as phe-
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parameter lattice static scattering
potential | expansion | matrix
method | cumulant

VTq (MeV) 420 415 425 435
(GPFF)Y* (GeV) | 1.22 1.22 1.26 1.33
K 0.89 0.89 0.74 0.74

a (fm) 0.33 0.33 0.35 0.32

Table 8.1. Values for the string tension o, and the vacuum parameters
(¢°FF), k,a obtained with four methods. Underlined numbers are input. Errors
on the other numbers are estimated to be about 10%.

nomenological input, it is possible to describe do/dt up to |t| ~ 1 GeV? in
terms of the properties of the QCD vacuum. In table 8.1 we compare the
values for the string tension o, and the vacuum parameters (¢>FF), k and
a determined by various methods. The second column lists the values from
the lattice calculation[447] in the quenched approximation, using the phe-
nomenological value for the string tension o, as input. The third column
gives the result of the calculation of the static quark-antiquark potential
in the stochastic-vacuum model; see section 6.6. Here the vacuum param-
eters are taken as input and the string tension is calculated from (6.65) in
good agreement with the input value of the lattice calculation. This gives
confidence that the stochastic-vacuum model describes the QCD vacuum
properties quite well. The fourth column lists the values (8.112) obtained
from high-energy scattering using the expansion method. As stated above,
here £ is taken as input. Furthermore (6.65) is used to calculate the string
tension o,. In the fifth column we list the values of the vacuum param-
eters obtained from high-energy pp scattering using the matrix-cumulant
method, with the corresponding value of /o, obtained from (6.65). The
agreement with the values from the lattice is quite reasonable and gives
support to the view that high energy diffractive scattering is governed by
the QCD vacuum properties, as is the confinement phenomenon. In par-
ticular, in the matrix-cumulant approach a non-zero x and thus a non-zero
string tension are essential[431] to obtain a reasonable description of do /dt.
The resulting numerical value for the string tension is within errors com-
patible with the one determined[271] from the linear confinement potential
between a heavy quark-antiquark pair.
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Figure 8.13. Differential cross section[435] for v* +p — p+p at Q% = 6 GeV?
and /s = 20 GeV with data[448]

8.8 Application to photoproduction of vector mesons

The model has also been applied to photon-induced reactions. In principle
no new free parameters need to be introduced, since the wave functions of
the photon and the vector mesons can be determined from other constraints,
as described in the preceding section. There is however a serious caveat:
the photon-hadron overlap integrals occurring in these reactions are much
more sensitive to details of the wave functions than the quark-antiquark
densities of the photon or hadrons. Therefore the results depend strongly
on the assumptions made for constructing the wave functions.

As an example of electroproduction of vector mesons, we show in figure
8.13 the differential cross section for the reaction v*p — pp obtained with
the set (8.112) and the expansion method[435]; it can be seen that the
parameter-free result of the model agrees well with the data for |¢{] < 0.6
GeV?2. Photoproduction of excited light vector mesons in principle offers an
excellent test for the approach discussed here, and a way to test the cross
section of a quark-antiquark pair with large separation since the excited
mesons are large objects. Furthermore it is supposed to show drastic effects
in the transition from the soft to the hard regime.

In figure 8.14 we display data for the reactions ete™ — 7t7~ and yp —
pr ™ as a function of the invariant mass of the two pions. In the annihila-
tion cross section one notes a dip in the region 1.4 GeV < M, < 1.8 GeV.
This can be explained in the following way[452]. The branching ratio into
two m-mesons of the excited states p(1450) and p(1700) is small, therefore
these channels are mainly visible through their interference with the tail
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Figure 8.14. Data[449,450] for ete™ — 777~ and[451] yp — 77~ p as a func-
tion of the invariant mass of the two pions. The curve is from [435].

of the p(770) meson. If the coupling of the p(1450) to the electromagnetic
current has the opposite sign from that of the p(770) and if the p(1700) cou-
pling has the same sign as the p(770) coupling, the excited mesons interfere
constructively among each other in the region between 1450 and 1700 GeV,
but their combined interference with the p(770) is destructive.

In figure 8.15a we show the function

2
on | (8.115)

F(M) ‘ ; M? — M2 +iM,T),
where n runs over the p(770), p(1450), and p(1700) with experimental val-
ues for the masses and the total widths and the two sign patterns discussed
above. The dashed line corresponds to c¢,770) = 1, ¢p(1450) = —0.1 and
¢p(1700) = 0.1. For the solid line the signs of the excited-meson couplings
are reversed. We see that the dashed line of figure 8.15a reproduces the

pattern of the annihilation cross section in figure 8.14. If the signs of the
couplings of the excited mesons are reversed, the constructive interference
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Figure 8.15. (a) The function f(M) of (8.115). The dashed line is for the choice
corroy = 1, ¢p1a50) = —0.1, cpa700) = +0.1 and the solid line for c, 770y = 1,
cp1a50) = +0.1, ¢p1700) = —0.1. (b) In arbitrary units, the dipole-proton scat-
tering amplitude (solid line) and products Ryjq(R)1,(Q% 0.5, R) of a 25 wave
function and the photon wave function for various values of the photon virtuality
Q?: long dash Q? = 0; short dash Q% = 1 GeV?; dots Q% = 20 GeVZ2.

with the p(770) produces a bump.

Photoproduction of excited mesons in the reaction vp — 777 p depends
strongly on the wave function of the excited mesons. In figure 8.15b we
show the amplitude for the scattering of a dipole with size R on a pro-
ton as calculated in section 8.5. We also display Risq(R) ¥+ (R, 0.5, Q%)
for various values of Q2, where 19g(R) is the wave function of a meson
in a 29 state and ¢ (R, z,Q?) is the photon wave function (8.95). If the
two excited mesons have a sizable component which can be described as
a quark-antiquark 25 state we observe two general features. Firstly, pho-
toproduction of two pions in the excited-resonance region is even more
suppressed than in the annihilation process since there is a sizable cancel-
lation between contributions from small and large distances in the integral
over R in (8.91). Secondly, due to the increase of the dipole scattering
amplitude at large R the contributions of large distances are dominant.
In the annihilation process eTe™ — w77~ the pion pair is produced by a
highly-virtual photon. It tests the wave functions at the origin, which for
the excited mesons have the signs opposite from those of the long-distance
part. Therefore we expect for annihilation just the opposite interference
pattern with the p(770) from that for photoproduction. This is exactly
what is seen for the photoproduction, as shown in figure 8.14, and also in
a high-statistics experiment[453]: a bump in the region between 1400 and
1800 GeV. In the case of electroproduction the inner part of the wave func-
tion acquires increasing weight with rising virtuality Q? of the photon, as
shown in figure 8.15b. Therefore the model predicts that for high virtuali-
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ties of the photon the interference pattern for electroproduction is the same
as in annihilation.

8.9 Photoproduction of pseudoscalar and tensor mesons

The odderon, a C-odd trajectory with an intercept near 1, was introduced
in section 3.10. There it was pointed out that a soft odderon appears very
naturally in QCD, but there is no evidence for its presence in pp and pp
scattering in the near-forward direction. This is a puzzle and it is important
to look for the odderon in other reactions.

Exclusive photoproduction or electroproduction of mesons with even C-
parity is particularly suited to detecting odderon exchange since, because
of the odd C-parity of the photon, only trajectories with negative C-parity
can contribute[145]. Reggeon exchanges are strongly suppressed at HERA
energies because their intercepts are well below 1. However, photon ex-
change is important at small momentum transfer. It can be calculated in a
fairly model-independent way[454]. It has been argued[455] that the odd-
eron should not contribute to elastic baryon or antibaryon scattering if the
baryons have a spatially linear structure, consisting of a quark and a di-
quark. However this suppression mechanism does not work if in an inelastic
diffractive process the baryon or antibaryon breaks up into a state of nega-
tive relative parity, such as the N*(1520) or N*(1535). It was furthermore
estimated that a diquark of size less than 0.3 fm is small enough to explain
the bound given through (3.87). This result was obtained in the model for
high-energy scattering described in section 8.5, with a baryon structure as
depicted in figure 8.8. The cross sections for[454] yp — 7°N* and[456]
vp — f2(1270) N* have been calculated in the same model. The results for
the integrated cross sections at centre-of-mass energy W = 20 GeV are

Oyporon= =290 mb 0 g N+ = 21 1b. (8.116)

The difference between the cross sections for the two reactions can be un-
derstood easily. For an isoscalar exchange, the isovector pion couples to the
isovector photon and the isoscalar fs couples to the isoscalar photon. This
already makes pion production a factor 9 larger than fs production. We
also consider vp — a2(1320) N*, which similarly should be a factor 9 larger
than fy production because a9 is an isovector. The uncertainties are large,
an estimated +£50%, since the parameters (8.112), (8.114) occur in powers
which are larger by a factor 3 than in total cross sections. Furthermore,
higher cumulants will most probably play a more important role in C-odd
exchange, as has been discussed below (8.89).
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Preliminary data[457] at W ~200 GeV give an upper bound for o.,, . oy-
which is a factor 4 below the value given in (8.116). So the puzzle of why
we have not yet seen the odderon persists and we have a clear contradiction
to the model prediction[454]. We summarise the essential points on which
the model calculation is based.

e Nonperturbative pomeron and odderon exchange are purely gluonic ef-
fects. Soft gluons can be described by a Gaussian process.

e The v-nm%-odderon coupling has been calculated with a wave function for
the pion of the type described in section 8.6.

e An intercept of the odderon near 1 has been assumed in order to compare
the model predictions at W = 20 GeV with the experimental data at W ~
200 GeV.

The model as it stands yields intercept 1 both for the pomeron and for
the odderon trajectory. Pomeron and odderon trajectories have been esti-
mated[458] in the time-like region from predictions for glueball masses. In
this approach the odderon intercept comes out as approximately —1.5, that
of the pomeron as approximately 0.5. However in this model quark-gluon
mixing increases the value of the pomeron intercept to approximately 1.1,
but there is no such mixing for the odderon. This model[458] predicts that
the contribution of the C'-odd exchange at high energies is much too small
to be detectable.

8.10 The pomeron trajectory and nonperturbative QCD

To understand the pomeron and reggeon trajectories is one of the most
challenging goals of QCD. In this section we describe some attempts in
this direction. One connection between nonperturbative QCD and Regge
theory is a relation between the slope of the linear confining potential and
the slope of the almost-degenerate (f2,as,w, p) trajectories shown in figure
2.7. In an intuitive picture of confinement the quark and the antiquark
in a meson are connected by a string with a constant tension o, which is
the slope of the linear confining potential. This simple picture is supported
by lattice calculations and is also a result of models for nonperturbative
QCD such as the one described in section 6.7. The angular-momentum
excitations of this open string lie on a linear trajectory with slope

o = (8.117)

2moy

See for instance [459]. The string tension o, calculated from this relation,
using the observed reggeon slope o/ ~ 0.9 GeV ™2, agrees remarkably well
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Figure 8.16. A next-to-leading-order contribution to the gluon ladder, the non-
perturbative part of which gives rise to a soft-pomeron intercept larger than 1

with the values obtained from quarkonium spectroscopy[271].

This can be extended to the pomeron trajectory. If we interpret the soft
pomeron as the trajectory of hadrons consisting of two gluons, as suggested
in section 3.8, the string tension o, has to be replaced by o, the string
tension between two gluons. Lattice calculations[273] find that o, is a
factor § larger[274] than o,. From (8.117) we then obtain a slope for the
soft-pomeron trajectory which is a factor % smaller than the slope of the
meson trajectory. This very simple consideration gives a result which goes
in the right direction, but the resulting numerical value o/p ~ 0.4 GeV 2
is still considerably larger than the phenomenological value 0.25 GeV~2.

In this approach to the soft pomeron the glueballs appear naturally on
the pomeron trajectory as composites of two gluons; compare figure 3.28.
Therefore one can extend to the pomeron the duality considerations applied
in section 4.5 to the reggeons. One has to consider glueball-glueball scat-
tering amplitudes and will encounter daughter trajectories of the pomeron;
see section 2.7.

Understanding the soft-pomeron intercept is even more challenging. Simple
two-gluon exchange and the nonperturbative approaches discussed previ-
ously in this chapter lead to constant cross sections and hence to a pomeron
intercept ajp(0) = 1. In section 7.3 we have explained that in perturbation
theory summation of leading (aslog s) terms from generalised ladder dia-
grams can lead to a cross section which increases with a power of s. Recently
there have been interesting first attempts to calculate €1, the deviation from
1 of the soft-pomeron intercept, by nonperturbative dynamics related to the
properties of the QCD vacuum. Though rather strong assumptions are in-
volved the approach looks promising and the resulting numerical values are
encouraging.

The starting point of [460] is similar to the treatment of the BFKL pomeron,
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namely a gluon ladder. In contrast to that approach the rungs of the ladder
are not gluons but colour-singlet states. A contribution to this is shown in
figure 8.16. Formally summing up the ladder contributions leads to an
energy-dependent cross section

S €
o(s) = oo <) (8.118)
50

where € can be expressed through an integral over the spectral density p?
of the correlator of the divergence of the energy-momentum tensor (6.39).
In perturbation theory this integral is infrared and ultraviolet divergent.
The principal idea in [460] was to split this integral into a divergent pertur-
bative and a finite nonperturbative piece. The perturbative piece is part
of the next-to-leading-order contribution to the BFKL pomeron, but the
nonperturbative part is supposed to give rise to the energy dependence of
the soft-pomeron contribution. The intercept 1 + €1 is an integral over the
nonperturbative part pgp of the spectral density p:

_ 144q? Mz,
" BWE DS e

€ (M?) (8.119)
where (3 is the first coefficient of the § function of QCD; see (6.19). The
quantity pﬁp is related by a low-energy theorem|[461] to the trace of the
energy-momentum tensor:

2
/%ﬂﬁp(MQ) — 401 ) = —2%?(92FF> (8.120)

where we have used (6.39). If we stick to the quenched approximation dis-
cussed so far in this section the only hadronic states in the gluon channel
are glueballs. In the spirit of QCD sum rules[250] the nonperturbative con-
tribution is approximated by the lowest-lying resonance, a scalar glueball
with mass M, whereas the higher resonances are related to the perturba-
tive contribution by quark-hadron duality. This leads to

_ 18(¢’FF)
T Bo(NZ — DM

(8.121)

where we have approximated ((g)/g> by —f/(1672). Using Mg = 1.611
GeV for the lightest 07+ glueball mass, as obtained from quenched lat-
tice calculations[27], and the large value of the gluon condensate (6.52) of
quenched QCD, (¢g?FF) = (1.22 GeV)*, one obtains ¢; = 0.067, which
is close to the phenomenological value of about 0.08. In a more realistic
treatment with light quarks the dominant contribution to the rungs of the
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ladder will come from pions. Using the effective chiral Lagrangian one can
estimate[460] €; ~ 0.1.

More detailed investigations have been performed using the instanton model
for the nonperturbative QCD vacuum. Instanton-induced amplitudes have
been calculated in electroweak theory[462,463] in which they could lead
to baryon-number violation and also[464] in QCD in which they should
lead to interesting but less spectacular effects. Elastic and quasi-elastic
scattering of quarks and quark-antiquark pairs in the instanton field have
been investigated[465]. Since the instanton is a classical solution of Eu-
clidean QCD, the scattering amplitude has to be calculated in Euclidean
metric and the expressions in Minkowski metric require analytic continua-
tion as discussed in section 8.11. The structure of the resulting amplitudes
is similar to the one obtained in the stochastic-vacuum model and in par-
ticular the cross sections come out as independent of energy. In a further
paper[466], instanton-induced inelastic collisions were considered and were
shown to produce a rising total cross section. The estimated value €; ~ 0.03
is smaller than the phenomenological value.

The nonperturbative couplings of the colour-singlet rungs of the ladder of
figure 8.16 have been evaluated[467] in the instanton field and inserted into
a BFKL-type equation. The structure of the resulting trajectory shows
interesting effects. A decoupling of the soft pomeron at high values of Q2
is found, but numerical estimates are still very rough, since they depend
crucially on several poorly-known parameters such as the maximum instan-
ton size. Nevertheless, values of €; around 0.1 are obtained with plausible
assumptions and the ratio of the slope of the pomeron trajectory to e,
ap/er =2 GeV~2, is not too far from the phenomenological value of about
3 GeV~2

We have already stated in section 4.4 that Regge theory was the start-
ing point of string theory[468], and now starting from super-string the-
ory attempts have been made to understand the pomeron trajectory[469].
However there appeared to be serious obstacles to applying string theory
to QCD. Massless spin-two and spin-one hadrons, not present in QCD, ap-
pear unavoidably and quantum anomalies require the number of space-time
dimensions to be 10 or 26. Now there is hope that these obstacles can be
overcome. The microscopic theory is a four-dimensional gauge theory, a su-
persymmetric QCD. It lives on the boundary of a five dimensional anti-de
Sitter space. For a short review see [470]. The massless 27 graviton in a
five-dimensional world can appear in four dimensions as a massive glueball
on the pomeron trajectory. The imaginary part of the scattering ampli-
tude is determined by small impact parameters and in confining theories is
governed by minimal surfaces between the loops. A linear trajectory of a
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Figure 8.17. Forward-slope parameter b = b(s,0) for pp elastic scattering. The
solid curve is from the model of section 8.5, using the parameter set (8.112), and
the dashed curve is from Regge theory with a linear pomeron trajectory (3.19).
The experimental points are triangle[471], star[472], and box[52].

Regge double pole is found[469] with intercept 1. The slope is determined
by the horizon, that is the penetration into the five-dimensional anti-de Sit-
ter space, and is inversely proportional to the coupling in the microscopic
gauge theory.

We end with a much more down-to-earth method to incorporate the s de-
pendence of soft high-energy scattering into the model discussed in section
8.7. In it the transverse radius of the hadrons depends on the scattering
energy. For values of the transverse radius of the proton between 0.5 and
1.5 fm, the radius dependence of the total pp cross section can be well de-
scribed by the power behaviour o™ (Ry,) ~ o™ (Ro)(Ry/Ro)?3, and hence
an energy dependence of the radius

s €1/3
Rh(s) = R(] () (8.122)
S0

leads to the observed energy dependence o™ ~ o (sq)(s/s0)" of the cross
section. The values of Ry and sy should be chosen in conformity with the
conditions set up in section 8.7. In the same model the logarithmic slope of
the elastic cross section, the forward slope parameter b(s,0) of (3.23), can
be expressed by the simple relation[259]

b(s,0) ~ Aa® + B(Rh(s))2 (8.123)



8.11 Scattering amplitudes in Fuclidean space 267

where a is the correlation length of the gauge-invariant gluon correlator
introduced in section 6.4. In figure 8.17 we display b(s,0) in the range
20 GeV < /s <2000 GeV for both sets of parameters given in table 8.1
and compare it with data and with Regge theory.

8.11 Scattering amplitudes in Euclidean space

In the approach described in sections 8.2 to 8.4 the parton-parton scattering
amplitudes were represented as expectation values of Wilson-line operators
along lightlike paths as in (8.54). We said that in order to achieve this,
the scattering of the partons was to be considered only over a finite time
interval 75 (see (8.29) and (8.30)) and thus all the time integrals should
run from —79/2 to +79/2. What happens if we take the integrals from
—00 to +00? This leads[428] to infinities and one way of regularising is
to take Wilson lines which are not exactly lightlike. Consider quark-quark
scattering (8.31) in the centre-of-mass system. Let m be the quark mass
and /s the centre-of-mass energy. Then non-interacting classical quarks ¢
of momentum p; and po travel on world lines

zi(1) = 2;(0) + &7‘, 1=1,2; —oo <7 <o00. (8.124)
m

The momenta p1, p2 can be parametrised by a hyperbolic angle x:

1/v1 —v? cosh 3
0

P12 . 0
m 0 0
+v/v1 — 02 isinh%x
v=(1—4m?/s)"/? = tanh 3X (8.125)

where the upper sign goes with p; and the lower sign with py. For large s,
X ~ log(s/m?).

It has been suggested[428] that one should take the Wilson lines along the
paths (8.124) and consider the limit s — oo, which corresponds to the limit
of the Wilson lines becoming lightlike. It was shown that inserting these
lines into (8.54) and evaluating the functional integral (- - -) 4 in perturbation
theory leads to the standard results[5] for quark-quark scattering.

The Wilson lines at a hyperbolic angle x were also[473,474] the starting
point to show that at fixed ¢ the scattering amplitude can be continued
analytically in the angle y to imaginary values

X — 0. (8.126)
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With this the scattering amplitude
A(s,t) = g(x. t) (8.127)

written as a function of x and ¢ using (8.125) is related to a correlation
function E(0,t) = ¢(if,t) of connectors along a pair of Euclidean-space
Wilson lines forming an angle 6. It was proposed to evaluate E(0,t) directly
in lattice QCD, then to make the reverse analytic continuation § — —iy and
finally to take the limit x — oo corresponding to s — co. One can also
write down a partial-wave expansion for E(6,t) for fixed ¢t and perform a
Sommerfeld-Watson transformation. This is completely analogous to the
t-channel partial-wave expansion for A(s,t) discussed in sections 2.1 and
2.2. Again, if we assume the presence of poles in the complex I-plane, we
find power behaviour in s for the analytically-continued amplitude A(s,t)
of (8.127). Thus, this approach offers a nice bridge between the functional-
integral and the Regge approaches. Of course, we really should like to see
from a lattice calculation that poles in the complex [-plane do indeed arise
for E(6,t).

The analytic continuation is also essential for estimating the contribution of
instanton background fields[465] in the functional integral (8.54) and also
for the anti-de-Sitter-space approach[475] discussed in section 8.10. Both
these calculations must begin in Euclidean space.

Another type of analytic continuation has been considered[476] for the
structure functions of deep-inelastic scattering. The forward virtual Comp-
ton amplitude was considered in a model with scalar fields. Instead of
studying the limit of large v on the real axis, the amplitude for large imag-
inary v was investigated. This is equivalent, because of the Phragmén-
Lindel6f theorem[477]. Then the amplitude was related to the correlation
function of two currents in an effective field theory. Finally it was argued
that there should be a critical point of this effective theory where the corre-
lation length in one direction becomes very large, and that from this critical
behaviour one should be able to get information on the pomeron properties.
It was also shown how to continue the effective field theory from Minkowski
to Euclidean space, where one has the possibility of doing calculations on
a lattice. Thus, this approach offers the promise of doing nonperturbative
calculations for the deep-inelastic structure functions at small x from first
principles.
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The dipole approach

In the dipole model photons and hadrons are treated as superpositions of
colourless quark-antiquark pairs of different sizes. This approach allows one
to relate deep-inelastic scattering to other reactions involving photons and
to purely-hadronic scattering.

9.1 Deep-inelastic scattering

The dipole approach to deep-inelastic scattering is very close to the treat-
ment of hadron-hadron scattering of section 8.5. The photon dissociates
into a quark-antiquark pair in a colour-singlet state which interacts strongly
with the target proton. The approach can be used if the dissociation time
of the photon is large compared with the interaction time of the hadronic
systems. The dissociation time 74 of a photon into a quark and an anti-
quark, each of mass my, can easily be estimated from the energy uncertainty
principle. Let ¢ = (qo, 0,0, ¢3) be the four-momentum of the photon, and

kl = <E1,kT,ZC]3) kQ = (EQ, —kT, (1 — Z)Q3) 0 S z § 1 (91)

the four-momenta of the quark and antiquark. Then

1 2qpz(1 — 2)
Tlic = ~ 9-2
T g —Br— By Q2(1—2) +mF + K5 52)
for large q3, where Q? = —¢?, the virtuality of the photon. In the rest

frame of the target proton we expect the interaction time of the quark-
antiquark pair with the proton to be of the order of magnitude of the typical
confinement radius of light quarks, which is approximately the inverse QCD

269



270 9 The dipole approach

Figure 9.1. Interaction of a proton with a highly-energetic photon

scale 1/A. Hence in this frame the condition that the dissociation time is
large compared with the interaction time is

m} + A2> ©.3)

2 2 2 Mp [ 2
W = — +2 —£ P A
my Q mpqo > (Q + (i )

where m,, is the target mass and we have put |ky| approximately equal to
the inverse confinement radius 1/A. Unless z is close to 0 or 1 this implies
that W?2/Q? > 1 and so according to (7.1) the Bjorken variable z is small.
We thus come to a very intuitive picture of deep-inelastic scattering at small
2 which is visualised in figure 9.1.

We have seen from (8.97) that for high values of Q? the transverse size of
the hadronic state into which the photon dissociates is small and the quark-
antiquark pair acts as a colour dipole. Therefore this approach is generally
called the dipole model although no dipole approximation is involved, that
is one does not restrict considerations to very small quark-antiquark sepa-
rations. For deep-inelastic scattering[478] the dipole model was introduced
mainly to explain the nuclear shadowing observed by the EMC collabora-
tion[479].

The interpretation of figure 9.1 is that the forward amplitude T, (A, W2, Q?)
for scattering a photon with helicity A and virtuality Q2 on a proton is writ-
ten as an integral of a product of the quark-antiquark density p, (A, Q% R,2)
of the photon defined in (8.97), and the forward amplitude Ty, (W2, R, 2)
for scattering a quark-antiquark dipole on a proton:

1
T,Yp(A,WQ,QQ)\t:():/dQR/O dz py(\, Q% R, 2) Taip(W?, R, 2)  (9.4)

where R is the distance vector from the quark to the antiquark. Using the
optical theorem (3.1), we replace the imaginary part of the forward scat-
tering amplitude with the total cross section and average over all directions
of the quark-antiquark pair. A possible z dependence of the dipole-target
cross section is generally neglected. This is justified in the model described
in section 8.5, as can be seen from figure 9.2, which plots the z-dependent



9.1 Deep-inelastic scattering 271
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Figure 9.2. Dipole cross section[435] oqip(W?, R, 2) for various values of z, the
longitudinal momentum fraction of the quark, at W = 20 GeV. The solid curve is
for z = 0.5, the dashed curve for z = 0.25 and the dotted curve for z = 0.

dipole cross section defined as

odip(W? R, 2) = % /027r d;%Ideip(WQ,R, 2). (9.5)
This leads to
o7 PIN\ W QY = / dR p (N, Q% R) o4ip(W?, R) (9.6)
where the dipole cross section is
oaip(W? R) = /0 1 dz oaip(W?, R, 2) (9.7)

and the planar density of the photon is

p Q% ) = 27R [0 Q% R 2) 93)
0

of which (8.107) is a special case. Equations (9.4) and (9.6) have been made
plausible starting from the parton picture and QCD factorisation[480],
which is valid for high photon virtualities. This factorisation should not
be confused with factorisation in the Regge sense (2.32). A more general
derivation is given in terms of the functional approach as described in sec-
tion 8.5.

For longitudinal photons of high virtuality the perturbative result for the
photon wave function (8.95) is a good approximation and therefore one can
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Figure 9.3. The dimensionless quantity QR?p. (A, Q2, R) for Q% = 1 GeV? (thick
line), 10 GeV? (thin line), and 100 GeV? (dashed line). (a) u and d-quark contri-
bution, transverse photon; (b) v and d-quark contribution, longitudinal photon;
(¢) charm-quark contribution, transverse photon; (d) charm-quark contribution,
longitudinal photon.

One finds[480]

extract from the longitudinal structure function the dipole-proton cross
section for small quark-antiquark separations in a model-independent way.

oaip(Q*(1/x —1),R) = §

505(Q) zg(w, Q%) R? (9.9)

where z g(z, Q?) is the gluon density of the proton. The dipole size R can

be related to Q2 in the following way. According to (9.6) and the relations
between the structure functions and the cross sections given in section 7.1,

the structure functions can be expressed as integrals over dipole sizes. The
longitudinal structure function is

2
Fi(e,@%) = o [ dR oap(@(1/2 1), R) 5 (0,@% F).

(9.10)
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An analogous expression holds for the structure function Fy(x, Q?):

Q° . .
FQ(xa QQ) = 4200 /dR O—dip(Qz(l/x - 1)7 R) (P«{(O, Q27 R) +P7(1a Q27 R))
(9.11)
For small values of R we can use (9.9) and obtain for the integrand of (9.10)
3Q%as(Q) zg(z, Q%) R?p,(0,Q% R) (9.12)

and similarly for (9.11). The dimensionless quantities QRZ,@,(A, Q% R) are
plotted in figure 9.3. For small R they have the behaviour of the integrand
(9.12). They show pronounced maxima at

C

Q2+ 4m§c
with C =~ 0.4 fm GeV =~ 2.

The main contribution to the integral is concentrated around R =~ R ax.
The relation between Q% and R? in (9.9) is therefore

2
Q> ~ —5 —4m7 . (9.14)

Runax = (9.13)

For transverse photons and massless quarks the function QR?p,(£1, Q% R)
has a tail that extends to large distances. This tail comes from values of
z near 0 or 1. It gives a finite contribution to the structure function also
in the limit of very large @2, as can be inferred from (8.98). Therefore
the value C? ~ 4 quoted above should be regarded rather as a lower limit
for C2. Some authors, for instance[481], prefer for that reason values near
C? = 10.

Since the energy dependence of the structure function is conveniently ex-
pressed as a function of x it is quite common to express the dipole cross
section also as a function of x rather than of W. However this seems incon-
sistent, since the Q? dependence has been explicitly eliminated from the
dipole cross section. Furthermore it is inconvenient, since an interesting
feature of the dipole formalism is the extension into the fully nonpertur-
bative domain, that is also to reactions of real photons and light hadrons.
In that case x is no longer the most appropriate variable. It is more suit-
able[482] to use the dimensionless quantity ¢ = W?2 R? as the variable for
the dipole cross section. For high values of Q2 we can relate R? to Q2, and

obtain from (9.14)
1—
(=0c22—2 (9.15)

T
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We shall use this relation quite generally to compare different models for
the dipole cross section.

The separation of photon and hadron cross sections into a part describing
the parton dynamics of scattering and a part describing the structure of the
asymptotic states has advantages. It allows different scattering processes
to be related using the same dipole cross section and gives the possibility
of incorporating nonperturbative effects both in the wave function and in
the dipole cross section. On the other hand, in most practical cases this
separation introduces a model dependence, since neither the wave functions
nor the parton scattering amplitudes are accessible to experiment nor can
they yet be treated from first principles. In section 9.3 we shall see that
different approaches do indeed lead to very different dipole cross sections.

9.2 Production processes

We consider such processes as exclusive electroproduction of vector mesons
or more generally reactions of the type ap — bp. The dipole approach
relates these processes to deep inelastic scattering. The density p, of the
photon in (9.4) has to be replaced by the overlap integral of the wave
functions of the incoming and produced particles, yielding

1
Tapﬂbp(WQ,t)]t_t = / d’R /0 dz i (R, 2) Ya(R, 2) Taip(W?, R, 2)
(9.16)
for the forward amplitude, where t.,;, is the value of ¢ for forward produc-
tion. If the overlap integral depends at most weakly on the planar angle
¢T we can perform the integration over it and, neglecting the real part of
T4ip, obtain the forward differential cross section analogously to (9.6):

Loy~ 1\/6135 (R) oW R)[* (9.17)
dt ) =t 167 ab dip ) .
where pgp is the planar overlap
27 1
5us(R) = R /0 dbr /0 dz 65 (R, 2) Ya(R, 2). (9.18)

If the mass or virtuality of the incoming state is different from that of the
outgoing one there must be a small momentum transfer in the longitudi-
nal direction. This means that the longitudinal-momentum fraction of the
partons changes. For high-energy electroproduction of a vector meson with
mass my the change in the longitudinal-momentum fraction of the parton
is of order (Q*+m$)/W?2. In the dipole approach it is generally neglected.
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If one wants to calculate oqip in terms of the gluon distribution, as in (9.9),
then g(z,Q?) has to be given by a more general skewed (or off-diagonal)
gluon distribution[483-485]. We should also remember the caveat in sec-
tion 8.6: an integral involving the product of two different wave functions
is much more sensitive to details of the wave functions than is an integral
involving the density.

If the outgoing particle b is the same as the incoming one, (9.16) describes
the elastic forward scattering amplitude and from that the total cross sec-
tion for the reaction ap — X can be obtained using the optical theorem:

o (W?) = / dR pa(R) oaip(W?, R) (9.19)

where p,(R) is given by (9.18) with b replaced with a.

Comparison of (9.6) and (5.7) allows some insight into the mechanisms
and limitations of the vector-meson dominance model dibcussed in section
5.2. The transverse vector-meson—proton cross section o, in (5.7) can be
expressed in the dipole approach as

ol = / dR pL(R) ogip(W? R) (9.20)

where pL(R) is the planar quark-antiquark density of the transverse vector
meson V,,:

1 2T
_ T 2
—R/O dz/o dor [WT(R, 2)[2. (9.21)

It is instructive to concentrate on the lowest-lying resonances contributing
o (5.6). Comparison of (5.7), (9.6) and (9.20) yields

4o m2 2
py(£1,Q% R) = — (———=) pL(R) + higher resonances.
FY( ) sz;,w 7\2/ (m%/+Q2) V( )

(9.22)

Figure 8.10 shows the combined u and d-quark contribution to p(+£1,0, R)
for a real photon and the contribution of the p and the w to the right
hand side of (9.22). A Gaussian form (8.108) was chosen as the vector-
meson wave function with transverse radius Ry = 0.68 fm. In a simple
quark model this wave function reproduces the observed leptonic decay
widths, yielding (47T/’y§ + 47 /42) = 0.55 = 0.004/a. In the region R ~ R},
where the integral (9.6) receives its main contributions the two curves agree
reasonably well, which explains the success of the vector-dominance model
in its most simple form. For Q? > 0 the approximation by the lowest-lying
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Figure 9.4. Combined w and d-quark contribution to the planar density
p~(A, Q2 R) of a transverse photon (solid line) and a longitudinal photon with
virtualities Q2 = mi (long dashed line), and the combined p and w contribution
to the right hand side of (9.22) at @* = m? (short dashed line).

resonances of course becomes much worse. The quark-antiquark density of
the vector meson is only multiplied by the factor m2,/(Q? + m3,) whereas
the photon wave function changes its form, as can be seen in figure 9.4 where
the solid line is the photon wave function for Q? = m% and the short-dashed
line the p and w contribution to the right hand side of (9.22). Also, the
short distance part becomes more and more important with increasing Q2.
This part can be approximated well only if many high-lying resonances are
taken into account, and to reproduce the singularity of the photon density
one even needs an infinite sum. Another important feature of the photon
density p, is the shrinkage of the mean square radius with increasing Q%
see (9.11). In the vector-meson dominance model it can be reproduced only
by taking non-diagonal terms[486] into account; see (5.6).

The simplest prescription for obtaining a longitudinal photon-proton am-
plitude in the vector-meson dominance model is to multiply the transverse
amplitude by the factor (Q%/m?,)? as in (5.5). In this prescription the lon-
gitudinal contribution at Q% = m,% is equal to the transverse one, which is
the short dashed curve in figure 9.4. There is little similarity to the longi-
tudinal photon density g (0, m%, R) indicated by long dashes in figure 9.4.
Indeed the longitudinal cross section is severely overestimated if the above
prescription is applied, as it can be seen from figure 7.30b that the ratio
o1 /o7 increases much more slowly than Q2.

The dipole cross section oqi,(W?2, R) can be used to give at least a lower
bound on the inclusive diffractive cross section for the reaction ap — X p



9.2 Production processes 277

in the forward direction with a large rapidity gap between the final proton
and the hadronic state X. We imagine that the system X arises from the
production of a quark-antiquark pair and that there is unit probability of
this pair materialising into a system of hadrons. So

d
%UCLPHXP(W2’ t) |t:tmin =
1 1
167 W4 /dzR/O dz |a(R, Z)P ’Tdip(W27R, Z)\Z (9.23)

We neglect the z dependence of the dipole-scattering amplitude and apply
the inequality

27 27 2
| (9.24)

dor|F(or)* > | | dor F(or)

to the integration over azimuthal angle. Thus we obtain

1
Oaxo (W20l 2 1o [ (R [ e 0,2 (o (W2, )
™ 0
(9.25)
In most applications it is assumed that Tdip(Wz,R) depends only weakly
on ¢p and (9.25) is taken as an equality.

The ¢ dependence of the dipole cross section Tdip(Wz, R) can be investi-
gated in models. In the model discussed in section 8.5 it turns out that the
only appreciable variation in ¢ is proportional to cos(2¢r):

Taip(W?, R) = 0a4ip(W?, R) + 02(W?, R) cos(2¢7). (9.26)

As can be seen from figure 9.5, the ¢p-dependent term is indeed small
compared with o4ip(R) in the relevant range of R.

In (9.23) it is assumed that one may calculate quark-antiquark pair pro-
duction and that this gives the cross section for hadron production; this
corresponds to global quark-hadron duality. The assumption of local quark-
hadron duality is much stronger. This requires that a colour-singlet quark-
antiquark state of invariant mass M approximates the hadronic contribu-
tion at the same mass. Evidently a certain averaging has to be performed if
M is still in the resonance region, as in sections 4.2 and 4.3. In the approx-
imation of local duality one can calculate the diffractive structure function,
introduced in section 7.10, in the forward direction. The squared invariant
mass of the quark-antiquark pair is

_p2T+m2

M z(1—2)

(9.27)
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Figure 9.5. Dipole cross section oqip(W?2, R) (solid line) and the second Fourier
coefficient o2(W?2, R) of (9.26) (dashed line) at W = 20 GeV

where pr is the relative momentum of the pair. The variables of the diffrac-
tive structure functions can be expressed through z, z and p% as

62

5:p%+62

E=z/B (9.28)

where € = \/z(l —-2)Q*+ mfe as in (8.96). Complete expressions for the
forward diffractive structure function in terms of the dipole cross section
may be found in [404].

9.3 Different approaches to dipole cross sections

In this section we discuss some typical models for the dipole cross section,
emphasising their most distinct features. For details and motivation we
refer to the original literature. We start with the lowest-order perturbative
contribution, namely the two-gluon contribution to the total cross section
of two colourless quark-antiquark pairs at high energies as first discussed
by Low([3] and Nussinov[4]. These results play a role in an alternative
approach [487,389] to the BFKL pomeron, in which the proton is considered
as a superposition of many small dipoles. It is also instructive to see that
the perturbative result can be extended into the nonperturbative domain,
with seemingly-reasonable results. In the high-energy limit the perturbative
results for dipole-dipole scattering simplify considerably and are reduced to
an integral over the internal transverse momentum kp. In this limit the
scattering cross section of two dipoles with sizes R; and Ry is

o(Ry, Ry) = 22 Q/d% (1= JolkrR))(1 — Jo(kr Ro)) (A(kr))” (9.29)
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where A(k7) is the gluon propagator. For the free propagator 1/k% one
can perform the integration analytically and obtain

o(Ry, Ry) = m—”aiRi (1 + log R>) (9.30)
with R. and R~ the smaller and larger of Ry, Ro. The larger dipole cuts
off the lower frequencies and therefore the result is infrared-finite and one
obtains reasonable numbers even if R; and Ry are of hadron size. But the
perturbative result can be trusted only if this cutoff is well below the con-
finement radius; that is both dipoles need to be small. If a gluon mass my
is introduced into the propagator A(kr) in order to suppress contributions
from small k7 and if this mass is larger than the inverse radius of the larger
dipole, it determines the infrared cutoff and the perturbative contribution
to the cross section saturates at a correspondingly lower value. If one of the
radii, say Rp, is small the perturbative expression yields the correct power
behaviour o ~ R? (see (9.9)) but the coefficient proportional to the gluon
density of the proton is of course determined by nonperturbative QCD. If
both R; and Ry are large the contributions of the oscillating Bessel func-
tions in (9.29) become small and the asymptotic value of the cross section
is

lim  o(Ry, Ry) = 32maZ/(9m?). (9.31)
R1,R2—00

From lattice results[257] for the gluon correlator one can deduce a value
mg ~ 1 GeV and, with a frozen value a, = 0.6, one obtains for the asymp-
totic perturbative cross section the numerical value 1.6 mb, which is only
a small fraction of a typical hadronic cross section. If, however, both radii
are small, a situation which can be realized in v*y* scattering (see section
7.6), the perturbative expressions are dominant.

The space-time picture in deep-inelastic scattering was revived[478] mainly
to explain nuclear-shadowing effects. The first investigation[478] started
with a perturbative expression of the type (9.29). This expression was later
taken as a phenomenological nonperturbative and energy-independent in-
put. To it were added contributions which take into account the occur-
rence of higher Fock states and which are solutions of a BFKL-type equa-
tion[488,489]. They appear as a series of Regge poles which lead to a strong
rise with energy and are dominant at very high energies. These dipole cross
sections have been applied to deep-inelastic scattering[478,488], production
of vector mesons[490,491] and inclusive diffraction[492].

The two-pomeron approach[194] described in chapter 7 has motivated a
particular way to incorporate the energy dependence into the dipole cross
section. The hard pomeron, which is dominant for processes involving large
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virtualities, is associated with small dipoles, the soft pomeron with large
dipoles. Therefore in [482] the dipole cross section is assumed to consist
of two parts, a hard part dominant at small distances which increases like
(W2R%)038 and a soft part dominant at large distances, which increases
like (W2R?)%-% The forms of the dipole cross sections and the power of
the hard part were fitted in such a way as best to describe the structure
functions. Another approach[442,493] is based on the dipole cross section
obtained from the nonperturbative formalism using the functional methods
described in section 8.5. The contributions from small dipoles are assumed
to contribute to the hard pomeron with an intercept of 1.4, and the large
dipoles to the soft pomeron. We shall describe this approach in more detail
in section 9.5.

The dipole cross section of [494,495] is also based on functional methods.
But in contrast to the approach discussed in section 8.5 the proton is not
resolved into partons but considered as a colour background field consisting
of many regions with uncorrelated colour field strengths. This leads to a
saturation of the dipole cross section at a radius proportional to the inverse
square root of the number of colour domains in the proton. The result is
used as an input to a DGLAP evolution of the proton structure function
starting from a low scale Q3 ~ 1.2 GeV? corresponding to a separation
of the quark and antiquark of about 0.4 fm. The strong increase of the
structure function with 1/x at large values of @Q? in this approach is a
consequence partly of the x dependence of the input, partly of the DGLAP
evolution.

The starting point of [481] is the relation (9.9) of the dipole cross section to
the gluon density of the proton. This relation is implemented with suitably-
chosen values of Q2 and z for R < R,, where the cross section given by
(9.9) is smaller than half the pion-nucleon cross section. In this region the
x dependence is assumed to be obtained purely from the DGLAP evolution
and the initial conditions. For values R > R, ~ 0.65 fm a nonperturba-
tive ansatz is made. In the intermediate-R region perturbation theory is
assumed to be modified by saturation and there is a smooth interpolation
between the perturbative and nonperturbative domains.

A simple phenomenological expression for the dipole cross section has been
presented[403,404] which gives a good description of the data for deep-
inelastic scattering;:

R2

with 09 = 23 mb and Ry = 0.73 fm. The essential feature of this model is
the saturation of the dipole cross section at o at large 1/x. The value of
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at which saturation sets in depends strongly on R; the larger R the earlier
the saturation. This simple formula gives a good quantitative description
of the structure function F» and a reasonable description of the diffractive

®3)

structure function FQD , but fails when confronted with the diffractive dijet

data[399].

For an application of the dipole model to reactions of photons with low
values of Q2, say Q? < 1 GeV?, the choice of the photon wave function has
a large influence. All applications are based on the perturbative expressions
(8.95) with a constituent mass. An additional enhancement of the photon
wave function around 1 fm was introduced in [482].

In some approaches [488,403,481] the dipole cross section increases mono-
tonically with the size of the dipole, in others[442,482,493] it can also de-
crease with size in the transition region from the hard to the soft pomeron.
In yet others[403,481] the cross section saturates with increasing 1/z. In
figure 9.6 we plot all the dipole cross sections of the models discussed here.
The dependence on ( = W2R? in [482,493] has been converted into an x
dependence according to (9.15). The big differences in the nonperturbative
region are not surprising, since in this region the dipole cross sections are
either guesses or model-dependent. But as can be seen from figure 9.6 there
are considerable differences even in the perturbative region. The cross sec-
tions of [481] and [494] differ by about a factor 2, though both approaches
start from the same relation (9.9). In [494] the relevant scale is fixed to
Q% ~ 1.2 GeV? and the result is used as a starting point for a DGLAP
evolution whereas in [481] the scale for the gluon distribution in the pro-
ton is adjusted to the distance R through Q? = C?/R?, with C? =~ 10.
The different scales lead to the considerable difference in the dipole cross
section. But the very different dipole cross sections nevertheless lead to
similar results for the structure function. The reason is the following. In
the approach of [494] only about 20% of the contribution to the structure
function at Q% ~ 1.2 GeV? comes from the region below 0.4 fm, whereas
for [481] the contribution from this region is more than 40%. This explains
the difference of the dipole cross section obtained from different approaches
even in a seemingly-perturbative region. It can be compensated easily by
the behaviour of the cross section in the nonperturbative domain. This
corroborates our statement made at the end of section 9.1 that the con-
cept of a dipole cross section is model-dependent. This model dependence
is natural in the nonperturbative domain, but extends its effects even to
distances well below 0.4 fm.
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Figure 9.6. Dipole cross section ogjp and O'dip/R2 at x = 1073 for different
models; short dashes[496]; solid line[493]; long dashes[403]; dotted line[482]; dot-
dashes[481]; dash-double-dots[494,495]

9.4 Saturation

The strong increase with 1/x of the v* p cross section observed at HERA
gives rise to the question of whether this increase stops or slows down sig-
nificantly, and if so where. Since there are no unitarity limits for photon-
induced processes there are no constraints on the 1/z dependence of struc-
ture functions. But if a significant change occurred at large values of Q?,
at which confinement effects should be negligible, it would indicate a new
regime of QCD. High-density effects in the gluon distribution may lead to
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a new kind of nonperturbative phenomenon. In large nuclei the projected
gluon density in transverse space is high. This has been exploited in the sat-
uration model[497] for deep-inelastic scattering on nuclei. The arguments
have been extended[498] to deep-inelastic scattering on protons where the
high gluon density is attributed to small x.

In the treatment of large nuclei[497,499] the valence quarks are consid-
ered as sources which give rise to classical gluon radiation through the
Weizsacker-Williams mechanism. In this semiclassical treatment the gluon
density zg(x, Q%) tends to a constant for small z. The distribution of glu-
ons with transverse distance R is obtained by averaging over the transverse
components of the matrix-valued gluon potentials (see (6.4)) and integrat-
ing over the impact parameter b inside the nucleus:

N(R) = iTr/d% (AY(R + b)AS(b)). (9.33)

In a covariant gauge the gluon fields are supposed to fall off fast enough
outside the nucleons for it to be justified to assume that the gluon field
of a nucleus is additive in the nucleons. A transformation is then made
to the light-cone gauge and the interactions are absorbed into the gluon
distribution. For a nucleus with large radius R the result is[499]

N2_1 202
2 c —R*Q%/4
N(R) = /d b7 N, 2(1 —e / ) (9.34)

where

8m2a N,
Q2 = TR — B pa(b) 2 g, Q?). (9.35)

c

Here pa is the nucleon density of the nucleus, zg(z, Q?) is the gluon den-
sity of the nucleon and Q? is related to the transverse distance through
Q% = C?/R?, C? > 4; see (9.14).

In a thin slice of the nucleus the interaction of a colourless gluon pair
separated by distance R. is proportional to |R|? pa zg(7, @?) and summing
repeated interactions gives the exponential form (1 —exp(—R?Q?/4)). This
is analogous to the eikonal discussed in section 2.4. The quantity Qs plays
the role of a saturation momentum. Using Q? ~ C?/R? we see that for
Q? > Q? only the leading term of the exponential contributes significantly
and the gluon density of the nucleus is proportional to that of the nucleon.
For values Q% < @Q? saturation effects due to the exponentiation play an
important role. For large nuclear radii Qs will be large and saturation
effects can become important at values of Q> where confinement effects
should play no role.
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Figure 9.7.  Gluon density N(b,kz) as a function of k2 /Q? for o, = 0.2. Solid
line: full expression (9.37); dashed line: asymptotic expansion valid for large values
of k%/Q?, where Q? is defined in (9.35).

To obtain differential gluon densities we introduce first the differential gluon
density in impact parameter as the integrand of (9.34):

N NZ -1 22
N(b,R)= ¢ (1—¢ /A 9.36
(b,R) = e (11— M) (9.36)
The differential gluon density in impact parameter and transverse momen-
tum is obtained by Fourier transformation:
. d’R . _
N(b,ky) = [ o5 ¢*"BN(b,R
(k) = [ G5 T RN, R)
N2 -1 k2.
=———"T(0,—=). 9.37
Am3as N, ( ’Qg) (9-37)
We see that, at fixed g, N(b,ky) is a function just of k2/Q?, where Q2
is related to b and Q2 in (9.35). In principle, the relation involves also
x, but not in the semiclassical approximation. The incomplete I'-function
has standard expansions[9] The full expression (9.37) and its expansion,
valid only for large values values of k2./Q2, are shown in figure 9.7. The
suppression of small values of k% compared with the large-kr expansion is
evident.

For values k?p < @Q? expansion of the incomplete I'-function yields

A N -1 Q;
N(bler) = - log (%) (9.38)
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Lowest order radiative corrections have been calculated [501] and a log(1/x)
correction to the semiclassical result has been obtained. This logarithmic
correction is due to the increase of the longitudinal phase space with in-
creasing energy[500]. It is argued that the increasing volume in longitudinal
momentum space leads to similar effects to those induced by increasing lon-
gitudinal position space in a large nucleus. It is also argued[498,501] that
BFKL dynamics (see section 7.3), which for sufficiently large Q? leads to
a power behaviour of the cross section like (1/z)", also induces a satura-
tion momentum Q2 o (1/z)®. The differential gluon density in impact
parameter and transverse momentum is

x@(w, b7kT) =K

Ne-1, (Qg(m)). (9.39)

AmdagN, o\ k2

This has the same structure as the corresponding equation (9.38), where the
saturation scale is a function of the nuclear radius. The factor K and the
power k are related directly to BFKL dynamics; they are not determined
reliably[501].

These considerations predict a new domain of QCD where confinement
effects play at most a minor role, but where perturbative QCD is not ap-
plicable. The domains of QCD for diffractive reactions induced by virtual
photons are thus

o Q?<A nonperturbative, confinement

e Q%>(Q?> A? perturbative

e Q2> (Q?> A? nonperturbative, high density.
The high-density domain is a consequence of a high gluon density in the
transverse phase space of b and k. This high density can be reached either
in large nuclei or at very small x in nucleons.

The dipole approach predicts a regime of nonperturbative high density too.
Consider a small quark-antiquark separation in the dipole, where confine-
ment effects are not yet important. Relation (9.9) between the gluon density
and the dipole cross section suggests a similar relation between the differ-
ential quantities in impact parameter. We introduce the impact-parameter
differential dipole cross section Gaip(, R, b) and gluon density g(z, b, Q?):

oaip(z, R) = / %4 (2, R, b)
o(2.Q%) = [ d*bg(e.b.Q?)

:/d% /|k |<Qd2kTg(a:,b,kT). (9.40)
T|>
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Figure 9.8. Scattering of a small dipole on a large nucleus with radius R at fixed
impact parameter b

Compare (9.39). They are related by
ddip(z, R, b) = %as(Qz)mg(m,b, QYHR? (9.41)

where again, up to logarithmic terms, we have Q? = C?/R2?, C? > 4.

In the dipole approach the cross sections for photon and hadron reactions
are expressed through the same dipole cross sections og;,. The dipole
cross section with small radius R can be realised approximately through
heavy-quarkonium—proton scattering. Purely-hadronic reactions such as
quarkonium-proton scattering are subject to unitarity constraints which
then also apply to the dipole cross sections. Therefore G4ip (2, R, b) is sub-
ject to unitarity constraints. If the cross section is fully absorptive, corre-
sponding to purely-imaginary phase shifts, then in the limit of small x the
bound for the dimensionless density in impact parameter is

Edip(iﬁ,R,b) <1 (9.42)

Otherwise
6dip(x, R,b) < 2. (9.43)

For large nuclei the saturation scale Qs in (9.34) can be understood very
intuitively in the dipole picture. Consider scattering of a small dipole on
a large nucleus in a semiclassical approach; see figure 9.8. The absorption
probability in a thin slice of the nucleus with width A is proportional to
R?pazg(z, Q*)A, where xg(x, Q?) is the gluon density of the nucleon and
pa the nucleon density of the nucleus. Large dipoles with large cross sec-
tion are absorbed near the surface, small ones travel through the whole
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nucleus. We therefore have a saturation scale cppxg(z,Q?)Ra(b) with

Ra(b) = y/R3 —b% and some constant c. If cpazg(z, Q*)Ra(b) R? < 1
the cross section is proportional to R?; if cpaxg(z, Q*)Ra(b) R?2 > 1 it is
independent of R. This means that cppzg(x, Q?)Ra(b) plays the role of Q
defined in (9.35). The equivalence of this approach to the original one[497]
has been shown[495].

There remains the important question: how small must a dipole be so that
we may neglect confinement effects? Since we do not understand confine-
ment from first principles this question cannot be answered in a model-
independent way. But if we assume that vacuum properties are essential
for confinement, the gauge-invariant gluon correlator discussed in section
6.4 may give us some quantitative hint. As can be seen from figure 6.7 the
non-perturbative term is dominant for distances above 0.2 fm for D) and
above 0.3 fm for D . Therefore we should consider only quark-antiquark
pairs with spatial separation well below 0.2 fm in order to be free of major
nonperturbative effects. This scale, which corresponds to about 1 GeV,
appears also in other contexts of nonperturbative QCD, for example con-
tinuum thresholds in QCD sum rules[250]. If we express the distance in
terms of the virtuality of the photon, R < 0.2 fm translates to Q% > 4
GeV?2.

The dipole model of (9.32) contains[403,404] more stringent saturation than
implied by (9.39). There only the differential quantity saturates and the
cross section can still rise with R if the size in impact parameter space
increases, whereas (9.32) saturates for any value of R if = is small enough.
Also the model of [481] assumes saturation of the dipole cross section and
not its differential in impact parameter. In other approaches ([502-504] and
the literature quoted there) saturation is assumed to take place at fixed
impact parameter. A convenient way to ensure the unitarity constraint
(9.42) is to write the eikonal form of (2.49) for the dipole cross section:

ddip(z, R,b) =1 —exp(—x(z, R,b). (9.44)

If x(z,R,b) = R*x(z,b), the relation (9.41) can be fulfilled for small R.
The function x(z,b) is closely related to the saturation scale Q% introduced
in (9.34). If these models are extended to soft high-energy scattering, the
x dependence of x(x,b) has to be rather strong, since for large values of
x(x,b) the exponentiation moderates the increase with 1/x. If pomeron
dominance is assumed, the intercept has to be chosen to be about 1.2. For
hard reactions the influence of the exponentiation becomes less important
because of the decreasing effective value of R, and therefore the increase
with energy becomes faster, in accordance with experiment. For values of
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Figure 9.9. Dipole cross section at R = 0.15 fm for the non-saturating model of
[493] (solid line) and for the saturating model of [403] (dashed line)

Q? larger than a few GeV? the resulting gluon distribution can be used
as input for the DGLAP evolution; see section 7.2. In this way not only
the ordinary structure functions but also the diffractive structure functions
have been described successfully.

There are other approaches without saturation such as the two-pomeron ap-
proach[194], and dipole models based on this approach[442,482,493], which
fit the data equally well. In the dipole cross section given through the
stochastic-vacuum model there is a deviation from a pure-R? behaviour
which becomes noticeable at around 0.2 fm. This is a consequence of the
string formation which leads asymptotically to a linearly-rising dipole cross
section and which in the model is a direct consequence of confinement.

We therefore have the problem that several quite-contradictory models ex-
plain the data. The charm structure function offers the best chance to
distinguish between models in the perturbative region, since the charm
density of the photon scans the dipole cross section in a relatively narrow
band around R = 1/,/Q?/4+ m?2. In figure 9.9 we plot the dipole cross
section as a function of W for R = 0.15 fm for two extreme models, a non-
saturating one[493] and a saturating one[403]. The conversion from the
variable z to W? in [403] has been made using (9.15). It is clear that pre-
cise charm data in the energy range of HERA could discriminate between
the two models.

In conclusion, high gluon densities may lead to a new domain of QCD in
which confinement effects are unimportant but nevertheless perturbation
theory cannot be applied. Colour-glass-condensate models[505] provide an
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example. This situation can be realised in deep-inelastic scattering of elec-
trons on large nuclei. The high density in transverse phase space in that
case is obtained by integration over a large region in the longitudinal direc-
tion of the nucleus. It is argued that a similar situation can occur in small-z
physics. Here the high density in transverse space is a consequence of the
large phase space in the longitudinal momentum direction. From present
HERA data one cannot deduce evidence for saturation effects, since models
with and without saturation describe the data equally well.

9.5 Two-pomeron dipole model

The nonperturbative approach described in sections 8.5, 8.7 and 8.8 gives
an explicit expression for the dipole-dipole scattering amplitude. The total
cross section averaged over all dipole directions can be numerically approx-
imated to an accuracy of better than 10% by the factorising form

1 2 4\2 —R1/(3.1a —R2/(3.1a
oaip(R1, R2) = 067 ((g*FF)a*) Ry (1—e /G190 Ry (1 ¢ Fa/G1)

(9.45)
where the parameters (g? FF) and a are given in (8.112). This expression is
valid at centre-of-mass energies W = 20 GeV. It can be adapted to include
the hard pomeron introduced in chapter 7 and applied to the study of
structure functions. The new ingredient is to assume[442,493] that small
dipoles couple to the hard pomeron and large dipoles couple to the soft
pomeron. To be economical with parameters a sharp cut is introduced
such that only the soft pomeron couples if both dipoles are larger than a
certain value R., whereas the hard pomeron couples if at least one of the
dipoles is smaller than R.. Energy dependence is introduced by hand into
the dipole cross section by dividing the amplitude into a soft part and a
hard part with coefficients o5 and op;:

Tapsch(W) = iW? (Us (W/Wo)** + o (W/W0)2€h> (9.46)

with
Wo =20 GeV , €, =0.08, ¢, =0.42. (9.47)

With (8.91) the soft-pomeron contribution is given by

00 0o 1 . o
Og — 27['de R1 27TdR2 RQ / d21 d22 w:(Rl, 21)¢G(R1, 21)
R R 0

X |wb(é2az2)|2 Udip(RlaRZ)' (948)

For the hard pomeron it has been argued [482] that the appropriate di-
mensionless variable is RW. Highly-virtual photons have a hadronic radius
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R x 1/@, so to ensure scaling behaviour for the dimensionless quantity
Q%04ip(R, W) the W dependence should enter in the combination W2R?,
which corresponds to the inverse of the Bjorken variable z; see the discus-
sion after (9.9). If one dipole is small, say R; < R., the hard contribution
should depend on (RyW)2, if both dipoles are small on (RyRyW?). Since
the factor W2 has been extracted in (9.46), the coefficient o}, is

Re R 1 = o
oOp = 27TdR1 R1 / 27‘(’ng Rg/ d21 dZQ T/J:(Rl,zl)wa(Rl,Zl)
0 0 0
x [y(Ra, 22)|? oaip(Ra, Ro)(R1Ra/R2) ™

Rc e 1 R -
+ 2ndR1 Ry 2ndRo Ry / dz1 dzo w:(Rl, Zl)wa(Rla 2’1)
0 Rc 0

X |p(Ra, 22)|* oaip(R1, Ra)(R1/Re)*"
R. oo 1 = o
+ 2nd Ry RQ/ 2md R, Rl/ dz dZle:(Rl,Zl)wa(Rl,Zl)
0 Re 0
X |p(Ra, 22)|* oaip(R1, Ro)(Ra/Re)". (9.49)

Although the stochastic-vacuum model is a model for the infrared behaviour
of QCD and was originally applied only to hadron-hadron scattering, it
gives reasonable results[435,433,441] for photon-induced processes for pho-
ton virtualities @2 up to about 10 GeV2. For higher values of Q? the model
over-estimates the cross sections. For consistency of the model with low-
energy theorems the strong coupling in the infrared domain must have the
frozen value[275] oy & 0.57. It is plausible that upon introduction of a hard
scale through a highly-virtual photon the coupling of the gluons to the cor-
responding dipole is governed by that hard scale. Therefore the dipole cross
section should be rescaled by the factor

as(Q) . 1 a7
as(0)  0.57 11log(Q2?/QZ + 7.42)

(9.50)

with Q2 = 1 GeV2. This corresponds to a running coupling as(Q) in leading
order for zero quark flavours, ny = 0, adjusted to give a,(0) = 0.57; see

(6.19) and (6.20).

The photon and hadron wave functions and the fixing of their parameters
are discussed in sections 8.6 and 8.7. With these known, the only free
parameter is R., which can be determined from the total v*p cross section
a$91t,. Fitting the cross section for W > 50 GeV and @Q? < 150 GeV?
yields[493] R, = 0.22 fm. The model is then completely determined and can
be applied to any dipole-dipole reaction for which the wave functions of the
participating particles are known. The model has been applied successfully
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to the proton’s charm structure function F§(x,Q?) and its longitudinal
structure function Fi(x, Q?), J/4 photoproduction, deep virtual-Compton
scattering v*p — p, the real photon-proton total cross section 077 (s), the
real photon-photon total cross section 077(s), and the photon structure
function Fy(z,Q?).

Both for the proton’s charm structure function F§(z,Q?) and for its lon-
gitudinal structure function F(z, Q?), for Q2 > 5 GeV? the photon wave
function is concentrated at small distances. In the case of F§ this is a
consequence of the mass of the charm quark occurring in the argument e
of (8.96). For FY it is a consequence of the factor z(1 — z) in the wave
function (8.95) of the longitudinal photon. This factor suppresses contri-
butions from small values of e, which correspond to large distances. Thus
in both these cases the hard pomeron is already dominant at moderate
energies. Figure 9.10 shows the soft and hard-pomeron contributions to
structure functions at various values of x. The first row of figure 9.10 con-
tains the contributions to the proton structure function F5, and reproduces
the results of [194,313] well. Comparison of the first and second rows of
figure 9.10 shows that for the longitudinal structure function the increase
of the short-range (hard) part with increasing Q? is not as strong as for the
transverse structure function, a consequence of the less-singular behaviour
of the Bessel functions at the origin in the relevant photon wave function
(8.95). Nevertheless as the long-range (soft) part of the longitudinal struc-
ture function is even more suppressed at large Q2 relative to its contribution
to the transverse structure function, the hard pomeron is dominant sooner
in Fy,(z,Q?) than in Fy(x, Q?). The third row gives the contributions to the
proton charm structure function F§(z,Q?). The strong suppression of the
soft pomeron relative to the hard pomeron in FS(z,@?), which is purely a
wave-function effect, is notable and provides an explanation for the almost-
complete flavour blindness of the hard pomeron commented on in section
7.4. The last row gives the soft and hard-pomeron contributions to the
photon structure function Fy /o This shows a remarkable similarity to the
proton structure function, in conformity with the conclusions of section 7.6.

The quantitative agreement of the model with the data for F§(z, Q?), J/v
photoproduction, JVTgt(s), U,?(;t(s) and Fy (x, Q?) is as good as the fits shown
in chapter 7, and so is not shown here. The comparison of the model with
data[328] for the longitudinal structure function Fr(x, @?) of the proton is
made in figure 9.11 and with the H1 data[506] for deep virtual-Compton
scattering, v*p — p, in figure 9.12. The agreement is clearly very satisfac-

tory.
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Figure 9.10. Contributions to structure functions at two values of x from the hard
pomeron (solid lines) and the soft pomeron (dashed lines)
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Figure 9.11. The longitudinal proton structure function[328] Fy,(x, Q?) for Q% =
12, 15, 25 and 35 GeV2. The solid line is the full result and the dashed line the

hard-pomeron contribution.
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Figure 9.12. Integrated cross section for the reaction v*p — vp. (a) at (W) =75
GeV; (b) at (Q?) = 4.5 GeV2. The data are from [506].

We saw in section 7.8 that, although the soft pomeron does not contribute
significantly to F§(x,Q?), it is an important component of .J/1 photo-
production at comparable energies. This can be easily understood in the
dipole-model approach. The virtual c¢ pair in the photon wave function
has a transverse extension of about 1/m., but the J/i wave function has
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a much larger tail, ranging from a typical hadronic radius to the Bohr ra-
dius of order 1/(asm.). Therefore the overlap of the charm part of the
photon wave function with the J/¢ wave function obtains a larger contri-
bution from distances R > R, than does the square of the charm part of
the photon wave function.

The model fails to describe charm production in 7 interactions, vy — c¢X.
As we found in section 7.7, the hard-pomeron component from the model
is approximately half that required by the data.



10

Questions for the future

The experimental and theoretical study of diffractive phenomena has been
very fruitful over the last two decades. With the ongoing experiments at
HERA, the Tevatron and RHIC, and the start-up of the LHC, this field of
research will remain of high topical interest. It is clear that the description
of diffractive phenomena through QCD is rather complicated. Thus, what
can we hope to learn by studying diffractive phenomena? For testing the
basic principles of QCD in experiment and for determining the fundamental
parameters of QCD we should choose simple reactions where perturbation
theory is without doubt applicable. In the nonperturbative domain we
should choose quantities which can be calculated reliably on the lattice.
Diffractive phenomena are unlikely to be of direct benefit here, until theo-
rists make significant progress with their calculational methods. Diffraction
can be considered as an area for “applied QCD”, where theorists have been
developing various approximation schemes in order to understand the ob-
served phenomena. For this a continual interplay of experiment and theory
has been essential, and in the future will still be so. It has been the experi-
mental possibility of studying diffractive phenomena under conditions very
different from elastic hadron-hadron scattering which has brought diffrac-
tive phenomena to the fore and stimulated so much theoretical development.
In this final chapter we review briefly the outstanding issues.

Regge theory, introduced more than forty years ago, remains remarkably
successful in providing a phenomenological description of soft high-energy
hadronic and photon-induced processes. As Regge theory is the theory of
exchanges, for example of the p, w, fo and ao families of trajectories, it is
natural to think of the soft pomeron in the same terms. Is the soft pomeron
then simply the exchange of a glueball trajectory? The assumption that the
exchange of a single pomeron dominates, that it has a linear trajectory and

295
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couples to single quarks, describes high-energy pp and pp elastic scattering
data extraordinarily well, as described in chapter 3.

We saw in chapter 3 that, to a good approximation, all total cross sections
rise at high energy with the same effective power of the energy, which
we may associate with the intercept of an effective pomeron trajectory.
At extremely large energies, fixed-power behaviour is in conflict with the
Froissart bound, so the the observed behaviour of total cross sections can
only be an effective power, which must reduce as the energy increases.
While it is agreed that this reduction is caused by multiple exchanges, there
are two divergent views about it. One is that multiple-scattering corrections
are small at present-day energies, so that the effective-pomeron intercept is
close to that of the “bare” pomeron. Alternatively it has been argued that
multiple-scattering corrections are large at present-day energies and hence
the intercept of the bare pomeron is very different from that of the effective
pomeron. The implications of which of these two divergent views is correct
are far-reaching. For example, they affect how one views the additive-quark
rule, which is found to be in rather good agreement with experiment. The
simplest interpretation is that it is a fundamental property of the single
exchange; an alternative is that more than one quark in each hadron is
involved and the apparent additivity is a more-or-less accidental property
associated with multiple exchanges and related to hadron sizes.

Regge theory is a mathematical formalism that associates exchanges with
singularities of amplitudes in the complex angular-momentum plane. It
allows a huge amount of data to be correlated, even if one does not under-
stand the dynamical origin of the singularities. The singularity associated
with the soft pomeron might not be a simple pole, but experimental data
are not in conflict with assuming that it is. The fact that the total cross
section and the parameters describing do/dt, for instance the slope pa-
rameter b, are dimensioned parameters suggests considering the pomeron
as originating from nonperturbative QCD. In this approach, described in
chapter 8, soft hadronic scattering results from the quarks in the hadrons
feeling the nonperturbative fluctuations of the gluon fields in the vacuum.
High-energy-scattering data can be used to extract the parameters of the
vacuum, that is the gluon condensate, the correlation length and the non-
Abelian parameter, and relate them to the string tension. The results com-
pare well with lattice calculations. In its basic form this approach leads
to constant total cross sections, but it may be that other structures in the
vacuum, such as instantons, play an important role for high-energy scat-
tering and are responsible for the rising total cross sections. How do we
bring together the nonperturbative-QCD approach and the Regge picture
of the soft pomeron? Novel pictures and calculational techniques for under-
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standing the pomeron in QCD have been proposed, including considering
diffractive phenomena as being similar to critical phenomena in statistical
physics or to glass phenomena. Also, the pomeron may be related to a
surface in the curved space of a gravitational black hole in 10-dimensional
anti-de Sitter space. How do these relate to the more conventional phe-
nomenological and nonperturbative-QCD approaches?

In chapter 3 we described the rather complicated story associated with the
data for diffraction dissociation, pp — pX, where the final-state proton has
lost only a small fraction & of its initial momentum. The energy depen-
dence of the data is not compatible with the straightforward application of
conventional theory, and even the assumption of strong multiple-scattering
corrections cannot naturally resolve the discrepancy. There are both exper-
imental and theoretical issues here. New measurements at the LHC should
help to resolve the experimental problems and improve our theoretical un-
derstanding.

A potential problem for theory is the failure to observe any contribution
to elastic scattering at small ¢ from the odderon, the conjectured C' = —1
partner of the pomeron which is discussed in chapters 3, 7 and 8. Mecha-
nisms to suppress the odderon contribution at small ¢ in elastic scattering
can be envisaged, and other reactions in which such mechanisms do not
operate have been proposed. However there is as yet no evidence for the
existence of the odderon. It is important to continue the search. The con-
tinuing non-observation of the odderon would have a major impact on our
understanding of diffractive phenomena.

We have explained in chapter 7 that the data for hard collisions show clearly
that the soft pomeron is not enough, and suggest the existence of a second
pomeron, the hard pomeron. Regge theory should be applicable to such
processes when the appropriate variable x is sufficiently small, and the
data agree well with this hypothesis. However, perturbative QCD should
also be applicable and we are only just beginning to learn how these two
apparently disparate approaches can be reconciled. We have explained
that our understanding of both the BFKL and the DGLAP approaches
presents very difficult unsolved problems, and it is important to try and
solve them. Whether the solution lies purely in the realm of perturbative
QCD is not known, and probably the theory is too difficult to be worked
out without the help of additional accurate data at even smaller values of
x than are so far available. A related question is: does the soft pomeron
become progressively harder as the hard scale of a reaction increases, or
is the hard pomeron a separate object? One way of resolving this issue is
to determine whether the hard pomeron is present in ¢77 and ¢77 already
at Q% = 0. Present-day data indicate that this may be the case, but are
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not definitive. If the presence of the hard pomeron is confirmed, it would
demonstrate that the existence of a hard-pomeron effect in hard collisions
is not attributable to perturbative evolution, only its increasing strength
as the hard scale increases. If a hard-pomeron component is present in o”?
and ¢77 one might attribute this to the presence of a pointlike component
in the real photon. But occasionally the quarks in a proton are very close
together too, so although we have shown that a hard-pomeron component
need not be present in ¢PP, it is plausible that it may be. Will it be large
enough to be identified at the LHC?

As we have discussed in chapter 7, it has become possible to probe the
pomeron at very short distance scales, either in diffractive processes in
deep-inelastic scattering or in hard diffractive hadron-hadron interactions.
Considering the pomeron as a quasi-particle which can be described in terms
of partons, quarks and gluons, as is usual for hadrons, has been an extremely
useful and successful concept. In this framework it is possible to ask about
the parton content of the pomeron, what fractions of gluons and quarks
does it contain and how are they distributed in momentum space. The
answers obtained so far are controversial and confusing. The two HERA
experiments, H1 and ZEUS, agree that the gluons provide 80 to 90% of
the momentum of the pomeron. The two Tevatron experiments, CDF and
DO, conclude that the gluon momentum fraction is no more than 50%, and
they find a dramatic breakdown in factorisation. However, there are large
theoretical uncertainties. If a diffractive event is defined as one with a very
fast proton the theory is relatively well defined. But in practice much of the
data is rather obtained by requiring just a large rapidity gap, for which the
theory is much less certain. Until it becomes possible to compare data from
HERA and the Tevatron where both triggers are on a very fast final-state
proton (or antiproton) there is a worry that we may not be comparing like
with like. Again, there are uncertainties in extracting the gluon component
of the pomeron structure function; the HERA experiments have obtained
rather different outputs using different analyses. Further, one should not
expect factorisation. Whatever the explanation is, whether it be BFKL,
a combination of hard and soft pomerons, important screening effects, or
any other, all would agree that factorisation should break down. Neverthe-
less, it is surprising that the breakdown is so dramatic. For example, the
Tevatron cross section for W production accompanied by a very fast proton
or antiproton is nearly an order of magnitude smaller than predicted, and
diffractive dijet production has similar problems. More data are needed to
try and gain a better understanding.

It has been suggested that exclusive Higgs production, pp — pHp, with
both final-state protons very fast, provides a clean environment for discov-
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ering the Higgs boson. We have seen in chapter 3 that various calculations
claim this to be an experimentally-feasible process. Other calculations dis-
agree. The difference lies in the estimate of the screening correction to the
basic production process. At present there is no consensus on how this can
be reliably estimated.

The whole question of screening has been a controversial one. Many people
believe that the rapid rise with increasing 1/z discovered in the HERA mea-
surements of the proton structure function will be significantly moderated
by so-called unitarity corrections when smaller values of x become accessi-
ble. In chapter 7 we explained that unitarity imposes no such constraint.
It will be interesting to see whether in fact the rapid rise persists at smaller
x or whether saturation sets in, as discussed in chapter 9. That chapter
describes the dipole model, which is a natural bridge between perturbative
and nonperturbative calculations of QCD. As yet though, there is no unique
dipole model, because different assumptions about wave functions lead to
very different dipole cross sections, as figure 9.2 quite dramatically shows.

Issues for experiment

e Will the pp total cross section at the LHC follow the extrapolation
given by the soft-pomeron theory? If it comes out higher, this may
point to a hard pomeron being present in hadronic collisions. If it
comes out significantly smaller, screening effects must be very large.

e Are there glueballs and are some of them on pomeron trajectories?
e What is the cross section for diffraction dissociation at the LHC?

e Is a hard-pomeron contribution already present at Q? = 0 in the vp
and 7y total cross sections?

e Will do/dt for pp elastic scattering at large ¢ be the same at LHC
energies as at ISR energies?

e Will pp — p + Higgs + p be large enough to be seen?

e [s there an odderon at small {7 What are the best reactions to study
the odderon? If it does exist, are there soft and hard-odderon phe-
nomena as for pomerons?

e How do diffractive phenomena respond to polarisation of the incoming
particles?
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Issues for theory

Can diffractive phenomena be calculated in a reliable way starting
from the QCD Lagrangian?

Are the hard and soft pomeron distinct objects? What is their dy-
namical origin?

Can hard diffractive reactions be understood from perturbative QCD?
Can we calculate gap survival probabilities?

Can we learn better how to combine perturbative and nonperturbative
concepts — evolution and analyticity?

Can we complete the construction of the theory of perturbative evo-
lution at small x?

Are there saturation effects in hard processes and can they be calcu-
lated reliably?

Is screening in soft processes large or small?

Can screening corrections in pp — p + Higgs + p be calculated reli-
ably?



Appendix A

Sommerfeld-Watson transform

In this appendix we show how to define two signatured amplitudes A*(s,t)
so as to allow the derivation of the Sommerfeld-Watson transforms (2.12).
We then explain how Mandelstam[507] modified the background integrals,
which in (2.12) are along the line of integration Re | = —3, so that when
they are moved further to the left in the complex [-plane they become as
small as one wishes. Consequently, the Regge representation (2.15) of the
high-energy scattering amplitude should include the contributions from all

Regge poles, not just those whose trajectories satisfy Re aii (t) > —%.

In (2.10) we defined the two signatured amplitudes A* (s, ¢) as partial-wave
series and then in (2.11) we wrote the two series as integrals. In order
to deform the contour of the [ integration in these integrals so as to give
(2.12), and then the Regge asymptotic form (2.15), the Regge amplitudes
A*(1,t) must have appropriate behaviour as | — oo with —7 < argl < 7.
There are infinitely many choices that satisfy the requirement (2.8) that for
even physical values of I, AT(I,t) coincides with the ordinary partial wave
amplitude A;(t), and similarly A~ (l,¢) for odd values. But the constraint
on the asymptotic behaviour picks out unique choices.

These choices are based on the t-channel Froissart-Gribov formula for the
t-channel partial-wave amplitude, the s-channel version of which is given in
(1.54):

3972 Ay (¢ / d2, Dy(s,t(s, 2})) Qu(2})

—i—/ dz; Dy(s,u(s,2,)) Qi(z). (A1)
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We use Q;(—z) = (—1)!@Q;(2) to rewrite this as

6mdi(0) = 5 [ def (Dalt 0, 20) + (1) Dult ult, —2)) Qi)

2 20
(A.2)
The term (—1)! makes this unsuitable for analytic continuation: if we write
it as '™ it causes a problem when Im | — —oo, while e~ would cause

a problem when Im [ — +o0o. This is why we introduce the signatured
amplitudes

167 A%(1,t) = QLM / °° dz (Ds(t, 5(t, 27)) %+ Dult, u(t,—2)))) Qu(=) (A.3)

and split the partial-wave series into two sums (2.10), one over even [ and
the other over odd I. A1 (I,t) agrees with A;(¢) forl = 0,2,4,...and A~ (l,t)
agrees with A;(t) for [ = 1,3,5,.... As we shall show, the definitions (A.3)
satisfy our requirements for continuation to complex values of I, and do so
uniquely.

As we explained in section 1.6, the integrals (A.3) converge only if Re [ is
sufficiently large, in fact larger than the position of the rightmost singu-
larity of each amplitude A*(l,¢) in the complex [-plane. So we start with
the representations (A.3) for values of [ where they converge and continue
them analytically to regions where the representations no longer converge.
Suppose for illustration that the rightmost singularities of A% (l,t) are as
is shown in figure 2.7. Then the representation for A*(l,¢) no longer con-
verges when it is continued as far as [ = 2, because there is a pole to the
right of that point. Nevertheless it might be that its continuation to there
is equal to the partial-wave amplitude As(t). A corresponding statement
applies to its continuation to [ = 0 and to the continuation of A~(l,t) to
[ = 1. If this is not true, then we must add to the representation (2.12)

167 (Ao() = A*(0, ) + (A1 () = A~ (1,4)) Pa(20) + (Aa(t) — A*(2,6) Pa(=1) ).

(A4)
In consequence, the large-s behaviour (2.15) of A(s, t) would have additional
terms proportional to s2, s and a constant. This is assumed not to be the
case.

In order to satisfy ourselves that the definition (A.3) is the appropriate one,
we need the integrand

(20 +1)A*(1,#) (Pi(=2) £ Pi(z))
sin(7l)

(A.5)

of the Watson-Sommerfeld transform (2.12) to vanish when | — oo in such
a way that we may neglect the contribution to the integral from the infinite-
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semicircular part of the integration contour shown in figure 2.5, and then
move the contour further to the left as in figures 2.6 and 2.7. That is, we
need the integrand to go to zero faster than 1/] when [ — oo in the directions
—m < argl < w. This is for physical values of z; = cos#; and ¢ above the
t-channel threshold; it is only after we have deformed the contour and
discarded the part of it at infinity that we make the analytic continuation
to the s-channel physical region, with s large.

For physical values of z; = cos§y, the large-l behaviour of Pj(z) is[9]

P(e) = S?n oS+ Do im0 ). (a)

Because (A.5) contains also Pj(—z;) we need too a similar expression with
0; replaced with m — 6;. The large-l behaviour of (P;(—z¢) £+ P(2))/ sin(nl)

is, up to a constant factor,
[ 1 gm
- m A'7
[ sin Hte (A7)
where 0; = Min (0,7 — 6;).

In the t-channel physical region, z; > 1 in the integration in the definition
(A.3) of A%(1,t). The behaviour of Q;(z]) as | — oo is then given, up to
a constant factor, by (1.55). Hence A*(l,t) — 0 exponentially as | — oo
in directions in the complex [-plane for which —7 < argl < w. Thus the
integrands of the Sommerfeld-Watson integrals (2.11) do have the right
large-I behaviour to allow the infinite-semicircular part of the integration
contour shown in figure 2.4 to be neglected, and the integration contour may
then be moved to the left as shown in figures 2.6 and 2.7. Having achieved
this, we may now continue the Sommerfeld-Watson integrals analytically
from the ¢-channel physical region to the s-channel physical region and go
to the large-s limit.

A theorem known as Carlson’s theorem ensures that the definitions (A.3)
of A*(l,t) are unique; that is, they are the only definitions that agree
with the partial-wave amplitude A;(¢) at the appropriate physical values
of I, as in (2.8), and have the required large-l behaviour. In order to be
able to perform the desired analytic continuation to the s-channel physical
region, we must start with an integral that correctly reproduces the t-
channel amplitude for some continuous interval of physical values of 6;. A
very small interval would suffice, and (A.7) tells us that the least stringent
constraint on A% (l,t) obtains if we choose an interval in the neighbourhood
of 0; = %77. Then we can allow A*(l,t) to become large for large [, provided
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that it does not diverge as fast as 37 Carlson’s theorem says that, if f(z)
is regular and diverges no faster than e*?l for large z with Re z > 0, where
k < m, and f(z) = 0 for z = 0,1,2,3,..., then f(z) = 0 everywhere.
We identify z = %l and apply the theorem, so concluding that we cannot
add a term to AT (I, ) that preserves (2.8) while maintaining the required
asymptotic behaviour.

Note that, according to (1.33) and (1.34), once we have continued to the
s-channel physical region the two discontinuity functions D ((¢, s(t, z;)) and
D, (t,u(t, —z})) are pure imaginary, so that A% (I, ) defined by (A.3) are real
for real [. It is assumed that this is achieved by the positions of their poles,
and the residues at these poles, each being real. Then the phase of the
contribution from a Regge pole to the large-s behaviour of the amplitudes
is given by the signature factor £ = 1 £ €™ of (2.18).

So far, then, we have derived the Sommerfeld-Watson transforms (2.12)
for the two signatured amplitudes, with background integrals taken along
Re l = —%. It is immediate from what we have said that we may push
the integration contour further to the left, picking up contribution from
any Regge poles and cuts that we may encounter on the way. However,
when we have pushed the integration contour to Re I = L, with L < —%,
the integrands of the background integrals behave as s~Z~1, according to
(2.13). That is, the background integral now apparently dominates over
the contributions from the poles and cuts that have been exposed. We now
explain how Mandelstam[507] modified the background integrals so that
they could be seen to become steadily smaller as he pushed the integration
contour further to the left in the complex [-plane, so that all the poles to
the right of them should be included in the Regge representation (2.15) and

dominate over the background at large s.
We start by pushing the background integrals back just a little to the right,

so that the integrals are along Re | = L with L just greater than —%. We
use the relation[508]

7Pi(2) = tan(ml) (Qi(2) — Q_1_1(2) (A3)
so that the background integrals in (2.12) become
Lo + Qu(—2t) £ Qulz) — Qi—1(—2) F Q—i-1(21)
8i /L AL DALY oule] .
(A.9)

Because we have analytically continued to the large-s physical region, z; is
large. For large z,

LJF?(QZ)—H. (A.10)

Q) ~ VA gy

[\
~—
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Hence, Q;(—z:) and Q;(z;) are exponentially small. This means that, for
these two terms, we may reverse the deformation of the contour that took
us from the contour of figure 2.4a to Re [ = L. In the process, of course
we pick up contributions from any Regge poles or cuts of A¥(l,¢) we may
encounter. The integrand now has poles at the zeros | = I’ — % of cos(ml),
and we pick up the residues of those at I’ = 1,2,.... So the Q,; terms give
us

Qo (—2) £ Quz ) (%)

cos(ma;(t))

167TZ 205 1)BE(t)

P63 UAEE — 30) (Quos () £ Qs (). (AL

I'=1

As usual, we have not explicitly written the contribution from any Regge
cuts. The first sum in (A.11) extends over the same Regge poles as in the
original Sommerfeld-Watson representation (2.12). Because of the identity
(A.8), the two sums together are

@ ?:(t)—l(_zt> + Q—az:.t(t)—l(zt)
cos(mai (t))

IGWZ (20 (1) +1)BE(t) (A.12)

For the two Q_;—1 terms in (A.9), we push the contour to the left in the
complex [-plane, making L as large negative as we like. As we do so, we
pick up the residues of the poles of 1/ cos(nl) that we cross. These are at
l=-U'-5,with!’ =0,1, 2 ., though the factor (20 +1) in the numerator
removes the poleat [ = —5 We also pick up contributions from any further
Regge poles (as well as cuts which again we do not include explicitly). So
the Q_;_1 terms give us

Q__ () Q- oE(H)— 1 (2t)

(305(71'ozji (1))

167rz (2057 (t) + 155 (t)

—16 Z VAT (=1 = 1,1) (Ql_%(—zt) + Ql_%(zt)) (A.13)
I'=

together with (A.9), where now L is between —N = £, with N an integer
greater than 1.
For integer n, ané(z) = ani%(z) so that the definition (A.3) of A%(l, 1)
gives

Af(n—31.t) =A% (—n -1t n integer. (A.14)
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Thus the sums over I’ in (A.11) and (A.13) combine in a simple way to give
ml;N VAR = 3,6 (Quoa(—2) £ Q1 (). (A.15)

Because of (A.10), the sum (A.15) converges rapidly for large z and is
dominated by its first term, which behaves as 2~V ~!; so we may make it
as small as we like by choosing N to be large enough. The background
integral has become

4 /L+ioo dl (21 + DAL 0) Q_i—1(—2z) £ Q_1—1(%)

I —ioo cos(ml) (A.16)

with L < —N — 3. From (A.10) again, its integrand is smaller than 2=, so

the background integral too can be made as small as we like. Apart from
Regge-cut contributions, we are left with the Regge-pole terms in (A.12) and
(A.13). These have the same form; that is, the sum (A.12) should extend
over all Regge poles whose trajectories satisfy Re a;-t(t) > —-N+ % Because
of (A.10), we obtain from each Regge pole the same large-s behaviour as is
recorded in (2.15).



Appendix B
The group SU(3)

The group SU(3) is the group of all unitary 3 x 3 matrices U with deter-
minant 1:

UUf =1
detU = 1. (B.1)
The infinitesimal transformations are:

U=1+413pqt,

to = 3X\a (B.2)
where we make use of the summation convention. The d¢p, are infinitesimal
parameters and the A\,(a = 1,...,8) are the Gell-Mann matrices:

010 0 -2 0 1 0 0
)\1:(1 )\2:(1' 0 0) )\3:(0—10)
0 0 0 0 0 0 O
0 0 —i 0 00
)\5:(00 ) )\6:(001)
1 0 010

SO O OO
SO = OO

0
Ay = 0 0
1 0
00 O 1 1 0 0
A= 0 0 —g d=—=[ 01 0 . (B.3)
0 i 0 3V0 0 -2
The )\, satisfy
trdg =0 (B.4)
tr (AaAp) = 264 (B.5)
[)\(M )\b] = Qifabc)\c (BG)
{)\cw )‘b} = %6ab + 2dgpeAc (B7)
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(CL, b, C) Jabe (aa b, C) dgpe
123 1 118 1/V3
147 1/2 146 1/2
156 | —1/2 | 157 1/2
246 1/2 228 1/vV3
257 1/2 247 —1/2
345 1/2 256 1/2
367 | —1/2 | 338 1/vV3
458 | V/3/2 | 344 1/2
678 | V/3/2| 355 1/2

366 —~1/2
377 —~1/2
448 | —1/(2v/3)
558 | —1/(2V/3)
668 | —1/(2v/3)
778 | —1/(2V/3)
888 ~1/V3

Table B1. The independent nonvanishing components of fup. and dgp

where fupe 1s totally antisymmetric, and dgp. is totally symmetric with val-
ues for the independent components as given in Table B1.

The following relations hold:

fabrfrcs + fbcrfras + fcarfrbs =0 (B'S)
fabrdrcs + fcbrdras - dacrfrbs (Bg)

JarsJors = 30ab (Bl())

daab =0 (Bll)

darsdbrs = géab (B12)

FabeXode = 3idg (B.13)

Aada = 16/3 (B.14)

AadpAa = =2\, (B.15)

(Aa)ap(Aa)arp = _%5a55a’ﬁ’ + 200800/ 3- (B.16)

It is often convenient to consider a generalization of QCD in which the
colour-group SU(3) is replaced with SU(N) (N > 2), the group of all
unitary N x N matrices U with determinant 1. The infinitesimal transfor-
mations of SU(N) are as in (B.2) except that we have now N2 — 1 matrices
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Aa(a=1,...,N? — 1) which again satisfy (B.4) and (B.5). Also (B.6) is
still valid but with different structure constants for each N.

The infinitesimal generators in the fundamental representation (B.2) are
te = A\o/2, in the adjoint representation (Ty)pe = fape/i- We have then

tote = tAA = Cpl
N2 -1
Cp =
E= N

(B.17)

tr (TaTb) = facdfbcd = OA(Sab
C4 = N. (B.18)



Appendix C
Feynman rules of QCD

In this Appendix we present the Feynman rules of QCD. The derivation of
these rules from the Lagrange density (6.1) is best achieved using the path-
integral formalism. Here we restrict ourselves to giving only the results.

The Feynman diagrams of QCD are constructed from three types of lines:
quark lines, gluon lines, and so-called Faddeev-Popov ghost lines. Within
QCD it is not possible that lines corresponding to different quark flavours
are joined together. The ghosts are to be treated like a complex scalar
particle with zero mass. Thus ghost and antighost are distinct. The corre-
sponding lines, like the quark lines, are given an arrow. The ghosts trans-
form according to the adjoint representation of the colour group SU(3) and
thus carry a colour index a (a = 1,...,8). We shall make use of the follow-
ing scheme to relate physical situations, parts of diagrams, and algebraic
expressions:

quark in initial state incoming quark line
u(p) —LQ

quark in final state outgoing quark line
a(p) - o

antiquark in initial state outgoing quark line
o(p) -
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antiquark in final state

v(p)

ghost in initial or antighost in final state

1

ghost in final or antighost in initial state

1

virtual quark with flavour j
7
v.p—mj + i€

gluon in initial state

et

gluon in final state

e*H

virtual gluon

~6ab ( —Yuv
! k2 + ie

(1- 5)’%%)
(k2 +ie)?

virtual ghost

5ab

i
p? + i€

311

incoming quark line

p
——e

incoming ghost line

—— > -

outgoing ghost line

- —» —

internal quark line

p
o —> 0

incoming gluon line

TE T T ®

outgoing gluon line

SESEES

internal gluon line

k
oL 2 @

internal ghost line

The elementary processes of QCD correspond to the vertices shown on the
next page.
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three-gluon vertex (Z?Zl k;j = 0, all momenta incoming)

k1 p1.ar

}va k3, U3, a3

ky, p1a, ay

_gfa1a2a3 (kl - kQ),u?,gmm + (kQ - k3)u19u2u3 + (k3 - kl)mgmul)

four-gluon vertex (Z?Zl k; = 0, all momenta incoming)

kiop,an k3. pr3.a3

kZ‘, M2, G2 k4s Ha, G4

Z'92fa1a2bfa3a41? (gﬂ2ﬂ3gﬂlﬂ4 - g#l#3gﬂ2ﬂ4) + cyclic permutations of 1,2, 3

ghost-gluon vertex (p, k incoming; p’ outgoing; p + k = p')

e kot b

e

/

p7C /
gfzzbcp#

quark-gluon vertex (p, k incoming; p’ outgoing; p + k = p’)
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The parameters that appear in the Feynman rules are the coupling constant
g, the quark masses m;(j = 1,...,n¢), and the arbitrary gauge parameter £
which must drop out in the expressions obtained for observable quantities.
It is usually most convenient to set £ = 1; this is the so-called Feynman
gauge. For every closed fermion loop and every ghost loop a factor of
(—1) must be included. For closed gluon loops one must take the so-called
statistical factor into account. Loop momenta are to be integrated over
with a measure given for each loop by

/ d*l
(2m)*
Putting together all these factors for diagrams with given number of in-

coming and outgoing lines gives i times the transition matrix element T';
for the reaction.

When calculating the polarisation sums for gluons in the initial or final
states there are likewise a few points that should be noted. It is always
possible to do the calculation noncovariantly, that is to consider only the
transverse polarisation degrees of freedom of the gluons. Alternatively, one
can work with covariant quantities; in Feynman gauge one may replace the
polarisation sum of a gluon in the initial or final state by

Z €ney = —Guv-

spins

In this case, however, it is also necessary to take into account processes
of the same order with incoming and outgoing ghost lines, treating ghosts
and antighosts formally as if they were extra degrees of freedom for the
gluons to be considered in their spin sums. (Of course only two external
gluon lines can be replaced at a time by ghost lines since an odd number of
external ghost lines is impossible, as is an odd number of external fermion
lines.) Amplitudes corresponding to diagrams which are identical except for
permutations of the labels of external ghost lines receive extra sign factors
relative to each other in the same way as for fermions. In calculating
transition probabilities one has furthermore to include a factor (—1)"/2,
where n is the number of external ghost lines in the diagram. Thus some
ghost processes, for instance the production of a single ghost-antighost pair
(n = 2), are assigned a negative probability (see for instance [509]).

These rules are sufficient for the calculation of all tree diagrams, that is
diagrams without loops. For the regularisation and renormalisation proce-
dures to be applied beyond this level the reader is referred to the textbooks,
for instance [254,510,222].
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Pion-nucleon amplitudes

In this appendix we give the connection between the invariant amplitudes,
s-channel helicity amplitudes and ¢-channel helicity amplitudes for pion-
nucleon scattering and pion photoproduction on nucleons

Pion-nucleon scattering amplitudes

Let the four-momenta of the incident and outgoing pion be denoted by k;
and ko respectively, and those of the initial and final nucleons by p; and
p2. Energy-momentum conservation means that only three of these are
independent, and it is conventional to take p = %(Pl +p2), k= %(kl + ka),
and k = 3(ki — ko) as the three independent four vectors. Note that
t= —%Fc?.

The complete invariant pion-nucleon scattering amplitude may be written
as[b11]

(p2) T u(pr) = a(pa) ( = AP (1) + iv.k Ao(v, )" Ju(pr) (Do)

where v = (s — u). In (D.1) the isospin index of the incoming pion is
denoted by « and that of the outgoing pion by 8. There are two possible
independent isospin combinations

[3:1 = 5(18Ta + TaT8) = 63a

(T8Ta — TaT8) = %[7’5, Ta) - (D.2)

DNI—= NI

Iga =

where 7 is the isospin-matrix operator. The combinations in (D.2) are
chosen so as to be hermitian and anti-hermitian. Thus the isospin decom-
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position of the A? “ s
AP — 850 A 4 Lirg 7] A, (D.3)
Agﬂ corresponds to isospin-0 exchange in the ¢-channel and Ag_) corre-

(£)

sponds to isospin-1 exchange in the ¢-channel. The A;™ are given in terms

of the amplitudes A2 and A3 of specific isospin by
A = 143 4 245)

(
AT = LA — A3, (D.4)

and the physical amplitudes are given by
Ai(m"p—7p) = A(+) + A
Ai(rTp— 7tp) = A§+) e
Aj(n™p — 7%n) = \[A ) (D.5)

The amplitudes A;(v,t) are convenient because of their simple analytic and

crossing properties. Agﬂ and Agf) are even functions of v, while AY) and

A(+) are odd functions of v. Because of these properties one can write down
ﬁxed t dispersion relations for the A

The connection to s-channel partial wave amplitudes is made via functions
f1 and fo defined by

Fi = S (A (V5 = my) o)
o = S (= A (V5 + ) o) (D.6)

where F is the centre-of-mass energy of the proton and m, the proton
mass. The f; are given in terms of the partial-wave amplitudes f;, and f;_
corresponding to orbital angular momentum [ and total angular momentum

J=1+1ny

=S i Bloa(cosfs) = S fi Pl (cosy)

1=0 =2
fo=Y (fi- = fiy)P/(cosbs). (D.7)

=1
In (D.7) the fj1 are defined by
et gin &4

fix =
Py
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which differs from the definition (1.47) by a factor 3/s.

There are two independent s-channel helicity amplitudes: the non-helicity-
flip amplitude A, and the helicity-flip amplitude A;_. As the pion has
zero spin we have not written its helicity label and we have also omitted
the % for the nucleon helicity, retaining only the sign. With the amplitudes
normalised in the same way as for the unpolarised case, as in (1.19), the
differential cross section is given by

do 1

T W(\A++|2 + ’A+—‘2) (D.9)

For convenience of writing, in the following we denote |p;| by ¢. The s-
channel helicity amplitudes are related to the invariant amplitudes A; by

Ayg = (1 + 17 2) <2mpA1 +(s— m?, - mfr)Ag)
A = (4‘(;) (2B.4 + (s — m — m2)Ay) (D.10)

where m, is the pion mass.
)

The crossing matrix for obtaining the t-channel helicity amplitudes A(

and ASF)_ from the s-channel helicity amplitudes is[512]

siny  cosy (D.11)
—cosy siny ’

where

=

(:osX:S_m72’_m’2T !
2q/s dm2 —t

1
A +1 )2
sinx—m( ¢+ ) . (D.12)
q

4mg—t

The resulting ¢t-channel helicity amplitudes are then given in terms of the
A; by[513]

1 2my(s —m?2 —m?2 + Lt
Ay = (4m2 —t)* (A1 L2l e e )A2>
P

As. (D.13)
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A complete experimental determination of pion-nucleon elastic scattering
can be achieved by analysing the final polarisation P; of the protons recoil-
ing from a target whose initial polarisation P; is in the scattering plane.
Let kl, kf and Py be unit vectors in the direction of the incident pion,
scattered pion and recoil proton in the laboratory system, and define n=
(k X kf) /|k; x kf| Then the polarisation P and the spin-rotation parameters
R and A are defined by[514]

“ R RPI f(iXﬁ —APi.f(i
Pe.(Py x 1) = ( )

_ AP.(kxn)+RP.k
Pi.p; =
£-Pr 1+ P P.a
R P+ Pn
= (D.14)

With the normalisation of the s-channel helicity amplitudes defined by
(D.9), P, R and A are given by

do -1
P = _— = Im A..A*

dt  327|p;|?s Ay Ay—

do 1 o
RE W(‘AJH-P _ |A+_’2) costh, —2Re Ay A’ sin Hp)
Ada 1 Al — 1A 12)sinh. —2Re AL A* 0

dt W(‘ 447 = [A4—|7) sin b, — e Ay Ay cos p)

(D.15)

where cos 8, = ki.p;

Pion-photoproduction amplitudes

Let the four momenta of the incident photon and outgoing pion be denoted
by ¢ and k respectively, and those of the initial and final nucleons by p;
and po. Energy-momentum conservation means that only three of these are
independent, and it is conventional to take p = %(pl + p2) together with ¢
and k as the three independent four vectors.

The complete invariant pion photoproduction matrix element may be writ-
ten as[515]
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ﬂ(pg)Tﬁu(pl) = ﬂ(z”yg, v.€7.q Af(l/, t)

+ 2iv5(p.€q.k — p.qk.c) Ag(y, t)

+5(y.cq.k —v.qk.€) A (v,t)

+235(y.€p.q — y.qp.c — impy.e7.q) A (v,1))u(p)

(D.16)

where m,, is the nucleon mass, € is the photon polarisation vector and
v = 1(s —u). The factors of 2 and i were introduced for convenience
in subsequent calculations[515] and the superscript 3 is an isospin label.

Denoting the isospin index of the outgoing pion by  and the isospin matrix
operator by 7, there are three independent isospin combinations possible:

Iﬁ+ = %(757’3 + 71378) = 03
Iy = (173 — T375) = 3175, T3]
1§ = 73. (D.17)

These particular combinations are chosen so as to be either hermitian or
anti-hermitian. Thus the isospin decomposition of each of the Af is

AY = 603 AT + 4rp, ] AT + 73 A, (D.18)

(2

The physical amplitudes are then given by

= —v2(A) — 4. (D.19)

The amplitudes A;(v,t) are convenient because of their simple analytic and
crossing properties. From (D.16) and (D.18) we see that Agj;’,i) and Aé_) are
even functions of v, while A:(;F’O) and Ag,_2),4 are odd functions of v. Because
of these properties of the A; one can write down fixed-¢ dispersion relations
and finite-energy sum rules for them.

For discussing forward high-energy reactions it is more convenient to use a
set of amplitudes F; rather than the amplitudes A;. The F; are defined by

Fl = Al — 2mpA4 F2 = Al + tAg
F3 = 2mpA1 - tA4 F4 = Ag. (DQO)
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These amplitudes also have simple crossing and analytic properties. F; and
F, are respectively natural and unnatural parity ¢-channel amplitudes, and
although F3 and F, are of mixed parity, at large v they become respec-
tively natural and unnatural parity ¢-channel amplitudes also. Further, the
amplitudes Fy(v,t) and F3(v,t) satisfy a constraint equation at ¢ = 0:

F3(v,0) = 2my, F5(v,0). (D.21)

This can be derived immediately from (D.20) as the amplitudes Ay and Ay
do not have poles at t = 0.

Although the A; and F; are appropriate for dispersion relations and sum
rules, they are not so suitable for the application of Regge theory. For this
purpose it is much more useful to use helicity amplitudes.

Denote the s-channel helicity amplitudes by T;‘; v » Where A is the photon
N

helicity and Ay, Ay are the helicities of the initial and final nucleons. The
helicity amplitudes satisfy the conditions

N=T,_ =T} S =T'_ =T}
So=T{, =T D=T' =-T; (D.22)

In (D.22) we have used the usual convention of denoting the nucleon helic-
ities only by their sign as there is no ambiguity. Because of the relations
(D.22) it is also conventional to use the helicity amplitudes with A, = 1
and omit the photon-helicity label. As the pion has zero helicity there is
automatic helicity flip at the photon-pion-reggeon vertex, so the net helicity
flip is defined by the nucleon helicities. Then T_ is a non-flip amplitude,
T, and T__ are both single-flip amplitudes and 7% _ is double flip. This
explains the notation N, S7, So and D which we shall now use.

If the amplitudes are normalised such that

do

- =[NP+ [S1]* +[Saf* + [D|? (D.23)

unpolarised

then to leading order in s the relation between the helicity amplitudes and
the amplitudes F; is given by

F1 2m vV —t -V —t 2m T_|_+

Bl 1 |0 =t V=t 0| |74 (D.24)
F vV—t| t 2my—t —2my/—-t t T, |-~ '

Fy 1 0 0 —1 T__

W’ N

We can see immediately from (D.24) that F; and Fj are mainly s-channel
helicity flip and F5> and F3 a combination of no-flip and double-flip.
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The cross section for a polarised photon incident on a polarised target has
the form

do do

P P, 1-—

dt (  Pr, (b’ ®) dt unpolarlsed< Pr cos 2¢ >z
+ Py (—Prsin2¢ H + PoF) — Py(—T + Prcos2¢ R)
— P.(~Prsin2¢ G + P> E)). (D.25)

Here X, R, T, E, F, G and H are functions of v and t. They are defined
in terms of the helicity amplitudes by

Sdo/dt = 2Re (5155 — ND*)

Tdo/dt = 21m (S;N* — SyD*)

Rda/dt =2Im (SQN* - Slp*)

Edo/dt =15, — |Si? — |DP + |NJ?

Fdo/dt = 2Re (SoD* + 51 N*)

Gdo/dt = —21m (5155 + ND")

Hdo/dt = —2Re (S1D* + SoN™). (D.26)

In terms of the t-channel amplitudes F; we have asymptotically

i (R B0 am) B i)
z% - %ﬁ( —t|F1* + | F3* + (t — 4m2) (| Fa]* — t!F4|2))
T‘CZT‘Z - 1_6;75_‘/4721111 (PP = (t = 4m2)FyFs)

R% - 1_67r t— 4m2 Tm (F1F3 (t = 4m§)F4F5)

E%‘Z = 1_6; — 4m2 Re (tF4 2myFy — F) + Fy(—tFy + 2mpF§))
G%‘; = 1_6” — 4m2 Im (tF4 om, i — F}) + Fy(—tFy + 2mpF§))
FCCZT(Z B 1_67rt—4m2 Re (F2 2mpFy — Fy) + Fy(—tFy +2mpF3*))
H% 1_6” Y 4m2 I ((Fy(2m, Fy — F§) + Py(—tF} + 2m,Fy)).

(D.27)
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Plane-polarised photon beams allow a separation of natural and unnatural-
parity exchange: if the beam is polarised in the production plane (¢ = 0)
then doy/dt selects unnatural-parity exchange; and if the beam is po-
larised perpendicular to the production plane (¢ = %77) then do /dt selects
natural-parity exchange. This follows immediately from (D.25) on noting
that doj/dt o< 1 — % and doy /dt o< 1+ X and using the second line of
(D.27).
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The density matrix of vector mesons

In this appendix we give formulae for the two-body-decay angular distribu-
tions of vector mesons in electroproduction, using p — ww for definiteness.

Let k, q, p be the four momenta of the electron, the virtual photon v*, and
the proton. The differential cross section for v*N — pN is conventionally
written as

doys N—pN 1 t
= str (T T E.1

where T' represents the helicity amplitudes T) x :x,xy (0,), p(7y) is the pho-
ton density matrix[195], ¢ is the angle between the normals to the lepton
scattering plane and the hadron production plane, A, A, are the helicities

of the photon and the p, and Ay and Ay are the helicities of the initial
and final proton.

The normalised vector-meson density matrix is given by

_ 5 (@Tp(Th
o [y 5t (Tp(y)TT)
where summation over the nucleon helicities is understood. The complete

derivation of the p density matrix can be found in [195]. Here we give only
the results relevant for our discussion.

p(p)

(E.2)

The exclusive electroproduction of p mesons, at given s, Q2, t and My,
is described by three angles 0, ¢ and . The angle 1 is defined in the
v*p centre-of-mass frame as the angle between the lepton scattering plane
and the plane containing the p and the scattered proton. In the s-channel
helicity frame, that is the frame in which the z-axis is the p° direction in
the v*p centre-of-mass frame, the p decay is described by the polar angle 8
and the azimuthal angle ¢ of the positive pion in the p rest frame.
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The angular distribution W (cos 8, ¢, 1) is parametrised by spin-density ma-
trix elements p$.. The subscripts i,k = —1,0,1, refer to the values of
the p meson helicity A, entering the matrix element. The superscript
a = 0,1,2,3,4,5,6,7 and denotes the contributions from different pho-
ton polarisation states. For an unpolarised lepton beam the convention is:
transverse photons (0); linearly polarised transverse photons (1,2); longitu-
dinally polarised photons (4); and the interference of the longitudinal and
transverse amplitudes (5,6). The superscripts 3, 7, 8 arise with a longitu-
dinally polarised lepton beam.

For unpolarised leptons the p-decay angular distribution is given by[195]

1 3
1+ eR4m

X (%(1 — pho) + 2(3p00 — 1) cos® & — V2 Re pl sin 26 cos ¢
— p¥_, sin? 6 cos 2¢
— ecos 20 (phy sin® O + pdg cos® 6 — V2Re piosin 26 cos ¢
— pt_ | sin? 6 cos 2¢)
— esin 24 (V2Im p?sin 20sin ¢ + Im p?_; sin? fsin 2¢)
+eR(5(1 — pgo) + 3(3pgo — 1) cos® 6
—V2Re plosin 26 cos ¢ — pi_; sin® 0 cos 2¢)

+1/2eR(1 + €) cos 1 (p3, sin® 6 + p5, cos® O

— V2Re p}ysin 26 cos ¢ — p}_ sin? 0 cos 2¢)

+1/2€R(1 + €) sin vy (v/2 Im pS, sin 26 sin ¢

+ Im p$_; sin? @ sin 2¢>)) .

W (cos 0, ¢, ¢) =

(E.3)

Here R = Jﬁ*p/ az*p, with O’,g*p and Ug;*p the cross sections for p produc-
tion from longitudinal and transverse photons, and € is the ratio of the
longitudinal to transverse photon fluxes, given by

I—y

__ Ty (E.4)
1—y— 3y

€

where y = p.q/p.k, and in the proton rest frame is equal to the fraction of
the lepton energy transferred to the proton.

If the lepton has longitudinal polarisation Pz, then in addition to (E.3) one
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has

3
Wp(cos,¢,1) = iEPL

x (V1 —€2(v/2TIm p3,sin 20sin ¢ + Im p>_, sin? 6 sin 2
P10 P1-1

+1/2€(1 — €) cos b (V2Im p], sin 2¢
+ Im p' ' sin® @sin 2¢)
+1/2¢(1 — €) sin e (p§; sin? 6 + pS, cos? 0
—V2Re pfsin 20 cos ¢ — p§_ sin? 6 cos 2¢)) (E.5)

where the + specifies whether the lepton polarisation is along or against
the lepton momentum.

If it is not possible to separate o7 and ol then the matrix elements which
can be determined are

4
04 _ piy + eRpj

kT 14 eR
rip = P a=1to3
! 1+eR
VRS,
rﬁc:ﬁ a=>5to8. (E.6)

The spin density matrix elements are bilinear combinations of the s-channel
helicity amplitudes Tx,x,,:x,ay- If the helicities of the initial and final
proton are not measured it is normal to omit Ays, Ay and simply label the
helicity amplitudes by A,, A,. Defining the normalisation factors N T and
NE by[195]

NT = % Z <|j—‘)‘p>‘Nl71)\N|2 + |T)\p)\N/7—1)\N|2>
ApANIAN

NY= 3" Dol (E.7)
AATAN

then

1
0 2 : *
PN = NT T/\)"YT)‘/A’Y
Ay==%£1

1
1 *
Py = NT Z TA—MT,\',\W
Ay=%£1
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pi)\/ = NT Z A T)\ )"YT/\/)\

Ay==%1

3

PN = NT Z A TA)\'yT)\’A
A, =+1

4

Py = NL T/\OTA/O

pi)\’ \/7 Z )\ T)\OT/\/)\ + T)‘/\’Y T)\’O)

P = \/W Z (TooTwx, — Tan, Thio)

T)\()T)\//\ =+ T)\)WTXO)

P = ﬁ z

P?\)\/ \/W Z % TAOT:\k/)W—T)\/\WT;/O). (E.8)

The decay angular distributions also allow a separation of the natural and
unnatural-parity ¢-channel exchange amplitudes. This is possible because
of a further symmetry of the helicity amplitudes which is valid at high
energy[196]:

Ty, —a, = (=DM (E.9)

with the nucleon helicities unchanged. The overall positive sign applies to
natural-parity exchange and the negative sign to unnatural-parity exchange.
Thus at high energy we have

TA(]’X) 0,) = %(TAP,M(Gp)i(—1)*”’“1&,%(99)) (E.10)

psAy

where the superscripts NV and U go with the upper and lower sign of 4+ on
the right-hand side of the equation. Correspondingly we can write

P = PSN + PV (E.11)
The po‘(g) are given by[195]
() _

)\/
Py =2 F (=) pi_n)
1(1&[) 1 1 N0
P §(P,\N F (=1)" px_x)
2(11\]]) 1 2 + 4 1 N3
Py = 5P £i(=1)" pi_n)
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3(y) _

. N
Prx = %(p?))\/\’ Fi(-1) Pif)\’)
4(5) _ 1, 4 + 1 N o4
P = 3o £ (=1)" pr_x)
5(5) 1 5 + 1 N 5
P = 3(pxn £ (=1)" p_x)
6(@7) 1 6 + 4 1 N7
Pay = g(oan £i(=1)" pr_w)
(Y 1,7 : N 6
P = 3o Fi(=1)" pX_x)
8(1) !
P = %(p§>\/ + (_1))\ Pg—)\/)- (E.12)
The cross sections for natural and unnatural-parity exchange, oV and oV

are then given by

(N
UTU = %(1 =+ (2,0%—1 - Péo))UT
N
oV = L (2pt) = pbo)o (E.13)

The parity asymmetry, P,, defined as

O'N—O'U

p=2 "
oN +oU

(E.14)

can then be written for transverse and longitudinal photons as

Pyor =2pi_1 — poo
PoLUL = —(2pi_1 — Péo) : (E.15)
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